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Abstract 
 

This paper is dedicated to investigating the undrained lateral capacity of rigid free-head rectangular/square piles in cohesive 
soil. The study utilizes the three-dimensional Finite Element Limit Analysis (FELA) framework to analyze and assess the pile's 
ability to withstand lateral loads. Both upper bound (UB) and lower bound (LB) FELA techniques are employed in the analysis 
process. The findings emphasize the importance of understanding the behavior and failure mechanisms exhibited by the 
surrounding soil around the pile. The analysis employs dimensionless approaches to obtain the normalized load factor, which 
represents the outcomes of the solution. The results obtained from the analysis demonstrate that the lateral load capacity of 
the soil is influenced by several key factors, including the pile's length-width ratio, the height-width ratio, the eccentricity of 
the lateral load, and the overburden stress where the discussion regarding the effects of all parameters is provided in the 
manuscript. The study also delves into the examination and understanding of the failure mechanisms exhibited by the soil in 
the context of lateral loaded piles. Based on the numerical outcome, the artificial neural network (ANN), which is one of soft-
computing techniques, is utilized to establish a surrogate model for predicting the lateral capacity of rectangular piles. By 
considering these factors in the design process, engineers can make informed decisions that effectively optimize pile 
performance and ensure the long-term stability of structures. 
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1. Introduction 

Piles serve a wide range of applications in various industries. 

They are commonly used in building and infrastructure 

construction to provide structural support and transfer loads to 

stable soil or rock layers.[1-6] Pile foundations are crucial for 

deep foundation systems when shallow foundations are 

inadequate. Piles also play a significant role in marine 

structures, retaining walls, slope stability, and supporting 

energy and telecommunication structures. Moreover, piles are 

utilized in geotechnical investigations to assess soil conditions 

and gather valuable data. The specific use of piles depends on 

project requirements, site conditions, and the type of structure  

being built. Proper pile design and installation involve careful 

consideration of factors such as soil properties, structural loads, 

and environmental conditions to ensure the safety and 

efficiency of foundation systems. 

Additionally, a pile is subjected to a lateral load, it 

experiences forces perpendicular to its longitudinal axis. The 

magnitude of the lateral load is determined by design 

requirements, structural characteristics, soil conditions, and 

environmental factors. The lateral load induces bending and 

shear stresses in the pile. To analyze and design piles for lateral 

loads, engineers consider the load magnitude, soil properties, 

pile stiffness, pile group effects, and utilize various analysis 

methods such as the p-y curve method, finite element analysis 

(FEA), and empirical approaches. Soil investigations and 
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testing are conducted to gather relevant soil parameters. The 

design process involves ensuring equilibrium, compatibility, 

and strength requirements are met, taking into account the 

behavior of the soil-pile system. Designing piles for lateral 

loads is a complex task that necessitates geotechnical expertise 

and adherence to applicable design codes and standards to 

ensure the stability and safety of the foundation system. 

Broms[7] initially introduced a study on the lateral capacity of 

piles in clay by proposing an empirical approach. The 

approach used by Broms[7] involved the Limit Equilibrium 

Method (LEM), where assumptions were made about the earth 

pressure distributions along the length of the pile. By solving 

a set of equilibrium equations, Broms provided solutions for 

lateral piles in clay. Developing upon Broms' work, Meyerhof 

et al.[8] and Georgiadis et al.[9] further developed LEM schemes 

to offer new solutions for determining the lateral capacity of 

piles. These advancements took into consideration additional 

factors such as layered soils and sloping ground. Consequently, 

the new solutions incorporated improved earth pressure 

distributions along the length of the pile, accounting for the 

effects of different soil layers and sloping terrain. 

Over the last four decades, multiple researchers have 

conducted studies on the lateral capacity of circular piles. For 

instance, Al-abboodi and Sabbagh,[10] Conte et al.,[11] 

Georgiadis,[12] Georgiadis and Georgiadis,[13] 

Keawsawasvong,[14] Keawsawasvong and Ukritchon,[15] and 

Zhang et al.[16] employed the conventional displacement-based 

finite element method (FEM) to investigate the maximum 

lateral load of circular piles in three-dimensional conditions. 

Other researchers, such as Yu et al.[17,18] Klar and Randolph,[19] 

and Murff and Hamilton,[20] utilized the limit analysis 

technique based on the upper bound (UB) and lower bound 

(LB) theorem to examine the lateral capacity of circular piles. 

Izadi and Chenari[21,22] employed the finite element limit 

analysis (FELA) approach to evaluate the ultimate lateral 

capacity of three-dimensional circular piles in clays. 

Regarding rectangular piles, Keawsawasvong and 

Ukritchon[23,24] and Ukritchon and Keawsawasvong[25] 

investigated the soil resistance under full-flow conditions 

around the mechanism for two-dimensional rectangular piles 

under plane strain conditions. The most up-to-date studies on 

fixed-head rectangular and circular piles under lateral 

resistance were performed by Keawsawasvong et al..[26] They 

have investigated the undrained lateral resistance of fixed-

headed rectangular and circular piles using FELA. However, 

there was no limit analysis solution for free-headed 

rectangular piles the past.  

To the best of our knowledge, previous studies have 

primarily focused on the lateral capacity of three-dimensional 

(3D) circular piles or two-dimensional (2D) rectangular piles. 

Studies on three-dimensional rectangular free-head piles are 

notably limited. This paper focuses on providing limit state 

solutions for the lateral capacity of free-head rectangular piles 

in cohesive soils. It takes into account factors such as soil 

weight, the no-tension condition at the pile interface, pile 

length ratio, load eccentricity, and aspect ratio of rectangular 

shapes. The rectangular piles considered in the study are free-

headed and subjected to lateral forces. To analyze soil behavior, 

the authors utilize the 3D finite element limit analysis (FELA) 

numerical technique. The study includes both upper bound 

(UB) and lower bound (LB) FELA solutions. The results 

obtained from the analysis are presented in the form of design 

charts. Moreover, the design charts show the numerical 

findings and provide valuable information on the undrained 

lateral capacity of free-headed rectangular piles. The charts 

also highlight the influence of factors such as soil weight and 

aspect ratio on the selected failure mechanisms. In addition, 

this study integrates an artificial neural network (ANN) and 

FELA approaches to create a cutting-edge model for rapidly 

and precisely estimating the undrained lateral capacity of free-

headed rectangular piles. The presented ANN model is 

intended to assist practitioners as a black-box-type prediction 

model for practitioners to estimate the lateral behavior of such 

piles in their design and engineering projects. 

Thus, the highlights of this paper are as follows: 

1. The paper is the first study to focus on investigating the 

undrained lateral capacity of rigid free-head 

rectangular/square piles in cohesive soil using the three-

dimensional Finite Element Limit Analysis (FELA) 

framework. 

2. This article examines the influences on various factors on 

the lateral pile capacity such as the pile's length-width ratio, 

height-width ratio, eccentricity of the lateral load, and 

overburden stress. 

3. An artificial neural network (ANN) is used to establish a 

surrogate model for predicting the lateral capacity of 

rectangular piles for the first time. 

 

2. Problem formulation 

Figure 1 illustrates the geometric configuration of a three-

dimensional (3D) free-head rectangular pile model. The rigid 

pile experiences a horizontal force of P and, given the 

symmetric characteristics of the monotonically and laterally 

loaded pile scenario, only half of the model is employed in the 

simulation. The pile is considered completely rigid, and its 

cross section has a width (B), height (H), and length (L). Please 

note that, in Figure 1, the height of the pile's cross-section is 

H/2, reflecting the symmetrical condition is applied in the 3D 



Engineered Science                                                                                                                                                                                Research article        

 

© Engineered Science Publisher LLC 2023                                                                                                                                                       Eng. Sci., 2023, 24, 923 | 3  

FELA analysis. Based on the assumption of a completely 

rough interface between the soil mass and the pile, the 

undrained shear strength at the interface (sui) is assumed to be 

equal to the surrounding soil's undrained shear strength (su). 

Furthermore, a tension cut-off condition is applied at the soil-

pile interface, allowing the soil to separate from the backside 

of the rectangular pile. This condition is necessary for the 

solution procedure and has been described in previous works 

by Keawsawasvong and Ukritchon.[27-30] To incorporate this 

behavior, interface elements are introduced at the soil-pile 

interface using the FELA software OptumG3. These interface 

elements have properties identical to the surrounding clay, 

except that tension stresses are not permitted to occur at the 

interface. The surrounding clay is modeled as a homogeneous 

and isotropic clay exhibiting a perfectly plastic behavior, using 

the Tresca failure criteria. The soil unit weight (γ) and 

undrained shear strength (su) are the key factors that govern 

the soil profile. These parameters play a crucial role in 

determining the behavior and characteristics of the soil. It is 

important to highlight that eccentric length (e) pertains to the 

length of the pile's upper portion above the ground surface, 

which is not subjected to any constraints in terms of vertical 

or horizontal movement or rotation. Note that this study 

assumes the pile to subject to lateral load under short-term 

conditions and the groundwater level is located very deep and 

does not affect the pile. The short-term condition can be 

referred to the undrained conditions, which are commonly 

used in various geotechnical stability problems considering 

clayed materials.[31-37]. 

In this study, a dimensionless approach was employed to 

conduct a parametric analysis of the behavior of a three-

dimensional rigid rectangular pile in cohesive soil. The 

analysis focused on determining the horizontal load factor. Six 

dimensional parameters (H, n, B, L, su, and γ) were considered 

in the study. However, to facilitate practical application, these 

parameters were converted into dimensionless form and 

expressed as a function of the normalized horizontal load 

factor as stated below:  

𝑃

𝑠𝑢𝐵𝐿
∝ 𝑓 (

𝐿

𝐵
,

𝐻

𝐵
, 𝑛,

𝑒

𝐵
)                            (1) 

where P/suBL represents the normalized horizontal load factor; 

L/B represents the pile length-width ratio; H/B represents the 

pile height-width ratio; n or gL/su represents the overburden 

stress factor; e/B represents the eccentric length ratio. It should 

be noted that, regardless the value of su is large (stiff clay) or 

small (soft), if the value of its normalized term (n or gL/su) and 

other dimensionless parameters in Eq. (1) are the same, the 

result of P/suBL is also the same. When n = 0, it indicates an 

ideal scenario of weightless soil (i.e., γ = 0). Table 1 shows the 

selected values of all input parameters in Eq. (1). This study 

provides a comprehensive analysis of the effects of various 

factors on the behavior of laterally loaded piles, including the 

parameters mentioned earlier. The investigation also examines 

the resulting failure patterns. The findings contribute to a 

better understanding of the behavior and performance of such 

piles under lateral loading conditions, thereby aiding in the 

design and optimization of pile foundations in geotechnical 

engineering practice. 

Table 1. Selected values of all input parameters. 

1 Selected values 

L/B 5, 10, 20, 30, 40, 50, 60 

H/B 0.5, 0.75, 1.0, 1.33, 2 

e/B 0, 1, 2, 4, 8, 16 

n or gL/su 0, 5, 10, 30, 50, 80 

 

3. Finite element limit analysis 

The numerical model of a free-head rectangular pile in 

cohesive soil is simulated using the finite element limit 

analysis software, namely OptumG3. The lower bound 

solution represents a conservative estimation of the exact 

solution of the limit load of a lateral pile, while the upper 

bound solution provides an upper estimation. The auto mesh 

adaptive method is a technique in OptumG3 that can be 

employed to enhance the accuracy and reliability of numerical 

solutions. It achieves this by adapting the mesh size in specific 

areas to be denser, based on the local solution behavior. 

Initially, an initial mesh is established, and error indicators are 

utilized to identify regions within the domain where the 

solution is inadequately represented. In the context of FELA, 

these areas are commonly characterized as zones with high 

shear dissipation, often referred to as shear dissipation control. 

Once these specific areas have been identified, the mesh is 

refined in those regions, thereby enhancing the accuracy of the 

solution. In this study, we employ this technique by activating 

this feature in OptumG3. It is important to note that, for all 

models, we set five adaptive iterations of mesh adaptivity. 

Starting with 5,000 elements and concluding with 10,000 

elements after three steps of mesh adaptivity, this approach 

aims to reduce the disparity between the lower bound (LB) and 

upper bound (UB) solutions, ultimately leading to more 

precise and dependable results. The model of the 3D free-head 

rectangular pile in undrained clay with adaptive meshes is 

shown in Fig. 1.  

In all numerical analyses conducted in this paper, the 

model domains are designed to be sufficiently large to fully 

contain any potential collapsible areas. This ensures that the 

failure zone does not reach or intersect the far boundaries of 
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Fig. 1 Problem definition and FELA model. 

 

the model. The model’s domain has a cross-section with a 

width of 30B and a height of 15B. The length of the model 

domain is set as 1.5L.  Furthermore, the boundary conditions 

are set according to typical practices in finite element analysis 

as follows. At the bottom of the domain, a zero-velocity 

condition is applied in all three directions (x, y, z). On the three 

side-planes of the model, only the velocity in the normal 

direction is fixed, which is equivalent to fixing all nodes on 

the symmetrical plane in the normal direction. The nodes are 

free to move in the other two tangential directions. On the top 

plane of the soil, a free surface condition is applied, allowing 

the nodes to move freely in all directions. These boundary 

conditions are commonly used in finite element analysis and 

are employed to accurately simulate the behavior of the system 

under investigation.  

 

4. Verification 

Figure 2 shows the comparison of numerical results for the 

undrained lateral capacity of free-head rectangular pile to 

those published papers which consists of the classical LEM 

solutions of the lateral capacity of the circular free-head pile 

proposed by Broms[7] and Georgiadis et al.[9] and the FEM 

solutions proposed by Keawsavasvong and Ukritchon.[30] Note 

that the result of the present study in Fig. 2 refers to the 

average solutions of P/(suLB) obtained from the upper bound 

(UB) and lower bound (LB) calculations. The current results 

give the greatest value compared to those published works, 

where the closest studies are performed by Keawsavasvong 

and Ukritchon[30] and Georgiadis et al.[9] while the LEM 

solutions obtained by Broms[7] indicate significantly lower 

values compared to the current solutions. The average 

solutions obtained in the current study are consistent with the 

published solutions, indicating that there is good agreement 

between the previous works and the present findings. 

Specifically, all the solutions, including both the present and 

published ones, show a similar trend, where an increase in 

P/(suLB) as L/B increases. Furthermore, the increase in 

P/(suLB) is nonlinear, implying that the relationship between 

P/(suLB) and L/B is not a simple linear correlation. However, 

the difference between the present study and those previous 

works are due to the differences in shape and geometry, where 

the solutions of this study in Fig. 2 are obtained from square 

piles, while those previous studies are from circular piles. Note 

that square or rectangular piles have a larger surface area in 

contact with the soil compared to circular piles of the same 

cross-sectional area. This increased surface area allows for 

more interaction and friction between the pile and the 

surrounding soil, providing greater resistance against lateral 

forces. In addition, square or rectangular piles have corners 

and edges that increase the perimeter of the pile's cross-section. 

This additional perimeter helps distribute the lateral forces 

more effectively along the length of the pile. In contrast, 

circular piles distribute the forces more evenly around the 

perimeter, resulting in less concentrated resistance. Overall, 

the current results show a similar trend to those published 

papers, which helps validate the accuracy of the solution. This 

consistency in the trend observed between the current study 

and the published works provides confidence in the 

correctness of the obtained results.  

 
Fig. 2 Comparison of P/suBL solutions between the present study 

and previous works. 

 

5. Results and discussion 

This section focuses on the numerical results obtained from 

the parametric studies carried out on rigid free-head 

rectangular piles under lateral loading. The main aim of these 
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studies was to thoroughly investigate and analyze the effects 

of key parameters on the behavior and response of the 

surrounding soil. The obtained numerical results offer 

valuable insights into the soil's response and help to identify 

the crucial factors that influence the overall performance of 

the soil-pile system.     

The influence of L/B on P/suBL is shown in Figs. 3(a-e), 

where the selected cases are H/B = 0.5 and n = 0.5, 5, 10, 30, 

50, and 80, respectively. The figures comprise six separate sets 

of data points, each corresponding to different values of e/B, 

specifically 0, 1, 2, 4, 8, and 16. The results depicted in Figs. 

3(a-f) demonstrate that an increase in the L/B ratio results in a 

nonproportional rise in the P/suBL value. Deep piles penetrate 

into deeper, more stable soil layers with higher shear strength. 

The increased embedment depth allows the pile to engage with 

stronger and more competent soil, providing greater lateral 

resistance against applied loads. In addition, longer piles have 

a larger surface area in contact with the surrounding soil. This 

increased contact area promotes a higher level of soil-pile 

interaction, resulting in a more significant transfer of lateral 

loads from the pile to the soil. The increased interaction 

improves the overall lateral capacity of the pile. Figs. 4 to 7 

exhibit a sequence of plots that maintain consistent parameter 

settings as depicted in Fig. 3, with the exception of the H/B 

value. In these figures, the H/B ratio is varied across different 

scenarios, specifically with values of H/B = 0.75, 1.00, 1.33, 

and 2.00. According to the data in Figs. 3-7, the parameter n 

plays a crucial role in the lateral load capacity of piles, in 

which an increase in the overburden ratio n leads to a higher 

value of P/suBL due to the surrounding soil becoming more  

Fig. 3 Influence of L/B on P/suBL for rectangular piles, where H/B = 0.5: (a) n = 0; (b) n = 5; (c) n = 10; (d) n = 30; (e) n = 50; (f) n 

= 80. 
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Fig. 4 Influence of L/B on P/suBL for rectangular piles, where H/B = 0.75: (a) n = 0; (b) n = 5; (c) n = 10; (d) n = 30; (e) n = 50; (f) 

n = 80. 
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Fig. 5 Influence of L/B on P/suBL for rectangular piles, where H/B = 1.0: (a) n = 0; (b) n = 5; (c) n = 10; (d) n = 30; (e) n = 50; (f) n 

= 80. 
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Fig. 6 Influence of L/B on P/suBL for rectangular piles, where H/B = 1.33: (a) n = 0; (b) n = 5; (c) n = 10; (d) n = 30; (e) n = 50; (f) 

n = 80. 
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Fig. 7 Influence of L/B on P/suBL for rectangular piles, where H/B = 2.0: (a) n = 0; (b) n = 5; (c) n = 10; (d) n = 30; (e) n = 50; (f) n 

= 80. 
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Fig. 8 Influence of e/B on P/suBL for rectangular piles, where H/B = 0.5: (a) L/B = 5; (b) L/B = 60. 

 

compacted and denser. As pointed out by Keawsavasvong and 

Ukritchon,[30] a higher unit weight signifies a greater mass of 

soil within a given volume. This increased soil mass 

contributes to a higher overall lateral resistance against 

applied loads. The greater weight of the soil provides 

additional passive resistance to the lateral movement of the 

pile, enhancing the lateral capacity.  

Figure 8 shows the influence of e/B on P/suBL, where the 

selected samples are in the case of H/B = 0.5 and L/B = 5 and 

60. A non-linear decreasing relationship between e/B and 

P/suBL can be seen in Fig. 8a. As e/B increases, it can result in 

a reduction in the lateral load capacity of the soil. The lateral 

capacity of a pile primarily depends on the resistance offered 

by the surrounding soil. When the pile is subjected to an 

eccentric load, the effective soil resistance on one side of the 

pile decreases due to the reduced soil-pile interaction. This 

reduced resistance contributes to a decrease in the lateral 

capacity of the pile, which is similar to the finding by Chaonoi 

et al..[38] In Fig. 8b, the relationship pattern between e/B and 

P/suBL is shifted due to piles becoming slenderer (L/B = 60), 

and the distribution of lateral loads along the pile length 

becomes more uniform. This can lead to a more predictable 

and linear response in terms of the lateral load capacity of the 

soil. 

Figure 9 shows the influence of H/B on P/suBL where L/B 

= 5 and e/B = 0. The figures comprise six separate sets of data 

points, each corresponding to different values of n specifically 

0, 5, 10, 30, 50, and 80. The relationship between H/B and 

P/suBL is non-linear for all cases. It is clearly observed that a 

variation of H/B significantly affects the value of P/suBL, as 

the H/B ratio increases, the lateral load capacity of the soil 

tends to increase as well. The lateral load capacity of the soil 

is affected by the ratio of pile height to pile base width (H/B 

ratio), and the specific effects vary depending on the 

dimensions of the pile. When the H/B ratio is small, as 

observed in short and wide piles, the lateral load capacity of 

the soil tends to decrease. This decrease can be attributed to 

the wider base of the pile, which spreads the load over a larger 

soil area, consequently reducing the soil's resistance to lateral 

loads. In contrast, when the H/B ratio is increased, indicating 

a taller and narrower pile configuration, the soil's lateral load 

capacity improves. According to Keawsawasvong et al,[26] this 

improvement is due to several factors. Firstly, the increased 

pile height facilitates a more significant mobilization of soil 

resistance against lateral loads. Secondly, the taller pile 

configuration provides enhanced soil confinement, thereby 

boosting the soil's ability to withstand lateral loads. 

 
Fig. 9 Influence of H/B on P/suBL for rectangular piles, where n 

= 0.5 and e/B = 5. 
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The impact of variation in the H/B ratio on failure 

mechanisms is illustrated in Fig. 10. The specific cases 

considered are e/B = 0, n = 10, L/B = 40, and different H/B 

values: 0.5, 0.75, 1, 1.33, and 2. From Fig. 10(a), it is evident 

that when H/B is small, the shear dissipation predominantly 

occurs in the upper half of the soil. This is due to a decrease in 

shear resistance along the pile-soil interface caused by the 

pile's cross-section. Interestingly, these upper layers exhibit 

greater susceptibility to shear deformation, resulting in 

significant shear energy dissipation. As the H/B ratio increases, 

indicating a taller and narrower pile, the failure mechanisms 

of the soil shift towards a combination of sliding and rotational 

failure. This change in failure behavior can be attributed to the 

enhanced confinement of the soil around the pile, which 

promotes rotational failure. In this mode of failure, the soil 

undergoes substantial deformation and rotation around the pile 

due to the heightened lateral load demands imposed on the 

system, as depicted in Figs. 10(b-e). The influence of e/B 

variation on failure mechanisms is demonstrated in Fig. 11. 

The selected examples involve H/B = 1.33, n = 10, L/B = 40, 

and varying e/B values: 0, 1, 2, 4, 8, and 16. Figure 11(a) 

depicts a fixed head pile (e/B = 0), clearly illustrating the 

presence of the passive failure zone. As e/B increases, the 

sensitive zone shifts closer to the pile interface due to non-

uniform lateral load distribution. However, the passive failure 

zone remains noticeable, as observed in Figs. 11(b-e). 

 
Fig. 10 Effect of H/B on failure mechanisms (e/B = 0, n = 10, L/B = 40): (a) H/B = 0.5; (b) H/B = 0.75; (c) H/B = 1; (d) H/B = 1.333; 

(e) H/B = 2. 
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Fig. 11 Effect of e/B on failure mechanisms (H/B = 1.333, n = 10, L/B = 40): (a) e/B = 0; (b) e/B = 1; (c) e/B = 2; (d) e/B = 4; (e) e/B 

= 8; (f) e/B = 16. 

 

6. Artificial neural networks (ANN) 

Belonging to the supervised learning category, the artificial 

neural network (ANN) is a machine learning algorithm that 

replicates the functions of the human brain or the biological 

nervous system. It forms a network resembling the structure 

of the human brain, facilitating human-like learning through 

numerous interconnected neurons. These interconnected 

neurons with weighted connections exhibit intricate and 

nonlinear behavior. Typically, ANN models comprise three 

layers: input, hidden, and output layers, as depicted in Fig. 12. 

Learning and training processes involve various aspects of 

ANN models, including the number of hidden layers, weight 

connections, and bias or constant value. 

The multilayer perceptron (MLP) is a type of artificial 

neural network (ANN) that is commonly used in machine 

learning. It is a feed-forward neural network, meaning that 

information flows in one direction, from the input layer 

through the hidden layers to the output layer, without any 

cycles or loops. Composed of nodes, also known as neurons, 

the MLP is organized into distinct layers. Typically, it consists 

of an input layer, one or more hidden layers, and an output 

layer. The nodes within the hidden layers employ nonlinear 

activation functions, such as the sigmoid or hyperbolic tangent 

function, introducing nonlinearity to the network's 

computations. Throughout the training phase, the MLP 

employs the backpropagation algorithm to adjust the weights 

connecting the nodes. This algorithm assesses the discrepancy 

between the network's predicted output and the desired output 

and subsequently propagates this error backward through the 

network, facilitating the necessary weight updates. By  
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(e) e/B = 8                 (f) e/B = 16 
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Fig. 12 Configuration of an ANN model. 

 

iteratively refining the weights based on the computed errors, 

the MLP aims to minimize the overall disparity between its 

predictions and the intended outcomes. This process enhances 

the network's ability to accurately capture complex 

relationships within the data. The MLP's flexibility and 

capacity to model intricate patterns and relationships have 

established its significance in various machine learning tasks, 

including classification, regression, and pattern recognition. 

Its utilization of backpropagation for weight adjustment 

enables effective learning from data and the ability to make 

predictions on unseen instances. The expression that defines 

the output of an MLP network is as follows: 

𝑦𝑜 = 𝑓(∑ 𝑤ℎ𝑜
ℎ
𝑖=1 𝑥ℎ + 𝑏𝑖𝑎𝑠)                    (2) 

where yo denotes the output; xh denotes activation of hth 

hidden layer node; who denotes the weight connection between 

hth hidden layer node and oth output layer node; 𝑓( ) denotes 

the activation function; and h denotes the number of hidden 

neurons. 

In order to evaluate the performance of the prediction 

model and mitigate the risk of overfitting, the input dataset is 

partitioned into two parts: the training dataset and the testing 

dataset. This conventional division enables the assessment of 

the MLP's accuracy when presented with novel or unseen data. 

For this study, the dataset comprises a total of 1260 samples. 

The partitioning process assigns 70% of the samples, 

equivalent to 890 samples, to the training dataset, while the 

remaining 30%, corresponding to 370 samples, are allocated 

to the testing dataset. This allocation scheme is visually 

depicted in Table 2. The input and output data from the dataset 

undergo a standardization process before analysis using an 

artificial neural network model to prevent potential learning 

errors that may arise from the disparate impact of different 

data ranges. The input data is standardized, while the output 

prediction is kept in a standardized format. Consequently, a 

reverse calculation is required to convert the standardized data 

back to its original format in order to obtain the actual 

prediction results. By employing the standardized equations, 

calculations can be performed: 

𝑧 =
𝑥−𝜇𝑥

𝜎𝑥
       (3) 

where z(x) is a standardized value, m is the average of value, s 

is the standard deviation, and x is the value. 

Table 2. Case processing summary from SPSS. 

  N Percent 

Sample Training 890 70.0% 

 Testing 370 30.0% 

Valid  1260 100.0% 

Excluded  0  

Total  1260  

 

By utilizing the SPSS software, the optimal number of 

neurons in the hidden layer is automatically determined to 

construct the MLP model with the utmost accuracy. The range 

of 1-50 neurons is considered, and based on Fig. 13, it is 

evident that the MLP model achieves its highest prediction  
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Fig. 13 Neural network for the four dependent variables and one covariance. 

 

accuracy when the hidden layer consists of 3 neurons. Table 3 

provides a concise summary of the network architecture and 

model structure. The input layer of the MLP incorporates four 

covariates, namely H/B, L/B, e/B, and n. The activation 

function chosen for the hidden layer is the hyperbolic tangent 

function. Furthermore, the output layer of the MLP model 

encompasses the P/suBL dependent variable. For model 

evaluation, the sum of squares serves as the error function. 

The performance of the MLP model is evaluated through 

statistical equations, including the coefficient of determination 

(R2), mean absolute error (MAE), root mean square error 

(RMSE), and variance accounted for (VAF). These equations 

are utilized to compare the results obtained from the FELA 

method with those obtained from the MLP method. The 

calculations can be conducted using the following equations: 

 𝑅2 = 1 −
𝑆𝑆𝐸

𝑆𝑆𝑇
= 1 −

∑ (𝑦𝑖−𝑥𝑖)2𝑛
𝑖=1

∑ (𝑦𝑖−𝑦
_

)2𝑛
𝑖=1

                       (4) 

 𝑀𝐴𝐸 =
1

𝑛
× ∑ |𝑦𝑖 − 𝑥𝑖|𝑛

𝑖=1                     (5) 

𝑅𝑀𝑆𝐸 = √
1

𝑛
× ∑ (𝑦𝑖 − 𝑥𝑖

𝑛
𝑖=1 )2                     (6) 

𝑉𝐴𝐹 = (1 −
𝑣𝑎𝑟(𝑦𝑖−𝑥𝑖)

𝑣𝑎𝑟(𝑦𝑖)
) × 100%                 (7) 

where SSE is the sum of square errors, SST is the total sum of 

squares, yi is the FELA value, xi is the MLP value, 𝑦̅  is the 

average of the FELA values, and n is the number of datasets. 

Under the best conditions, R2 is equal to one, RMSE and MAE 

are zero, and VAF is 100%. These equations enable the 

assessment and comparison of the accuracy of the prediction 

model based on the MLP method against the results obtained 

from utilizing the FELA method. 

Table 3. Network information for the structure of the MLP 

model. 

Input layer Covariates 1 H/B 

  2 L/B 

  3 e/B 

  4 n 

 Number of Units  4 

 Rescaling Method for 

Covariates 

Standardized 

Hidden 

Layer(s) 

Number of Hidden Layers 1 

 Number of Units in Hidden 

Layer 

3 

 Activation Function Hyperbolic 

tangent 

Output Layer Dependent Variables 1 P/suBL 

 Number of Units 1 

 Rescaling Method for Scale 

Dependents 

Standardized 

 Activation Function Identity 

 Error Function Sum of Squares 

 

Table 4 provides a comprehensive overview of the learning 

outcomes pertaining to the training process and the 

performance assessment of the MLP model when confronted 

with novel data during the testing phase. The sum of squares 
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serves as the error function to ascertain the model's error. The 

model's operation is halted upon the cessation of any further 

changes in the sum of squares. This criterion is meticulously 

regulated throughout the testing process. According to the 

findings, the sum of squares values for the training and testing 

processes are recorded as 15.670 and 7.821, respectively. The 

iterative adaptation of weights throughout the training and 

testing process culminates in the most precise result, whereby 

the sum of squares no longer diminishes upon the modification 

of outcomes. The weights associated with each layer are 

outlined in Table 5, showcasing their respective values 

employed in the prediction of the normalized horizontal load 

factor via an MLP model comprising 3 hidden neurons and 

utilizing the hyperbolic tangent function as the activation 

function. 

Upon comparing the predictive performance of the weights 

obtained through the MLP model derived from a dataset 

consisting of 1260 samples, the accuracy was evaluated using 

four statistical equations: R2, MAE, RMSE, and VAF (%). Fig. 

14 presents a visual representation of the comparative analysis 

conducted between the true values obtained from the FELA 

method and those predicted by the MLP model. The results 

indicate that the R2, MAE, RMSE, and VAF (%) values are 

recorded as 0.962, 0.252, 0.317, and 96.24%, respectively.  

Table 4. A model summary of training and testing data. 

Training Sum of Squares Error 15.670 

 Relative Error   0.035 

 Stopping Rule Used 1 consecutive step(s) 

with no decrease in 

error 

Testing Sum of Squares Error 7.821 

 Relative Error   0.045 

Table 5. Weight values of parameter estimates. 

 

 

Predictor 

Predicted 

Hidden Layer Output Layer 

H (1:1) H (1:2) H (1:3) P/suBL 

Input layer (Bias) -0.387 1.350 -0.617  

 H/B -0.470 -0.231 0.171  

 L/B -0.222 0.934 0.033  

 e/B 0.078 -0.197 -0.651  

 n -0.028 0.260 0.202  

Hidden Layer (Bias)    -0.755 

 H (1:1)    -0.997 

 H (1:2)    1.360 

 H (1:3)    1.103 

 

 
Fig. 14 Performance of FELA method and MLP model to predict the normalized horizontal load factor (P/suBL). 
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These outcomes suggest that the R2 value approaches 1, 

while the MAE and RMSE values exhibit close proximity to 

zero, and the VAF (%) value approaches 100%. Consequently, 

the utilization of the MLP model demonstrates a commendable 

level of accuracy in forecasting the normalized horizontal load 

factor for problems associated with rectangular or square free-

head piles, considering the dimensionless factors H/B, L/B, e/B, 

and n. 

Through the investigation of the interrelationships between 

input data comprising four covariates (H/B, L/B, e/B, and n) 

and a dependent variable, specifically the normalized 

horizontal load factor (P/suBL), one can ascertain the 

importance of different parameters in influencing the value of 

E. This analysis enables the identification of parameters that 

wield the most substantial influence on P/suBL through 

sensitivity analysis. As depicted in Fig. 15, it becomes 

apparent that alterations in the value of L/B yield the most 

pronounced fluctuations in P/suBL. Subsequently, the 

parameters e/B, H/B, and n exhibit diminishing levels of 

impact on P/suBL in descending order. 

 
Fig. 15 Importance and Normalized Importance of the input 

parameters on the prediction. 

 

7. Conclusion 

This paper presents the limit state solutions for undrained 

lateral capacity of free-head rectangular/square piles in 

cohesive soils using the FELA framework. Parametric studies 

are conducted on three-dimensional rigid piles subjected to 

lateral loads, providing valuable insights into the behavior and 

failure mechanisms of the surrounding soil. The results 

highlight the influence of various factors, including pile 

length-width ratio (L/B), height-width ratio (H/B) of the pile, 

eccentricity (e/B) of the lateral load, and overburden stress (n), 

on soil performance. Based on the study, the following 

conclusions are drawn. 

1) The numerical findings reveal the critical role of the pile 

length-width ratio in the normalized horizontal load factor. 

Increasing this ratio enhances the lateral load capacity. 

Similarly, an increase in the height-width ratio improves the 

soil's lateral load capacity, while greater eccentricity leads to a 

more concentrated load distribution and higher shear stresses. 

The overburden stress contributes to improved soil 

interlocking and lateral load resistance. 

2) The failure mechanisms of lateral piles are influenced by 

the pile's height-width ratio and the eccentricity of the lateral 

load. As the pile's height-width ratio increases, there is a 

transition from predominantly sliding failure to a combination 

of sliding and rotational failure. Increasing eccentricity results 

in a higher concentration of forces, increasing the likelihood 

of rotational failure around the pile interface while still 

maintaining a passive failure zone at the ground surface. These 

insights contribute to enhanced pile foundation design and 

analysis in geotechnical engineering.  

3) To predict the normalized horizontal load factor, an MLP 

model based on Artificial Neural Networks (ANN) is 

employed. The analysis considers four independent variables: 

H/B, L/B, e/B, and n. The model's performance is evaluated 

using statistical equations such as R2, MAE, RMSE, and VAF 

(%). The evaluation results demonstrate a high level of 

precision, with R2 approaching 1, MAE approaching 0, RMSE 

approaching 0, and VAF (%) reaching 100%. This analysis 

underscores the effectiveness of using the MLP model with 

three neurons and the hyperbolic tangent function as the 

activation function for predicting the normalized horizontal 

load factor. Among the independent variables, L/B has the 

most significant impact on the normalized horizontal load 

factor, followed by e/B, H/B, and n in descending order.  

4) It is important to note that this study is limited to 

numerical investigations using FELA. For future research, 

experimental results should be conducted and compared with 

the numerical findings presented in this study. 
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