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Abstract 
 

In the present study, free and forced vibration analysis of sandwich smart magneto-electro-elastic (MEE) nanoplates with 
functionally graded material porous (FGMP) of linearly or parabolically varying thickness core layer under initial external 
electric and magnetic potentials is studied using the first-order shear deformation theory (FSDT) and nonlocal strain gradient 
theory (NSGT). NSGT is perfected with softening and hardening material effects, which can significantly improve the precision 
of results. Three states of porosity distribution patterns, i.e., even, uneven, and logarithmic-uneven porosity distributions are 
considered for the FGMP core layer, which are supposed to vary along the in-plane and thickness directions. The related 
governing equations are obtained in the time domain by applying Hamilton's principle. The established solution is examined 
in terms of its precision via a comparison with other available data. Studies of the parameters show the effects of the 
unidirectional and bidirectional taper constants, initial electric and magnetic potentials, porosity distributions, FG index, 
nonlocal and strain gradient characteristics on the free and forced vibration. 
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1. Introduction 

In order to minimize weight while retaining structural integrity, 

plates of variable thickness are frequently employed in the 

aerospace industry. It is common practice for aircraft designers 

to employ a range of thicknesses for the wings and fuselage in 

order to achieve the best possible strength-to-weight ratio, 

aerodynamic performance, and fuel efficiency.[1–3] The 

dynamic response of plates with varying thicknesses has been 

studied using numerical and analytical techniques. Thi[4] used 

finite element modelling in temperature conditions to analyze 

the free vibration behaviors of plates with various thicknesses 

resting on two-parameter elastic foundations. Ahlawat and 

Saini[5] examined the influence of thickness variation on the 

bilaterally symmetrical vibrations of unidirectional circular 

plates exposed to homogeneous in-plane peripheral loading.  

The notion of porosity has been presented in other 

scientific domains, leading to interesting ideas such as metal 

foams, which have a number of benefits including greater 

energy absorption[6,7] and resistance to heat and impact.[8,9] The 

behavior of porous materials is influenced by the size and 

porosity of the pores, as well as their shape, arrangement, and 

surface roughness. To employ such materials in various 

applications or investigations, it is necessary to describe the 

relationship between pore characteristics and the physical 

behavior of such materials. Numerous computational and 

experimental efforts have examined the effect of porous 

materials on dynamic aspects, including the free and forced 

vibration of beams,[10,11] plates[12,13] and cylindrical shells.[14] 

Plates with high stiffness-to-weight ratios and high strength-
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to-weight ratios are used in many technical applications, such 

as airplanes, buildings, submarines, and cars.[15–18] Xue et al.[19] 

investigated the natural frequencies of square, circular, and 

rectangle porous plates with porosity distributions in the 

thickness. Using isogeometric analysis (IGA) and FSDT, 

Gughari et al.[20] studied the effects of mechanical/electrical 

boundary conditions and porosity on the buckling of 

moderately thick, porous sector and annular sector plates 

integrated with piezoelectric layers.  

In comparison with homogeneous materials, functionally 

graded materials (FGMs) offer superior performance by 

combining the required characteristics of each constituent 

phase.[21–29] Sundararajan et al.[30] presented the nonlinear free 

vibration of FGM rectangular and skew plates subjected to the 

thermal environment using von Karman's assumptions. Based 

on the FSDT and Galerkin-Vlasov's method, Kumar et al.[31] 

presented free vibration of a tapered FGMP plate resting on 

Pasternak substrate applying simple power-law, exponential 

law, and Sigmoid law. Tahir et al.[32] developed a simple 

integral hyperbolic higher-order shear deformation theory 

(HSDT) to analyze the wave propagation in an FGM 

rectangular plate with different porosity distributions. Sah and 

Ghosh[33] caried out the buckling and free vibration of multi-

directional porous FGM sandwich plates. Huang et al.[34] used 

the nonlinear free and forced vibrations of FGMP rectangular 

plates, taking into account the higher-order shear deformation 

plate theory and the general von Kármán-type equation.  

To analyze the behavior of nanostructures, one can take 

advantage of two relatively different approaches. When the 

scale of the analyzed system reduces, an atomistic technique 

is often infamous for its laborious and time-consuming 

computations. However, a continuum-based strategy can 

address the computing issues presented by an atomistic 

technique.[35–38] Although classical continuum theory can 

adequately describe the mechanical behavior of materials at 

the macroscale, it fails spectacularly at the nano- and micro-

dimensional levels. The lack of this quality results from the 

fact that the size dependency of the elastic solutions of an 

inhomogeneity or inclusion is not well studied. Accordingly, 

there have been a growing number of theories to deal with size 

effects at smaller scales. For this reason, a brand-new category 

of such theories, size-dependent concepts, has been 

constructed. These recently created notions include strain 

gradient theory,[39] couple stress theory,[40] and Eringen 

nonlocal theory.[41] Demir et al.[42] utilized the finite element 

method to examine Eringen's nonlocal elasticity theory for the 

static behavior of nano-beams under a uniform load and a 

Winkler substrate. Taking into account the size-dependent 

behavior and Timoshenko's beam theory in conjunction with 

nonlocal elasticity theory, Numanoğlu et al.[43] developed a 

study of thermo-mechanical vibrations in nanobeams. The 

strain energy may be described in terms of length scales, strain 

gradients, and the strain itself using strain gradient theory 

(SGT). Additionally, models and experiments revealed that 

two scale parameters provide the most accurate representation 

of the mechanical characteristics of nanostructures. As a result, 

the impacts of stiffness-hardening and stiffness-softening on a 

nanostructure's mechanics are defined. The nonlocal strain 

gradient theory (NSGT), which accurately accounts for the 

influence of the two length scale factors on the physical and 

mechanical behaviors of size-dependent structures, was 

proposed by Lim et al.[44] by combining the strain gradient and 

nonlocal elasticity theories. Li and Hu[45] detailed the NSGT-

based study of nonlinear bending and free vibration behaviors 

of functionally graded (FG) beams by deriving and analysing 

size-dependent nonlinear Euler-Bernoulli and Timoshenko 

beam models. It has been demonstrated that the stiffness of a 

FG beam can display either a hardening or softening effect 

contingent upon the comparative values of the nonlocal and 

material characteristic parameters. Sobhy et al.[46] studied the 

effect of small scale on the elastic instability and free vibration 

of double-porous FG nanoplates utilizing new quasi-3D 

refined plate theory in conjunction with NSGT. According to 

the NSGT and four-variable plate model, Barati and 

Shahverdi[47,48] presented forced vibration analysis of 

heterogeneous porous nanoplates under uniform dynamic load. 

Ejabati and Fallah[49] developed and presented a size 

dependent model based on Mindlin's plate and Eringen's non-

local theories to analyze the aerodynamic analysis of 

temperature-dependent FGM nanoplates under a moving 

nanoparticle. An isogeometric model is used by Thai et al.[50] 

to present the effects of the strain gradient and nonlocal 

parameters on the natural frequency of the MEE-FG 

nanoplates via NSGT and higher-order shear deformation 

theory. Rajput and Gupta[51] studied the effect of geometric 

imperfections on the thermomechanical nonlinear stability of 

porous FG nanoplates. For this purpose, they combined the 

nonlocal strain gradient theory with the inverse trigonometric 

shear deformation theory. Jiang et al.[52] addressed the 

significance of nonlocal and microstructure-dependent strain 

gradient effects in polymeric solids when the length scale of 

external stimulations is comparable to most chain lengths 

within the material. The findings of this research have 

implications for understanding the relationship between 

microstructure-dependent intrinsic lengths and the properties 

or responses of crosslinked polymer network structures. The 

physically-based NSGT can contribute to elucidating the 

influence of microstructural characteristics on the behavior 

and mechanical properties of polymer networks. 

One of the primary reasons so many different types of 

research have been done on "smart" materials like 

piezoelectric (PZT), MEE, and electrorheological fluid (ERF) 

is because of their ability to adapt their properties in response 

to electricity, magnetic fields, heat, and even mechanical 

loading.[53–56] With their combined piezoelectric and 

piezomagnetism properties, MEE composites are an inspiring 

example of smart composite materials. The capability of 

transferring energy between various phases explains in part 

why researchers are interested in these materials.[57–59] A finite 

element technique (FEM) was given by Vinyas and 
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Kattimani[60] to determine the static characteristics of 

rectangular FG MEE plates in a thermal environment. 

Vinyas[61] applied layerwise shear deformation theory to 

develop a simple velocity feedback control rule for vibration 

suppression in skew MEE plates using active constrained layer 

damping (ACLD). Farajpour et al.[62] utilized the NSGT in the 

framework of von Kármán strain relations to calculate the 

nonlinear frequency shift of MEE nanoplates. Esayas et al.[63] 

studied the geometrically nonlinear free vibration and 

transient response of FGMP-MEE nanoplates using FSDT and 

von Karman's nonlinear strain–displacement relations.  

Despite increasing interest in various aspects of the free and 

forced vibration of nanoplates, the authors were unable to 

locate any studies that addressed the free and forced vibration 

of sandwich smart MEE nanoplates with FGMP of a linearly 

or parabolically varying thickness core layer under the 

influence of a uniform dynamic load using FSDA and NSGT. 

The goal of this study is to fill this knowledge gap by offering 

novel insights into the functioning of such structures. These 

structures find applications in energy harvesting devices, 

biomedical engineering for tissue engineering, electronics, 

and microdevices, as well as catalysis and chemical processing. 

As a result of three distinct porosity patterns (i.e., even, 

uneven, and logarithmic-uneven porosity distributions), the 

material's characteristics exhibit significant variation; a power 

law model is required to adequately represent these 

differences. Hamilton's principle is used to obtain the coupled 

governing equations and associated boundary conditions. For 

various boundary conditions, the dynamic deflections and 

resonance frequencies are determined using Galerkin's 

approach. 

 

2. Preliminary formulations 

Figure 1 shows the problem schematically. One should note 

the employed Cartesian coordinates defined for the 

rectangular sandwich FGMP-MEE (𝐿𝑥 × 𝐿𝑦) nanoplate. Also, 

a dynamic of a time-harmonic nature, impinges on the top 

surface of the upper MEE nanoplate. It is supposed that each 

MEE nanoplate is composed of two identical BaTiO3-

CoFe2O4 piezomagnetic layers with uniform thickness ℎm and 

a FGMP core layer of variable thickness ℎ that differs linearly 

or parabolically according to its coordinates (𝑥, 𝑦) . 

Furthermore, each MEE nanoplate is subjected to electric 

Φ(𝑥, 𝑦, 𝑧, 𝑡)  and magnetic Ψ(𝑥, 𝑦, 𝑧, 𝑡)  potentials. The core's 

thinnest point is indicated by ℎ0.  

The following Equation (1) present the FGMP core layer's 

thickness variations for bidirectional linearly and 

parabolically varying thickness: 

ℎ(𝑥, 𝑦) = ℎ0 (1 +
𝛼𝑥

𝐿𝑥
+
𝛽𝑦

𝐿𝑦
),  

Bidirectional linear thickness variation,                            (1) 

ℎ(𝑥, 𝑦) = ℎ0 (1 +
𝛼𝑥2

𝐿𝑥
2 +

𝛽𝑦2

𝐿𝑦
2),      

Bidirectional parabolic thickness variation. 

 

2.1 Constitutive relations 

The benefits of FSDT include improved accuracy in stress and 

displacement predictions, better representation of boundary 

conditions, and computational efficiency, making it a valuable 

tool in the analysis and design of thin plate structures. The 

conventional displacement field 𝑈,𝑉,𝑊  in Cartesian 

coordinates for sandwich FGMP-MEE nanoplates is used in 

the form of the following to derive the dynamic equations 

governing the motion based on the FSDA, which takes into 

account both rotary inertia and shear deformation in the 

transverse direction.[64] 

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) + 𝑧𝜃𝑥(𝑥, 𝑦, 𝑡), 
𝑉(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 𝑡) + 𝑧𝜃𝑦(𝑥, 𝑦, 𝑡), 

𝑊(𝑥, 𝑦, 𝑧, 𝑡) = 𝑊0(𝑥, 𝑦, 𝑡),                       (2) 

in plane the mid-surface deflections along the x and y axes are 

shown by 𝑢0 and 𝑣0, respectively. Furthermore 𝜃𝑦 and 𝜃𝑥 are 

the rotations of the middle plane along  𝑥  and 𝑦  directions, 

respectively, and 𝑊0  denotes the lateral plate displacement. 

The normal (𝜀𝑥𝑥, 𝜀𝑦𝑦)  and shear (𝛾𝑥𝑧, 𝛾𝑦𝑧, 𝛾𝑥𝑦)  strain 

components of a sandwich FGMP-MEE nanoplate are 

characterized in terms of the linear strain-displacement 

relation as follows: 

𝜀𝑥𝑥 =
𝜕𝑢0

𝜕𝑥
+ 𝑧

𝜕𝜃𝑥

𝜕𝑥
, 𝜀𝑦𝑦 =

𝜕𝑣0

𝜕𝑦
+ 𝑧

𝜕𝜃𝑦

𝜕𝑦
,                   (3) 

𝛾𝑥𝑦 =
𝜕𝑢0
𝜕𝑦

+
𝜕𝑣0
𝜕𝑥

+ 𝑧 (
𝜕𝜃𝑥
𝜕𝑦

+
𝜕𝜃𝑦

𝜕𝑥
) , 𝛾𝑥𝑧 = 𝜃𝑥 +

𝜕𝑤0
𝜕𝑥

, 

 𝛾𝑦𝑧 = 𝜃𝑦 +
𝜕𝑤0
𝜕𝑦

. 

For the FGMP core layer in a sandwich nanoplate, the 

nonclassical constitutive stress-strain relations are provided 

as:[65–67] 

 
Fig. 1 The schematic of the sandwich FGMP-MEE nanoplate under dynamic load; (a) Core layer with linearly varying thickness; (b) 

Core layer with parabolically varying thickness. 
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[1 − (𝑒0𝑎)
2 (

𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2
)]

[
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦
𝜎𝑦𝑧
𝜎𝑥𝑧 ]

 
 
 
 

FGMP

= [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2
)]

[
 
 
 
 
 
𝑄11(𝑧) 𝑄12(𝑧) 0 0 0

𝑄12(𝑧) 𝑄22(𝑧) 0 0 0

0 0 𝑄66(𝑧) 0 0

0 0 0 𝑘𝑠𝑄44(𝑧) 0
0 0 0 0 𝑘𝑠𝑄55(𝑧)]

 
 
 
 
 

FGMP [
 
 
 
 
 
 

𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧 ]
 
 
 
 
 
 

𝑄11 =
𝐸(𝑥, 𝑦, 𝑧)

1 − 𝜗2(𝑥, 𝑦, 𝑧)
, 𝑄22 =

𝐸(𝑥, 𝑦, 𝑧)

1 − 𝜗2(𝑥, 𝑦, 𝑧)
, 

 𝑄12 =
𝜗(𝑥, 𝑦, 𝑧)𝐸(𝑥, 𝑦, 𝑧)

1 − 𝜗2(𝑥, 𝑦, 𝑧)
, 𝑄66 = 𝐺12(𝑥, 𝑦, 𝑧), 

𝑄44 = 𝐺23(𝑥, 𝑦, 𝑧), 𝑄55 = 𝐺13(𝑥, 𝑦, 𝑧),              (4) 

where the shear correction component is represented by the 

symbol 𝑘𝑠 = 5/6 . With the help of this correction factor, 

warping of cross-sections is taken into consideration in the 

shear deformation and stress calculations. The shear 

correction factor is normally calculated empirically or 

numerically, and its value is shape- and size-dependent. 

Additionally, 𝐸  and 𝜗  refer to the Young's modulus and 

Poisson's ratio of the FGMP core layer, respectively. In 

addition, the symbols 𝑙 and 𝑒0𝑎 a stand for the strain gradient 

and nonlocal parameter, respectively. 𝑎 stands for the internal 

characteristic length, while 𝑒0  is the calibration constant. 

Based on previous research, it has been demonstrated that the 

thickness effect has a considerable impact on the dynamic 

behavior of nanoscale structures. Therefore, it is necessary to 

consider the high order nonlocal stresses in the NSGT. To 

better understand this matter, readers are encouraged to refer 

to Ref. [68]. To get FG-like properties, the bottom layer of the 

core is made of metal and the top layer is made of 

ceramic. Three porosity distribution patterns are taken into 

consideration for this investigation, as already mentioned. The 

values of elastic modulus, mass density, and Poisson's ratio are 

given in accordance with the law of mixing as:[69] 

Even porosity dispersion: 

𝐸(𝑥, 𝑦, 𝑧) = 

(𝐸c − 𝐸m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 𝐸m − 0.5𝜁(𝐸c + 𝐸m), 
𝜌(𝑥, 𝑦, 𝑧) = 

(𝜌c − 𝜌m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 𝜌m − 0.5𝜁(𝜌c + 𝜌m), (5) 

𝜗(𝑥, 𝑦, 𝑧) = 

(𝜗c − 𝜗m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 𝜗m − 0.5𝜁(𝜗c + 𝜗m), 
Uneven porosity dispersion: 

𝐸(𝑥, 𝑦, 𝑧) = (𝐸c − 𝐸m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 

𝐸m − 0.5𝜁(𝐸c + 𝐸m)(1 − 2 |𝑧| ℎ(𝑥, 𝑦)⁄ ), 
𝜌(𝑥, 𝑦, 𝑧) = (𝜌c − 𝜌m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 

𝜌m − 0.5𝜁(𝜌c + 𝜌m)(1 − 2 |𝑧| ℎ(𝑥, 𝑦)⁄ ),            (6) 

𝜗(𝑥, 𝑦, 𝑧) = (𝜗c − 𝜗m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 

𝜗m − 0.5𝜁(𝜗c + 𝜗m)(1 − 2 |𝑧| ℎ(𝑥, 𝑦)⁄ ), 
Logarithmic uneven porosity dispersion 

𝐸(𝑥, 𝑦, 𝑧) = (𝐸c − 𝐸m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 

𝐸m − log(1 + 0.5𝜁)(𝐸c + 𝐸m)(1 − 2 |𝑧| ℎ(𝑥, 𝑦)⁄ ), 
𝜌(𝑥, 𝑦, 𝑧) = (𝜌c − 𝜌m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 

𝜌m − log(1 + 0.5𝜁)(𝜌c + 𝜌m)(1 − 2 |𝑧| ℎ(𝑥, 𝑦)⁄ ),    (7) 

𝜗(𝑥, 𝑦, 𝑧) = (𝜗c − 𝜗m)(𝑧 ℎ(𝑥, 𝑦)⁄ + 0.5)𝑝 + 

𝜗m − log(1 + 0.5𝜁)(𝜗c + 𝜗m)(1 − 2 |𝑧| ℎ(𝑥, 𝑦)⁄ ) , 
where the symbols for the metal and ceramic phases, 

respectively, are 𝑚  and 𝑐 . Furthermore, 𝜌  stands for mass 

density as well. The gradient index (p), which is always 

positive, is used to describe how a specific property changes 

in the thickness direction. Increases in the gradient index 

indicate a more metallic structure. Additionally, 𝜁 represents 

the porosity coefficient. It is worth noting that, according to 

the NSGT, the essential relationships for MEE nanoplates, 

including electric displacement, magnetic induction, and 

stress tensor, may be written as:[70,71] 

[1 − (𝑒0𝑎)
2 (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)]

[
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑦𝑧
𝜎𝑥𝑧
𝜎𝑥𝑦]

 
 
 
 

MEE

= [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)]

(

 
 
 

[
 
 
 
 
 
𝐶11 𝐶12 0 0 0

𝐶21 𝐶22 0 0 0

0 0 𝑘𝑠𝐶44 0 0

0 0 0 𝑘𝑠𝐶44 0

0 0 0 0 𝐶66]
 
 
 
 
 

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

−

[
 
 
 
 
0 0 𝑒31
0 0 𝑒31
0 𝑒24 0

𝑒15 0 0

0 0 0 ]
 
 
 
 

{

𝔼𝑥
𝔼𝑦
𝔼𝑧

}−

[
 
 
 
 
 
0 0 𝑞31

0 0 𝑞31

0 𝑞24 0

𝑞24 0 0

0 0 0 ]
 
 
 
 
 

{

ℍ𝑥

ℍ𝑦

ℍ𝑧

}

)

 
 
 
,  

[1 − (𝑒0𝑎)
2 (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] [

𝔇𝑥

𝔇𝑦

𝔇𝑧

] = [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)]

(

 
 
[

0 0 0 𝑒15 0

0 0 𝑒24 0 0

𝑒31 𝑒31 0 0 0
]

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

+

[

𝑘11 0 0

0 𝑘22 0

0 0 𝑘33

] {

𝔼𝑥
𝔼𝑦
𝔼𝑧

} + [

𝑎11 0 0

0 𝑎22 0

0 0 𝑎33

] {

ℍ𝑥

ℍ𝑦

ℍ𝑧

}

)

 
 

 , 

[1 − (𝑒0𝑎)
2 (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] [

𝔅𝑥
𝔅𝑦
𝔅𝑧

] = [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)]

(

 
 
[

0 0 0 𝑞15 0

0 0 𝑞24 0 0

𝑞31 𝑞31 0 0 0

]

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

+
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[

𝑎11 0 0

0 𝑎22 0

0 0 𝑎33

] {

𝔼𝑥
𝔼𝑦
𝔼𝑧

}+ [

𝜇11 0 0

0 𝜇22 0

0 0 𝜇33

] {

ℍ𝑥

ℍ𝑦

ℍ𝑧

}

)

 
 
.     (8) 

where [𝔅]  denotes magnetic induction and [𝔇]  denotes 

electric displacement. Also, the elastic constant matrix [𝐶], the 

magnetic constant matrix [𝜇] , the magnetoelectric constant 

matrix [𝑎], the dielectric constant matrix [𝑘], the piezoelectric 

constant matrix [𝑞] , and the piezomagnetic constant matrix 

[𝑒] can be shown as:  

𝐶11 = 𝐶11 −
𝐶13

2

𝐶33
, 𝐶̅12 = 𝐶12 −

𝐶13𝐶23

𝐶33
,  

𝐶22 = 𝐶22 −
𝐶23

2

𝐶33
, 𝐶44 = 𝐶44, 𝐶55 = 𝐶55,   

𝐶66 = 𝐶66, 𝑒31 = 𝑒31 −
𝐶13𝑒33

𝐶33
, 𝑒32 = 𝑒32 −

𝐶23𝑒33

𝐶33
,    

 𝑒24 = 𝑒24,   𝑒15 = 𝑒15, 𝑞31 = 𝑞31 −
𝐶13𝑞33

𝐶33
,    

𝑞32 = 𝑞32 −
𝐶23𝑞33

𝐶33
, 𝑞24 = 𝑞24, 𝑞15 = 𝑞15,  

𝑘11 = 𝐾11, 𝑘22 = 𝑘11, 𝑘33 = 𝑘33 +
𝑒33

2

𝐶33
, 𝑎11 = 𝑎11,  

𝑎22 = 𝑎22, 𝑎33 = 𝑎33 +
𝑞33𝑒33

𝐶33
, 𝜇11 = 𝜇11, 𝜇22 = 𝜇22,  

 𝜇33 = 𝜇33 +
𝑞33

2

𝐶33
 .                                    (9) 

[ℍ] and [𝔼] show the magnetic and electric fields related to 

the magnetic and electric potentials, respectively. In order to 

meet Maxwell's equations, the magnetic field is assumed to be 

the negative gradient of ψ(x, y, z, t), and the electric field is 

assumed to be the negative gradient of Φ(x, y, z, t). 
𝔼𝑗 = −∂Φ/𝜕𝑗, ℍ𝑗 = −∂Ψ/𝜕𝑗,   (𝑗 = 𝑥, 𝑦, 𝑧).          (10)                

It is conceivable to use a combination of linear and cosine 

variations to clearly define the electric and magnetic potentials 

in light of the boundary conditions at the top and bottom 

surfaces of each MEE layer.[72] 

Φ(𝑥, 𝑦, 𝑧, 𝑡) = −cos{
𝜋 [𝑧 ± (

ℎ(𝑥, 𝑦) + ℎm
2 )]

ℎm
}𝜙(𝑥, 𝑦, 𝑡) + 

2 [𝑧 ± (
ℎ(𝑥, 𝑦) + ℎm

2 )]𝜙0

ℎm
, 

Ψ(𝑥, 𝑦, 𝑧, 𝑡) = −cos{
𝜋 [𝑧 ± (

ℎ(𝑥, 𝑦) + ℎm
2 )]

ℎm
}𝜓(𝑥, 𝑦, 𝑡) + 

2[𝑧±(
ℎ(𝑥,𝑦)+ℎm

2
)]𝜓0

ℎm
,                                (11) 

where, on the upper and bottom surfaces of each MEE layer, 

respectively, 𝜙0  and 𝜓0  signify the initial electric and 

magnetic potentials. Additionally, 𝜙 and 𝜓 stand for the two-

dimensional electric and magnetic potentials. In order to get 

the equilibrium equations of motion, Hamilton's principle is 

used as:[73,74] 

∫ 𝛿(𝛱𝑠 +𝛱𝑓 −𝛱𝐾)
𝑡

0
𝑑𝑡 = 0,                       (12) 

where δ𝛱K, δ𝛱f, δ𝛱s  represent variations in kinetic energy, 

external force work (harmonic load work), and strain energy, 

respectively. For a sandwich FGMP-MEE nanoplate, the 

kinetic energy variation is represented as: 

𝛱𝐾 =∬[𝛪0(𝑢0
.
𝛿𝑢0

.
+ 𝑉0

.

𝛿𝑉0
.

+𝑊0

.

𝛿𝑊0

.

)
𝐴

+ 

𝛪1(𝑢0
.
𝛿𝜃𝑥
.

+ 𝑉0
.

𝛿𝜃𝑦
.

+ 𝜃𝑥
.

𝛿𝑢0
.
+ 𝜃̇𝑦𝛿𝑉0

.

)      (13) 

where 𝐴 is the of cross-sectional area, and 

𝐼0 = ∫ 𝜌m𝑑𝑧
−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+ ∫ 𝜌(𝑧)𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+

∫ 𝜌m𝑑𝑧
ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

,  

𝐼1 = ∫ 𝜌m𝑧𝑑𝑧
−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+ ∫ 𝜌(𝑧)𝑧𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+

∫ 𝜌m𝑧𝑑𝑧
ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐼2 = ∫ 𝜌m𝑧
2𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+ ∫ 𝜌(𝑧)𝑧2𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+

∫ 𝜌m𝑧
2𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 ,                                                                       (14) 

The variation of strain energy is shown as: 

𝛿𝛱𝑠 = ∫∫ (𝜎𝑥𝑥
MEE𝛿𝜀𝑥𝑥 + 𝜎𝑦𝑦

MEE𝛿𝜀𝑦𝑦 +
−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2

𝜎𝑥𝑦
MEE𝛿𝛾𝑥𝑦 + 𝜎𝑥𝑧

MEE𝛿𝛾𝑥𝑧 + 𝜎𝑦𝑧
MEE𝛿𝛾𝑦𝑧 −𝔇𝑥𝐵𝔼𝑥𝐵 −

𝔇𝑦𝐵𝔼𝑦𝐵 −𝔇𝑧𝐵𝔼𝑧𝐵 −𝔅𝑥𝐵ℍ𝑥𝐵 −𝔅𝑦𝐵ℍ𝑦𝐵 −

𝔅𝑧𝐵ℍ𝑧𝐵)𝑑𝑧𝑑𝐴 + ∫∫ (𝜎𝑥𝑥
FGMP𝛿𝜀𝑥𝑥 + 𝜎𝑦𝑦

FGMP𝛿𝜀𝑦𝑦 +
ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2

𝜎𝑥𝑦
FGMP𝛿𝛾𝑥𝑦 + 𝜎𝑥𝑧

FGMP𝛿𝛾𝑥𝑧 + 𝜎𝑦𝑧
FGMP𝛿𝛾𝑦𝑧)𝑑𝑧𝑑𝐴 +

∫∫ (𝜎𝑥𝑥
MEE𝛿𝜀𝑥𝑥 + 𝜎𝑦𝑦

MEE𝛿𝜀𝑦𝑦 + 𝜎𝑥𝑦
MEE𝛿𝛾𝑥𝑦 +

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

𝜎𝑥𝑧
MEE𝛿𝛾𝑥𝑧 + 𝜎𝑦𝑧

MEE𝛿𝛾𝑦𝑧 −𝔇𝑥𝑇𝔼𝑥𝑇 −𝔇𝑦𝑇𝔼𝑦𝑇 −𝔇𝑧𝑇𝔼𝑧𝑇 −

𝔅𝑥𝑇ℍ𝑥𝑇 −𝔅𝑦𝑇ℍ𝑦𝑇 −𝔅𝑧𝑇ℍ𝑧𝑇)𝑑𝑧𝑑𝐴 =

∫∫ (𝜎𝑥𝑥
MEE𝛿 [

𝜕𝑢0

𝜕𝑥
+ 𝑧

𝜕𝜃𝑥

𝜕𝑥
] + 𝜎𝑦𝑦

MEE𝛿 [
𝜕𝑣0

𝜕𝑦
+

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2

𝑧
𝜕𝜃𝑦

𝜕𝑦
] + 𝜎𝑥𝑦

MEE𝛿 [
𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
+ 𝑧 (

𝜕𝜃𝑥

𝜕𝑦
+
𝜕𝜃𝑦

𝜕𝑥
)] + 𝜎𝑥𝑧

MEE𝛿 [𝜃𝑥 +

𝜕𝑤0

𝜕𝑥
] + 𝜎𝑦𝑧

MEE𝛿 [𝜃𝑦 +
𝜕𝑤0

𝜕𝑦
] − 𝔇𝑥𝐵𝔼𝑥𝐵 −𝔇𝑦𝐵𝔼𝑦𝐵 −

𝔇𝑧𝐵𝔼𝑧𝐵 −𝔅𝑥𝐵ℍ𝑥𝐵 −𝔅𝑦𝐵ℍ𝑦𝐵 −𝔅𝑧𝐵ℍ𝑧𝐵)𝑑𝑧𝑑𝐴 +

∫∫ (𝜎𝑥𝑥
FGMP𝛿 [

𝜕𝑢0

𝜕𝑥
+ 𝑧

𝜕𝜃𝑥

𝜕𝑥
] + 𝜎𝑦𝑦

FGMP𝛿 [
𝜕𝑣0

𝜕𝑦
+ 𝑧

𝜕𝜃𝑦

𝜕𝑦
] +

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2

𝜎𝑥𝑦
FGMP𝛿 [

𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
+ 𝑧 (

𝜕𝜃𝑥

𝜕𝑦
+
𝜕𝜃𝑦

𝜕𝑥
)] + 𝜎𝑥𝑧

FGMP𝛿 [𝜃𝑥 +
𝜕𝑤0

𝜕𝑥
] +

𝜎𝑦𝑧
FGMP𝛿 [𝜃𝑦 +

𝜕𝑤0

𝜕𝑦
])𝑑𝑧𝑑𝐴 + ∫∫ (𝜎𝑥𝑥

MEE𝛿 [
𝜕𝑢0

𝜕𝑥
+

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

𝑧
𝜕𝜃𝑥

𝜕𝑥
] + 𝜎𝑦𝑦

MEE𝛿 [
𝜕𝑣0

𝜕𝑦
+ 𝑧

𝜕𝜃𝑦

𝜕𝑦
] + 𝜎𝑥𝑦

MEE𝛿 [
𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
+ 𝑧 (

𝜕𝜃𝑥

𝜕𝑦
+

𝜕𝜃𝑦

𝜕𝑥
)] + 𝜎𝑥𝑧

MEE𝛿 [𝜃𝑥 +
𝜕𝑤0

𝜕𝑥
] + 𝜎𝑦𝑧

MEE𝛿 [𝜃𝑦 +
𝜕𝑤0

𝜕𝑦
] − 𝔇𝑥𝑇𝔼𝑥𝑇 −

𝔇𝑦𝑇𝔼𝑦𝑇 −𝔇𝑧𝑇𝔼𝑧𝑇 −𝔅𝑥𝑇ℍ𝑥𝑇 −𝔅𝑦𝑇ℍ𝑦𝑇 −𝔅𝑧𝑇ℍ𝑧𝑇)𝑑𝑧𝑑𝐴 .  

(15) 

The variation in work caused by external forces is defined as: 

𝛿𝛱𝑓 = ∫ {𝑞𝐷𝑌𝑁𝛿𝑊0 + (𝑁𝐸 +𝑁𝑀)𝛿 [(
𝜕𝑊0

𝜕𝑥
)
2
+ (

𝜕𝑊0

𝜕𝑦
)
2
]} d𝐴

𝐴
 .  

 (16) 
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in which 𝑁𝑀 = ∫ 2
−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
𝑓31𝜓0/ℎmd𝑧 +

∫ 2
ℎm+ℎ(𝑥,𝑦)/2

ℎ(𝑥,𝑦)/2
𝑓31 𝜓0/ℎmd𝑧  and 𝑁𝐸 =

∫ 2
−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
𝑒31 𝜙0/ℎmd𝑧 + ∫ 2

ℎm+ℎ(𝑥,𝑦)/2

ℎ(𝑥,𝑦)/2
𝑒31 𝜙0/ℎmd𝑧 .   

To get the governing equations of motion, we insert Equations 

(13), (15), and (16) into Equation (12) as: 

𝛿𝑢0 →
𝜕𝑁𝑥𝑥

𝜕𝑥
+
𝜕𝑁𝑥𝑦

𝜕𝑦
= 𝐼0𝑢0

..
+ 𝐼1𝜃𝑥

..

, 

𝛿𝑣0 →
𝜕𝑁𝑦𝑦

𝜕𝑦
+
𝜕𝑁𝑥𝑦

𝜕𝑥
= 𝐼0𝑣0

..
+ 𝐼1𝜃𝑦

..

 , 

𝛿𝑊0 →
𝜕𝑄𝑥𝑧
𝜕𝑥

+
𝜕𝑄𝑦𝑧

𝜕𝑦
= 𝑞𝐷𝑌𝑁 + 𝐼0𝑊0

..

− 

𝑁𝐸 (
𝜕2𝑊0

𝜕𝑥2
+
𝜕2𝑊0

𝜕𝑦2
) − 𝑁𝑀 (

𝜕2𝑊0

𝜕𝑥2
+
𝜕2𝑊0

𝜕𝑦2
), 

𝛿𝜃𝑥 →
𝜕𝑀𝑥𝑥

𝜕𝑥
+
𝜕𝑀𝑥𝑦

𝜕𝑦
− 𝑄𝑥𝑧 = 𝐼1𝑢0

..
+ 𝐼2𝜃𝑥

..

 , 

𝛿𝜃𝑦 →
𝜕𝑀𝑦𝑦

𝜕𝑦
+
𝜕𝑀𝑥𝑦

𝜕𝑥
− 𝑄𝑦𝑧 = 𝐼1𝑣0

..
+ 𝐼2𝜃𝑦

..

,          (17) 

in which the resultant momentum 𝑁𝑖𝑗 ,𝑀𝑖𝑗 , 𝑃𝑖𝑗 , 𝑄𝑖𝑗 , 𝑅𝑖𝑗  are 

represented as 

(𝑁𝑥𝑥, 𝑀𝑥𝑥) = ∫ 𝜎𝑥𝑥
MEE(1, 𝑧)𝑑𝑧

−
ℎ(𝑥,𝑦)

2

−ℎm−
ℎ(𝑥,𝑦)

2

+

∫ 𝜎𝑥𝑥
FGMP(1, 𝑧)𝑑𝑧

ℎ(𝑥,𝑦)

2

−
ℎ(𝑥,𝑦)

2

+ ∫ 𝜎𝑥𝑥
MEE(1, 𝑧)𝑑𝑧

ℎ(𝑥,𝑦)

2
+ℎm

ℎ(𝑥,𝑦)

2

,  

(𝑁𝑥𝑦,𝑀𝑥𝑦) = ∫ 𝜎𝑥𝑦
MEE(1, 𝑧)𝑑𝑧

−
ℎ(𝑥,𝑦)

2

−ℎm−
ℎ(𝑥,𝑦)

2

+

∫ 𝜎𝑥𝑦
FGMP(1, 𝑧)𝑑𝑧

ℎ(𝑥,𝑦)

2

−
ℎ(𝑥,𝑦)

2

+ ∫ 𝜎𝑥𝑦
MEE(1, 𝑧)𝑑𝑧

ℎ(𝑥,𝑦)

2
+ℎm

ℎ(𝑥,𝑦)

2

, 

(𝑁𝑦𝑦, 𝑀𝑦𝑦) = ∫ 𝜎𝑦𝑦
MEE(1, 𝑧)𝑑𝑧

−
ℎ(𝑥,𝑦)

2

−ℎm−
ℎ(𝑥,𝑦)

2

+

∫ 𝜎𝑦𝑦
FGMP(1, 𝑧)𝑑𝑧

ℎ(𝑥,𝑦)

2

−
ℎ(𝑥,𝑦)

2

+ ∫ 𝜎𝑦𝑦
MEE(1, 𝑧)𝑑𝑧

ℎ(𝑥,𝑦)

2
+ℎm

ℎ(𝑥,𝑦)

2

, 

𝑄𝑥𝑧 = ∫ 𝜎𝑥𝑧
MEE𝑑𝑧

−
ℎ(𝑥,𝑦)

2

−ℎm−
ℎ(𝑥,𝑦)

2

+ ∫ 𝜎𝑥𝑧
FGMP𝑑𝑧

ℎ(𝑥,𝑦)

2

−
ℎ(𝑥,𝑦)

2

+

∫ 𝜎𝑥𝑧
MEE𝑑𝑧

ℎ(𝑥,𝑦)

2
+ℎm

ℎ(𝑥,𝑦)

2

, 𝑄𝑦𝑧 = ∫ 𝜎𝑦𝑧
MEE𝑑𝑧

−
ℎ(𝑥,𝑦)

2

−ℎm−
ℎ(𝑥,𝑦)

2

+

∫ 𝜎𝑦𝑧
FGMP𝑑𝑧

ℎ(𝑥,𝑦)

2

−
ℎ(𝑥,𝑦)

2

+ ∫ 𝜎𝑦𝑧
MEE𝑑𝑧

ℎ(𝑥,𝑦)

2
+ℎm

ℎ(𝑥,𝑦)

2

,                                          (18) 

As well, the corresponding boundary conditions can be 

obtained by considering the variations at the endpoints of the 

time interval. This involves evaluating the variation of the 

action functional at the initial and final times based on the 

Hamilton’s variational principle as: 

𝛿𝑢0 → 𝑁𝑥𝑥𝑛𝑥 + 𝑛𝑦𝑁𝑥𝑦 = 0,                    (19) 

𝛿𝑣0 → 𝑁𝑥𝑦𝑛𝑥 +𝑁𝑦𝑦𝑛𝑦 = 0, 

𝛿𝑊0 → (𝑛𝑥 (𝑄𝑥𝑧 + (𝑁𝐸 +𝑁𝑀)
𝜕𝑊0

𝜕𝑥
) + 

𝑛𝑦(𝑄𝑦𝑧+(𝑁𝐸 +𝑁𝑀)
𝜕𝑊0

𝜕𝑦
) = 0 , 

𝛿𝜃𝑥 → 𝑛𝑥𝑀𝑥𝑥 + 𝑛𝑦𝑀𝑥𝑦 = 0, 

𝛿𝜃𝑦 → 𝑛𝑦𝑀𝑦𝑦 + 𝑛𝑥𝑀𝑥𝑦 = 0, 

𝛿𝜙 → ∫ [𝑛𝑥𝔇𝑥𝐵𝑐𝑜𝑠 〈
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉 +

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2

𝑛𝑦𝔇𝑦𝐵𝑐𝑜𝑠 〈
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉] 𝑑𝑧 +

∫ [𝑛𝑥𝔇𝑥𝑇𝑐𝑜𝑠 〈
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉 +

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

𝑛𝑦𝔇𝑦𝑇𝑐𝑜𝑠 〈
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉] 𝑑𝑧 = 0 , 

𝛿𝜓 → ∫ [𝑛𝑥𝔅𝑥𝐵𝑐𝑜𝑠 〈
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉 +

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2

𝑛𝑦𝔅𝑦𝐵𝑐𝑜𝑠 〈
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉] 𝑑𝑧 +

∫ [𝑛𝑥𝔅𝑥𝑇𝑐𝑜𝑠 〈
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉 +

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

𝑛𝑦𝔅𝑦𝑇𝑐𝑜𝑠 〈
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
〉] 𝑑𝑧 = 0. 

In the end, the equilibrium equations for a sandwich FGMP-

MEE nanoplate are found by substituting Equation (18) into 

Equation (17) with respect to Equations (2-4) and (8), which 

provided in APPENDIX A. 

 

3. Solution method 

The boundary conditions of the sandwiched FGMP-MEE 

nanoplate's four corners should be as follows in order to 

analytically solve the governing equations of motion (A1-A7)  

Clamped (C) edge boundary conditions. 

𝑢0 = 𝑣0 = 𝑊0 = 𝜃𝑥 = 𝜃𝑦 = 𝜙 = 𝛹 = 𝜃𝑦 = 0,      

𝑎𝑡 𝑥 = 0, 𝐿𝑥;   𝑦 = 0, 𝐿𝑦.                     (20) 

Simply supported (S) edge boundary conditions. 

𝑣0 = 𝑊0 = 𝜃𝑦 = 𝜙 = 𝛹 = 𝑁𝑥𝑥 = 𝑀𝑥𝑥 = 𝑃𝑥𝑥 = 0,      

𝑎𝑡 𝑥 = 0, 𝐿𝑥, 

𝑢0 = 𝑊0 = 𝜃𝑥 = 𝜙 = 𝛹 = 𝑁𝑦𝑦 = 𝑀𝑦𝑦 = 𝑃𝑦𝑦 = 0,      

𝑎𝑡 𝑦 = 0, 𝐿𝑦.                               (21) 

For the corresponding boundary conditions, the following 

appropriate formulations are used[75,76] 

𝑢0 = ∑ ∑ 𝑈̃
𝜕𝑋𝑚(𝑥)

𝜕𝑥
𝑌𝑛(𝑦)𝑒

𝑖𝜔𝑡∞
𝑛

∞
𝑚 ,                 (22) 

𝑣0 = ∑ ∑ 𝑉̃𝑋𝑚(𝑥)
𝜕𝑌𝑛(𝑦)

𝜕𝑦
𝑒𝑖𝜔𝓉∞

𝑛
∞
𝑚 , 

𝑊0 = ∑ ∑ 𝑊̃𝑌𝑛(𝑦)𝑋𝑚(𝑥)𝑒
𝑖𝜔𝑡∞

𝑛
∞
𝑚 , 

𝜃𝑥 = ∑ ∑ 𝜃̃𝑥
𝜕𝑋𝑚(𝑥)

𝜕𝑥
𝑌𝑛(𝑦)𝑒

𝑖𝜔𝑡∞
𝑛

∞
𝑚 , 

𝜃𝑦 = ∑ ∑ 𝜃̃𝑦𝑋𝑚(𝑥)
𝜕𝑌𝑛(𝑦)

𝜕𝑦
𝑒𝑖𝜔𝑡∞

𝑛
∞
𝑚 , 

𝜙 = ∑ ∑ 𝜙̃𝑌𝑛(𝑦)𝑋𝑚(𝑥)𝑒
𝑖𝜔𝑡∞

𝑛
∞
𝑚 , 

𝛹 = ∑ ∑ 𝛹̃𝑌𝑛(𝑦)𝑋𝑚(𝑥)𝑒
𝑖𝜔𝑡∞

𝑛
∞
𝑚  , 

where  𝜔  displays the angular frequency and 𝑚  and 𝑛  are, 

respectively, the half wave numbers along x and y directions. 

Moreover, (𝑈̃, 𝑉̃, 𝑊̃, 𝜃̃𝑥, 𝜃̃𝑦, 𝜙̃, 𝛹̃)  represent the unknown 

modal coefficients associated with the sandwich FGMP-MEE 

nanoplate and denoted as:[75] 

𝑋𝑚(𝑥) = 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝐿𝑥
),                           (23) 

𝑌𝑛(𝑦) = 𝑠𝑖𝑛 (
𝑛𝜋𝑦

𝐿𝑦
) 

CSCS 
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𝑋𝑚(𝑥) = [𝑠𝑖𝑛 (
(𝑚+0.25)𝜋𝑥

𝐿𝑥
) − 𝑠𝑖𝑛ℎ (

(𝑚+0.25)𝜋𝑥

𝐿𝑥
)] −

[
𝑠𝑖𝑛((𝑚+0.25)𝜋)+𝑠𝑖𝑛ℎ((𝑚+0.25)𝜋)

𝑐𝑜𝑠((𝑚+0.25)𝜋)+𝑐𝑜𝑠ℎ((𝑚+0.25)𝜋)
] [𝑐𝑜𝑠 (

(𝑚+0.25)𝜋𝑥

𝐿𝑥
) −

𝑐𝑜𝑠ℎ (
(𝑚+0.25)𝜋𝑥

𝐿𝑥
)] ,                                                                                 (24) 

𝑌𝑛(𝑦) = [𝑠𝑖𝑛 (
(𝑛+0.25)𝜋𝑦

𝐿𝑦
) − 𝑠𝑖𝑛ℎ (

(𝑛+0.25)𝜋𝑦

𝐿𝑦
)] −

[
𝑠𝑖𝑛((𝑛+0.25)𝜋)+𝑠𝑖𝑛ℎ((𝑛+0.25)𝜋)

𝑐𝑜𝑠((𝑛+0.25)𝜋)+𝑐𝑜𝑠ℎ((𝑛+0.25)𝜋)
] [𝑐𝑜𝑠 (

(𝑛+0.25)𝜋𝑦

𝐿𝑦
) −

𝑐𝑜𝑠ℎ (
(𝑛+0.25)𝜋𝑦

𝐿𝑦
)],     CCCC 

𝑋𝑚(𝑥) = [𝑠𝑖𝑛 (
(𝑚+0.5)𝜋𝑥

𝐿𝑥
) − 𝑠𝑖𝑛ℎ (

(𝑚+0.5)𝜋𝑥

𝐿𝑥
)] −

[
𝑠𝑖𝑛((𝑛+0.5)𝜋)−𝑠𝑖𝑛ℎ((𝑚+0.5)𝜋)

𝑐𝑜𝑠((𝑛+0.5)𝜋)−𝑐𝑜𝑠ℎ((𝑚+0.5)𝜋)
] [𝑐𝑜𝑠 (

(𝑚+0.5)𝜋𝑥

𝐿𝑥
) −

𝑐𝑜𝑠ℎ (
(𝑚+0.5)𝜋𝑥

𝐿𝑥
)] , 

𝑌𝑛(𝑦) = [𝑠𝑖𝑛 (
(𝑛+0.5)𝜋𝑦

𝐿𝑦
) − 𝑠𝑖𝑛ℎ (

(𝑛+0.5)𝜋𝑦

𝐿𝑦
)] −

[
𝑠𝑖𝑛((𝑛+0.5)𝜋)−𝑠𝑖𝑛ℎ((𝑛+0.5)𝜋)

𝑐𝑜𝑠((𝑛+025)𝜋)−𝑐𝑜𝑠ℎ((𝑛+0.5)𝜋)
] [𝑐𝑜𝑠 (

(𝑛+0.5)𝜋𝑦

𝐿𝑦
) −

𝑐𝑜𝑠ℎ (
(𝑛+0.5)𝜋𝑦

𝐿𝑦
)]                                                               (25)      

A residual algebraic statement will be produced in 

accordance with the Galerkin methodology by putting 

Equation (22) into governing Equations (A1-A7). The residual 

must be made to be orthogonal to the shape functions in order 

to guarantee the solution's accuracy. By taking the inner 

product of the residual with each of the form functions, the 

orthogonality of the residual to the shape functions can be seen. 

If all of the shape functions have an inner product of zero, then 

the residual is orthogonal to the shape functions. 

∬𝑅 (𝑥, 𝑦)𝑋𝑚(𝑥)𝑌𝑛(𝑦)𝑑𝑥𝑑𝑦 = 0,    𝑚, 𝑛 = 1,2,3,…    (26) 

The nonhomogeneous algebraic equation system is 

represented by a (7 × 7)  matrix via the Galerkin technique 

as:  

(

 
 
 
 

[
 
 
 
 
 
 
𝛼11 𝛼12 𝛼13 𝛼14 𝛼15 𝛼16 𝛼17
𝛼21 𝛼22 𝛼23 𝛼24 𝛼25 𝛼26 𝛼27
𝛼31 𝛼32 𝛼33 𝛼34 𝛼35 𝛼36 𝛼37
𝛼41 𝛼42 𝛼43 𝛼44 𝛼45 𝛼46 𝛼47
𝛼51 𝛼52 𝛼53 𝛼54 𝛼55 𝛼56 𝛼57
𝛼61 𝛼62 𝛼63 𝛼64 𝛼65 𝛼66 𝛼67
𝛼71 𝛼72 𝛼73 𝛼74 𝛼75 𝛼76 𝛼77]

 
 
 
 
 
 

+

𝜔2

[
 
 
 
 
 
 
𝜂11 0 𝜂13 𝜂14 0 0 0
0 𝜂22 𝜂23 0 𝜂24 0 0
𝜂31 𝜂32 𝜂33 𝜂34 𝜂35 0 0
𝜂41 0 𝜂43 𝜂44 0 0 0
0 𝜂52 𝜂53 0 𝜂55 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0]

 
 
 
 
 
 

)

 
 
 
 

{
 
 
 

 
 
 
𝑈̃
𝑉̃
𝑊̃
𝜃̃𝑥
𝜃̃𝑦

𝜙̃

𝛹̃}
 
 
 

 
 
 

=

{
  
 

  
 
0
0
𝐹
0
0
0
0}
  
 

  
 

  (27)   

in which, 𝑿 = [𝑢̅0, 𝑣̅0, 𝑊̅0, 𝜃̅𝑥, 𝜃̅𝑦]
𝑇
; [𝒂𝒊𝒋] indicates the 

stiffness matrix; [𝜼𝒊𝒋] expresses the mass matrix. 

Furthermore, 𝐹 = ∫ ∫ 𝑄𝑚𝑛𝑋𝑚𝑌𝑛𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦
𝐿𝑦
0

𝐿𝑥
0

−

∫ ∫ 𝑄𝑚𝑛(𝑒0𝑎)
2 (

𝜕2𝑋𝑚

𝜕𝑥2
𝑌𝑛𝑋𝑚𝑌𝑛 + 𝑋𝑚

𝜕2𝑌𝑛

𝜕𝑦2
𝑋𝑚𝑌𝑛)𝑑𝑥𝑑𝑦

𝐿𝑦
0

𝐿𝑥
0

, 

            (28) 

𝑄𝑚𝑛 = ∫ ∫ 𝑞0𝑋𝑚𝑌𝑛𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦
𝑦0+0.5𝑏0
𝑦0−0.5𝑏0

𝑥0+0.5𝑎0
𝑥0−0.5𝑎0

 , 

 

4. Results and discussion 

The numerical outcomes are displayed in this section. It is best 

to check the findings with the data given in certain 

investigations before presenting them. However, Table 1 

provides a list of the many parameters used in the following 

(not including the verification part).  

 

4.1 Verification study 

In this case, the procedure's accuracy is tested by a series of 

comparisons. As a first verification study, by eliminating MEE 

layers, dynamic load, porosity, and strain gradient parameter, 

the variations of the dimensionless natural frequencies 𝜛 =

𝜔ℎ√𝜌/𝐺  of an elastic simply supported nanoplate with 

uniform thickness based on the present model are determined 

and reported in Table 2, along with the numerical results 

formerly reported by Ref. [77]. The present investigation 

employs a FSDT to simulate the structure, whereas the cited 

paper utilized third-order shear deformation plate theory. 

Furthermore, it is worth mentioning that the minor 

discrepancy observed in the calculated frequencies compared 

to the reported results in the referenced article is due to the 

omission of in-plane displacements of point on the mid-plane 

in the equations, as mentioned in Ref. [77]. The results are 

fairly accurate, as can be seen from this Table. 

Table 1. Material properties of the sandwich FGMP-MEE 

nanoplate. 

BaTiO3 − CoFe2O4 Properties (MEE Layer) 

𝑐11 = 226, 𝑐12 = 125, 𝑐22
= 226, 

𝑐44 = 44.2, 𝑐55 = 44.2, 𝑐66
= 51 

Elastic (GPa) 

𝑒31 = −2.2, 𝑒32 = −2.2, 

𝑒24 = 5.8, 𝑒15 = 5.8 
Piezoelectric (C m−2) 

𝑘11 = 5.64, 𝑘22 = 5.64,  

𝜅33 = 6.35 
Dielectric (10−9C V−1 m−1)  

𝑞31 = 290.1, 𝑞32 = 290.1, 

𝑞24 = 275, 𝑞15 = 275 
Piezomagnetic (N A−1 m−1) 

𝑎11 = 5.367, 𝑎11 = 5.367, 

𝑎33 = 2737.5 

Magnetoelectric 

(10−12N S V−1 C−1) 

𝜇11 = −297, 𝜇22
= −297, 

𝜇33 = 83.5 

Magnetic (10−6N s2 C−2 )  

𝜌m = 5550 Mass density (Kg m−3) 

Alumina 

(ceramic) 

Steel  

(metal) 
Properties (FGM Porous Core) 

𝐸 = 390 𝐸 = 200 Elastic (GPa) 

𝜗 = 0.24 𝜗 = 0.33 Poisson’s Ratio 

𝜌

= 3960 
𝜌 = 7800 Mass density (Kg m−3) 
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Table 2. Comparison of dimensionless natural frequency of a 

nanoplate. 
𝐿𝑥
ℎ

 𝑒0𝑎 present Ref. [77] 

10 

0 0.0923 0.0935 

1 0.0843 0.0854 

2 0.0782 0.0791 

3 0.0731 0.0741 

4 0.0690 0.0699 

5 0.0656 0.0666 

20 

0 0.0236 0.0239 

1 0.0214 0.0218 

2 0.0198 0.0202 

3 0.0185 0.0189 

4 0.0175 0.0179 

5 0.0164 0.017 

 

Table 3. Comparison of dimensionless natural frequency of a 

FGM nanoplate. 

B.C 𝑝 (𝑒0𝑎)
2(𝑛𝑚2) Study 𝜔1 𝜔2 𝜔3 

SSSS 

0 

0 

present 0.092 0.221 0.338 

Ref. 

[75] 
0.093 0.222 0.341 

2 

present 0.078 0.157 0.210 

Ref. 

[75] 
0.079 0.157 0.212 

4 

present 0.069 0.128 0.166 

Ref. 

[75] 
0.070 0.129 0.167 

2 

0 

present 0.049 0.116 0.177 

Ref. 

[75] 
0.049 0.116 0.178 

2 

present 0.041 0.082 0.110 

Ref. 

[75] 
0.041 0.083 0.111 

4 

present 0.036 0.067 0.087 

Ref. 

[75] 
0.037 0.067 0.087 

CSCS 

0 

 

0 

present 0.125 0.267 0.389 

Ref. 

[75] 
0.126 0.268 0.392 

2 

present 0.104 0.184 0.235 

Ref. 

[75] 
0.104 0.185 0.237 

4 

present 0.903 0.149 0.184 

Ref. 

[75] 
0.908 0.150 0.186 

2 

0 

present 0.066 0.140 0.204 

Ref. 

[75] 
0.066 0.140 0.205 

2 

present 0.054 0.097 0.123 

Ref. 

[75] 
0.055 0.097 0.124 

4 present 0.047 0.078 0.096 

Ref. 

[75] 
0.048 0.079 0.097 

CCCC 

0 

0 

present 0.161 0.313 0.442 

Ref. 

[75] 
0.162 0.315 0.445 

2 

present 0.132 0.212 0.261 

Ref. 

[75] 
0.132 0.213 0.263 

4 

present 0.114 0.171 0.203 

Ref. 

[75] 
0.115 0.171 0.204 

2 

0 

present 0.085 0.164 0.232 

Ref. 

[75] 
0.085 0.165 0.233 

2 

present 0.069 0.111 0.137 

Ref. 

[75] 
0.069 0.111 0.137 

4 

present 0.060 0.090 0.106 

Ref. 

[75] 
0.060 0.090 0.107 

 

In a second comparison study, the variations of the first 

three dimensionless natural frequencies of the FGM nanoplate 

(
𝐿𝑥

𝐿𝑦
= 1, 𝐿𝑥 = 10ℎ, 𝑙 = 0 ) with uniform thickness for various 

boundary conditions are computed using the NSGT and then 

compared with the findings of Ref. [75], which are shown in 

Table 3. The comparison in this table shows that the current 

results accord well with the analytical predictions in Ref. [75]. 

Further, by eliminating the dynamic load and FGMP core 

layer, the first two dimensionless natural frequencies of a 

simply supported MEE nanoplate 𝜛 = 𝜔𝐿𝑥√𝐼0/𝐴11  (
𝐿𝑥

𝐿𝑦
=

1,
𝐿𝑥

ℎ𝑚
= 15, 𝑙 = 0  ) versus the variations of the nonlocal 

parameter are obtained based on the current formulations, and 

the results are compared with those of Refs. [78,79] in Table 

4.  

Table 4. Comparison of dimensionless natural frequency of a 

MEE nanoplate. 

Frequenc

y 
Study 𝑒0𝑎 = 0 

𝑒0𝑎

= 0.2 

𝑒0𝑎

= 0.4 

𝜔11 

presen

t 

0.38

0 

0.28

4 

0.18

7 

Ref. 

[78] 

0.37

0 

0.27

6 

0.18

1 

Ref. 

[79] 

0.36

8 

0.27

6 

0.18

0 

𝜔12 

presen

t 

0.92

8 

0.53

8 

0.31

1 

Ref. 

[78] 

0.92

5 

0.53

7 

0.31

0 

Ref. 

[79] 

0.91

0 

0.52

8 

0.30

6 
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Further, in Table 5, the nondimensional first natural 

frequency of the FGM nanoplate with uniform thickness by 

ignoring MEE layers, porosity, and dynamic load, is computed 

based on the present model and compared with those of Refs. 

[80,81]. An adequate degree of agreement between the 

outcomes has been seen.  

Finally, in Table 6, based on the current model, the 

nondimensional first natural frequency of the isotropic plate 

calculated for different taper parameters and aspect ratios, and 

the results are contrasted with those of Ref. [82] (classical 

plate theory) by neglecting MEE layers, FGMP, and dynamic 

load. This table's comparison shows that the current findings 

and the analytical predictions in Ref. [82] are in good accord. 

 

Table 5. Comparison study of dimensionless natural frequency of 

a FGM nanoplate. 

𝑝 𝑙 Study 𝑒0a = 0 𝑒0a = 1 𝑒0a = 2 𝑒0a = 4 

1 

0 

present 0.054 0.049 0.046 0.041 

Ref. [80] 0.054 0.049 0.046 0.041 

Ref. [81] 0.054 0.049 0.046 0.041 

1 

present 0.059 0.054 0.050 0.044 

Ref. [80] 0.059 0.054 0.050 0.044 

Ref. [81] 0.059 0.054 0.050 0.044 

2 

present 0.073 0.066 0.061 0.054 

Ref. [80] 0.072 0.066 0.061 0.054 

Ref. [81] 0.072 0.066 0.061 0.054 

4 

present 0.111 0.101 0.094 0.083 

Ref. [80] 0.109 0.100 0.093 0.082 

Ref. [81] 0.111 0.101 0.094 0.083 

5 

0 

present 0.044 0.040 0.037 0.033 

Ref. [80] 0.044 0.040 0.037 0.033 

Ref. [81] 0.044 0.040 0.037 0.033 

1 

present 0.048 0.044 0.040 0.036 

Ref. [80] 0.048 0.044 0.040 0.036 

Ref. [81] 0.048 0.044 0.040 0.036 

2 

present 0.058 0.053 0.049 0.044 

Ref. [80] 0.058 0.053 0.049 0.044 

Ref. [81] 0.058 0.053 0.049 0.044 

4 

present 0.090 0.082 0.075 0.067 

Ref. [80] 0.088 0.081 0.074 0.066 

Ref. [81] 0.089 0.082 0.075 0.067 

10 

0 

present 0.041 0.038 0.035 0.031 

Ref. [80] 0.042 0.038 0.035 0.031 

Ref. [81] 0.041 0.038 0.035 0.031 

1 

present 0.045 0.041 0.038 0.034 

Ref. [80] 0.045 0.041 0.038 0.034 

Ref. [81] 0.045 0.041 0.038 0.034 

2 

present 0.055 0.051 0.047 0.041 

Ref. [80] 0.055 0.051 0.047 0.041 

Ref. [81] 0.055 0.051 0.047 0.041 

4 

present 0.084 0.078 0.072 0.063 

Ref. [80] 0.084 0.077 0.071 0.062 

Ref. [81] 0.085 0.078 0.072 0.063 

 

 

4.2 Main results 

Here, a series of numerical simulations are used to figure out 

how effective factors affect the free and forced vibration of the 

FGMP-MEE nanoplate. The considered quantities include 

material gradient index, nonlocal and strain gradient 

parameters, initial magnetic and electric potentials, and 

porosity coefficients. It is assumed that ℎ0 = 0.4nm, ℎ𝑚 =

0.2nm, 𝐿𝑥 = 𝐿𝑦 = 10nm,𝑥0 =
𝐿𝑥

5
, 𝑦0 =

𝐿𝑦

5
, 𝑎0 =

𝐿𝑥

5
, 𝑏0 =

𝐿𝑦

5
.  

In addition, the nonlocal and strain gradient parameters that 

were used in this analysis were chosen based on a certain range 

that was published in the research that was done on nonlocal 

elasticity and strain gradient theories. Typically, calibration 

processes using either molecular dynamics simulations or 

empirical approaches were used to get the aforementioned 

values. 

Table 6. Nondimensional first natural frequency of the isotropic 

plate with a thickness that changes linearly in one direction. 

B.C 
Taper 

Parameter α 

Aspect 

Ratio 
Ref. [82] Present 

SSSS 0.25 0.5 13.9359 13.9359 

1 22.3184 22.3184 

2 55.7438 55.7438 

0.5 0.5 15.6248 15.6248 

1 25.0742 25.0742 

2 62.4994 62.4993 

1 0.5 19.1764 19.1764 

1 30.9245 30.9245 

2 76.7057 76.7057 

CCSS 0.25 0.5 21.3439 21.3436 

1 32.7193 32.7190 

2 84.2476 84.2475 

0.5 0.5 24.2965 24.2964 

1 37.2871 37.2870 

2 95.2379 95.2377 

1 0.5 30.3541 30.3538 

1 46.7716 46.7715 

2 118.3476 118.3475 

 

4.2.1 Free vibration 

Depicted in Fig. 2 is the influence of the material gradient 

index on the variations of the first natural frequency (GHz) of 

the sandwich FGMP-MEE nanoplate for linearly and 

parabolically varying thickness under different boundary 

conditions (SSSS, CSCS, CCCC) when 𝑝 = 1, 𝜁 = 0,𝜙0 =
0,𝜓0 = 0 . It should be noted that in this figure, various 

classical and non-classical theories, i.e., NSGT (  𝑙 ≠ 0,
(𝑒0𝑎) ≠ 0), SGT ( 𝑙 ≠ 0, (𝑒0𝑎) = 0), NT ( 𝑙 = 0, (𝑒0𝑎) ≠ 0) 

called NT, and CT (  𝑙 = 0, (𝑒0𝑎) = 0 ) are considered. 

However, it can be observed that the boundary conditions have 

important effects on the variations of the natural frequencies. 

It may be deduced that for a given volume of sandwich 
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nanoplate application, a sandwich nanoplate with bi-

directional thickness variation is preferable to a sandwich 

plate of even thickness in order to achieve the maximal 

frequency. Due to the increased rigidity and decreased 

deformation of bidirectional nanoplates compared to 

unidirectional nanoplates, the natural frequency of a sandwich 

FGMP-MEE nanoplate with variable thickness in two 

directions is higher than that of a nanoplate with variable 

thickness in one direction. In contrast to a nanoplate with a 

parabolically varying thickness, which has a mass distribution 

that is more uniformly distributed throughout the plate, a 

nanoplate with a linearly varying thickness has a mass 

distribution that is concentrated towards the plate's edges. 

Moreover, a nanoplate's stiffness is less uniformly distributed 

when its thickness varies linearly as opposed to parabolically. 

This is because the linear variation in thickness results in non-

uniform bending stiffness across the plate. In contrast, a plate 

with a parabolically varying thickness has a more uniform 

bending stiffness. The non-uniform stiffness and mass 

distribution of a sandwich nanoplate with a linearly varying 

thickness can lead to a higher natural frequency compared to 

a sandwich nanoplate with a parabolically varying thickness. 

Furthermore, the natural frequency is decreased as a result of 

the transition from a ceramic to a metallic state, which exhibits 

an increase in the FG index and a decrease in stiffness. 

Furthermore, according to the effects of nonlocal and strain 

gradient parameters and how to use these parameters in 

nonclassical theories, the natural frequency according to these 

theories are as NT <CT <NSGT <SGT. 

Table 7 depicts the effects of the electric voltage, 

magnetic potential, and porosity coefficient on the 

fundamental frequency (GHz) of simply supported sandwich 

FGMP-MEE nanoplate for linearly varying thickness under 

different porosity distributions when 𝑝 = 1, 𝑙 = 0, (𝑒0𝑎) =
0, 𝛼 = 0.5, 𝛽 = 0 . In terms of the porosity coefficient, 

regardless of the porosity pattern, one notices a declining 

frequency with an increasing porosity coefficient. As the 

porosity coefficient goes up, the nanoplate's effective density 

goes down, which makes it less stiff. This is because the pores 

or voids in the plate reduce the amount of solid material 

present, which in turn decreases the plate's resistance to 

deformation. Therefore, the sandwich FGM-MEE nanoplate's 

natural frequency drops. In summary, the porosity dispersion 

of a sandwich porous nanoplate can significantly affect its 

natural frequencies. Even porosity dispersion leads to evenly 

spaced natural frequencies, while uneven and logarithmic 

uneven porosity dispersion result in irregular and complex 

frequency patterns. On the other hand, a sandwich nanoplate 

with even porosity distribution has a more consistent 

distribution of pores, which leads to a more uniform response 

to external vibrations and a higher natural frequency overall. 

In a variety of applications, including acoustic filters, heat 

exchangers, and fluid flow control systems, this can increase 

the sandwich smart nanoplate's reliability and efficiency. 

Furthermore, as noted in Table 7, the natural frequency 

decreases when the electric voltage rises due to an increase in 

the system's deformation. This is because the increased 

deformation of the sandwich nanoplate results in a decrease in 

the stiffness of the sandwich nanoplate, which in turn reduces 

the natural frequency. This phenomenon is important in the 

design and operation of piezoelectric devices, where the 

natural frequency of the device is an important parameter that 

needs to be controlled and optimized. As is evident, raising the 

external magnetic potential increases the frequency values. 

The magnetic field in the MEE nanoplate gets stronger as the 

magnetic potential rises, which in turn leads the material's 

magnetic dipoles to line up with the field direction. Because 

the magnetic forces between the dipoles balance out the 

material's deformation, this alignment of the magnetic dipoles 

increases the plate's stiffness. 

 

4.2.2 Forced vibration 

Figure 3 demonstrates the variations of the dynamic deflection 

response of the sandwich FGMP-MEE nanoplate for linearly 

and parabolically varying thickness under different boundary 

conditions (SSSS, CSCS, CCCC) when 𝑝 = 1, 𝜁 = 0,𝜙0 =
0,𝜓0 = 0, 𝑙 = 0, (𝑒0𝑎) = 0. In general, a nanoplate that varies 

in thickness in only one direction would have a lower natural 

frequency and would resonate at a lower frequency when 

compared to a nanoplate that varies in thickness in two 

directions. Due to the distribution of the sandwich nanoplate's 

mass and stiffness, a nanoplate with a parabolically varying  

Table 7. Effects of the electric voltage, magnetic potential, and porosity coefficient on the fundamental frequency (GHz) of simply 

supported sandwich FGMP-MEE nanoplate for different porosity distributions. 

ψ0(A) ϕ0(V) 
ζ Porosity distribution 

0.02 0.01 0 0.2 0.1 0 

0.5931 0.4657 0.2864 0.0877 0.1934 0.2864 0 

Even porosity 0.5782 0.4546 0.2811 0.0789 0.1875 0.2811 0.2 

0.5645 0.4444 0.2766 0.0705 0.1769 0.2766 0.4 

0.5931 0.4657 0.2864 0.0877 0.1934 0.2864 0 

Uneven porosity 0.5664 0.4468 0.2864 0.0683 0.1715 0.2802 0.2 

0.5437 0.4308 0.2750 0.0614 0.1626 0.2750 0.4 

0.5931 0.4657 0.2864 0.0877 0.1934 0.2864 0 

Logarithmic uneven porosity 0.5767 0.4517 0.2807 0.0755 0.1834 0.2807 0.2 

56.051 0.4403 0.2757 0.0681 0.1726 0.2757 0.4 
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Fig. 3 Dynamic deflection response of the sandwich FGMP-MEE nanoplate for linearly and parabolically varying thickness. 

 

thickness has a lower resonance frequency than a nanoplate 

with a linearly varying thickness. As a result of the mass and 

stiffness being concentrated in the plate's center, which has a 

parabolically changing thickness, the resonance frequency is 

reduced. In contrast, a nanoplate with a linearly varying 

thickness has a more uniform distribution of mass and stiffness, 

which results in a higher resonance frequency. 

Figure 4 exhibits the effect of the nonlocal parameter on 

the dynamic behavior of the sandwich FGMP-MEE nanoplate 

with linearly and parabolically varying thickness versus the 

resonance frequency when 𝑝 = 1, 𝜁 = 0,𝜙0 = 0,𝜓0 =
0, 𝑙 = 0, 𝛼 = 0.5, 𝛽 = 0 . The resonance frequency of the 

nanoplate decreases with increasing nonlocal term. This is 

because the stiffness of the nanoplate decreases when its 

effective mass grows due to a rise in the nonlocal parameter. 

It should be noted that the clamped boundary condition 

imposes a stronger constraint on the deformation of the 

sandwich nanoplate. Because of this, the nonlocal effects, 

which are caused by the nonlocal interactions that occur 

between adjacent atoms or molecules, have a stronger impact 

on the frequency response of the sandwich nanoplate when it 

is subjected to a clamped boundary condition. 

Figure 5 exhibits the effect of the strain gradient parameter 

on the dynamic behavior of the sandwich FGMP-MEE 

nanoplate with linearly and parabolically varying thickness 

versus the resonance frequency when 𝑝 = 1, 𝜁 = 0,𝜙0 =
0,𝜓0 = 0, (𝑒0𝑎) = 0, 𝛼 = 0.5, 𝛽 = 0 . From this figure, it is 

obvious that the resonance frequency of the sandwich 

nanoplate increases with increasing strain gradient parameter. 

With a rise in the strain gradient parameter, a nanoplate 

becomes stiffer. The resonance frequency of the nanoplate 

rises as a result of this increase in stiffness.  

Figure 6 exhibits the effects of the power law index on the 

dynamic behavior of a simply supported sandwich FGMP- 
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Fig. 5 Effect of the strain gradient parameter on the dynamic behavior of the sandwich FGM-MEE nanoplate. 

 

 

Fig. 6 Effect of the power law index on the dynamic behavior of 

the sandwich PFGM-MEE nanoplate. 

MEE nanoplate with linearly varying thickness versus the 

resonance frequency when 𝜁 = 0,𝜙0 = 0,𝜓0 = 0, (𝑒0𝑎) =
0, 𝑙 = 0, 𝛼 = 0.5, 𝛽 = 0 . The relationship between the 

material gradient index and the mechanical properties of the 

core layer is of crucial importance. It is inferred that the 

mechanical properties of the core layer trend towards metal 

characteristics as the material gradient index rises; as a result, 

the stiffness of the structure lowers, the resonance phenomena 

occur at a lower frequency, and the amplitude of the dynamic 

response rises. 

Figure 7 describes the variations of the dynamic 

deflection versus different porosity distributions for the case 

of a simply supported sandwich FGMP-MEE nanoplate with 

linearly varying thickness versus the resonance frequency 

when 𝑝 = 1,𝜙0 = 0,𝜓0 = 0, (𝑒0𝑎) = 0, 𝑙 = 0, 𝛼 = 0.5, 𝛽 =
0 . As is obvious, with increasing porosity, the dynamic 
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response of the system rises. This behavior is attributable to 

the decrease in structural stiffness as porosity increases, which 

causes the system's dynamic response to increase. The volume 

of the voids in a porous nanoplate increases and the volume of 

the solid material decreases as the porosity coefficient of the 

plate rises. The sandwich FGMP-MEE nanoplate's effective 

stiffness consequently decreases, which decreases the 

resonance frequency of the plate. 

 
Fig. 7 Effect of the different porosity distributions on the dynamic 

behavior of the sandwich FGMP-MEE nanoplate. 

 

The effects of the initial electric and magnetic potentials 

on the forced vibration behavior of a simply supported 

sandwich FGMP-MEE nanoplate with linearly varying 

thickness versus the resonance frequency are respectively 

shown in Figs. 8 and 9 when 𝑝 = 1, 𝜁 = 0, (𝑒0𝑎) = 0, 𝑙 =
0, 𝛼 = 0.5, 𝛽 = 0. One can see that the electric and magnetic 

potentials can significantly affect the resonance frequencies 

and the dynamic deflections. Actually, electric and magnetic 

potentials are appropriate tools to enhance and improve the 

resonance area of the nanostructures. This control over 

resonance frequencies opens up opportunities for tuning the 

behavior of nanostructures to meet specific requirements in 

various applications. For example, by adjusting the electric 

potential, one can shift the resonance frequencies to desired 

ranges, enabling enhanced performance in sensors, actuators, 

and energy harvesting devices. 

Figure 10 illustrates the variations in dynamic deflection 

of a simply supported sandwich FGMP-MEE nanoplate with 

linearly varying thickness for different areas of uniform 

dynamic load when 𝑝 = 1, 𝜁 = 0, (𝑒0𝑎) = 0, 𝑙 = 0,𝜙0 =
0,𝜓0 = 0, 𝛼 = 0.5, 𝛽 = 0. It can be inferred that an increase 

in the region of the applied transverse load causes an increase 

in the dynamic deflection. In fact, the area of frequency-

response plots becomes wider. It should be noted that the 

resonance frequency is not affected by the geometrical 

parameters of the uniform dynamic load. 

 
Fig. 8 Effect of the electric voltage on the dynamic behavior of 

the sandwich FGMP-MEE nanoplate. 

 

 
Fig. 9 Effect of the magnetic potential on the dynamic behavior 

of the sandwich FGMP-MEE nanoplate. 

 
Fig. 10 Effect of the different areas of uniform dynamic load on 

the dynamic behavior of the sandwich FGMP-MEE nanoplate. 
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5. Conclusions 

For the purpose of studying the free and forced vibration 

analysis of the sandwich MEE nanoplates with FGMP of 

linearly or parabolically varying thickness core layer under 

initial external electric and magnetic potentials for various 

boundary conditions, an analytical strategy based on the 

nonlocal strain gradient in conjunction with the FSDT has 

been established. The FGMP layer's attributes are spread out 

in an even, an uneven, and a logarithmically uneven way based 

on a specific rule-of-mixture relation. Hamilton's principle 

was used to construct the dynamic structural equations, which 

were then analytically solved using the Galerkin technique. 

Through a comparison with other accessible data from 

previous studies, the generated solution is examined in terms 

of its correctness and precision. The effects of the bidirectional 

taper constants, initial electric and magnetic potentials, 

porosity distributions, FG index, and nonlocal and strain 

gradient factors on free and forced vibration are shown by 

parameter analyses. The following are some of the most 

notable findings from this study: 

• The non-uniform stiffness and mass distribution of a 

sandwich nanoplate with a linearly varying thickness can lead 

to a higher natural frequency compared to a sandwich 

nanoplate with a parabolically varying thickness.  

• Even porosity dispersion leads to evenly spaced natural 

frequencies, while uneven and logarithmic uneven porosity 

dispersion result in irregular and complex frequency patterns. 

• The resonance frequency decreases when the electric voltage 

rises due to an increase in the system's deformation. This is 

because the increased deformation of the sandwich nanoplate 

results in a decrease in the stiffness of the sandwich nanoplate, 

which in turn reduces the resonance frequency. 

• The effects of the nonlocal and strain gradient parameters in 

the CCCC boundary condition on the resonance frequency 

changes are greater than in the SSSS boundary condition. 

• The mechanical properties of the core layer trend towards 

metal characteristics as the material gradient index rises; as a 

result, the stiffness of the structure lowers, and the resonance 

phenomena occur at a lower frequency. 

Finally, here, we will include a discussion on the future 

directions of our work. We will explore the potential of 

incorporating active control techniques, machine learning 

algorithms, and optimization algorithms to further enhance the 

performance of the sandwich smart MEE nanoplates with 

FGMP core layers. By leveraging active control strategies 

along with machine learning and optimization algorithms, we 

aim to develop advanced control methodologies that can 

optimize the vibration characteristics, energy efficiency, and 

overall performance of the nanoplates. This direction of 

research has the potential to significantly contribute to the 

field of active control of smart materials and structures. 
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APPENDIX A 

The size-dependent equilibrium equations governing a 

sandwich FGMP-MEE nanoplate can be derived as follows: 
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𝜕𝐺̅15

𝜕𝑥
𝛹 −

𝑘𝑠𝐺15
𝜕2𝛹

𝜕𝑥2
− 𝑘𝑠

𝜕𝐺15

𝜕𝑥

𝜕𝛹

𝜕𝑥
+ 𝑘𝑠𝐹̅24

𝜕𝛷

𝜕𝑦
+

𝑘𝑠
𝜕𝐹̅24

𝜕𝑦
𝛷 − 𝑘𝑠𝐹24

𝜕2𝛷

𝜕𝑦2
− 𝑘𝑠

𝜕𝐹24

𝜕𝑦

𝜕𝛷

𝜕𝑦
+

𝑘𝑠𝐺̅24
𝜕𝛹

𝜕𝑦
+ 𝑘𝑠

𝜕𝐺̅24

𝜕𝑦
𝛹 − 𝑘𝑠𝐺24

𝜕2𝛹

𝜕𝑦2
−

𝑘𝑠
𝜕𝐺24

𝜕𝑦

𝜕𝛹

𝜕𝑦
} = [1 − (𝑒0𝑎)

2 (
𝜕2

𝜕𝑥2
+

(A1) 

 

 

 

 

 

 

(A2) 

 

 

(A3) 

 

 

 

 

 

 

(A4) 

 

 

 

 

 

(A5) 

 

 

 

 

(A6) 

 

 

 

(A7) 
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𝜕2

𝜕𝑦2
)] {𝑞𝐷𝑌𝑁 + 𝐼0𝑊0

..

−𝑁𝐸 (
𝜕2𝑊0

𝜕𝑥2
+
𝜕2𝑊0

𝜕𝑦2
) −

𝑁𝑀 (
𝜕2𝑊0

𝜕𝑥2
+
𝜕2𝑊0

𝜕𝑦2
)},  

𝛿𝜃𝑥 → [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] {𝐵11

𝜕2𝑢0

𝜕𝑥2
+

𝜕𝐵11

𝜕𝑥

𝜕𝑢0

𝜕𝑥
+𝐻11

𝜕2𝜃𝑥

𝜕𝑥2
+
𝜕𝐻11

𝜕𝑥

𝜕𝜃𝑥

𝜕𝑥
+ 𝐵12

𝜕2𝑣0

𝜕𝑥𝜕𝑦
+

𝜕𝐵12

𝜕𝑥

𝜕𝑣0

𝜕𝑦
+𝐻12

𝜕2𝜃𝑦

𝜕𝑥𝜕𝑦
+
𝜕𝐻12

𝜕𝑥

𝜕𝜃𝑦

𝜕𝑦
+ 𝐵66 (

𝜕2𝑢0

𝜕𝑦2
+

𝜕2𝑣0

𝜕𝑥𝜕𝑦
) +

𝜕𝐵66

𝜕𝑦
(
𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
) + 𝐻66 (

𝜕2𝜃𝑥

𝜕𝑦2
+

𝜕2𝜃𝑦

𝜕𝑥𝜕𝑦
) +

𝜕𝐻66

𝜕𝑦
(
𝜕𝜃𝑥

𝜕𝑦
+
𝜕𝜃𝑦

𝜕𝑥
) − 𝑘𝑠𝐴44 (𝜃𝑥 +

𝜕𝑊0

𝜕𝑥
) + 𝐹̅31

𝜕𝛷

𝜕𝑥
+
𝜕𝐹̅31

𝜕𝑥
𝛷 + 𝐺̅31

𝜕𝛹

𝜕𝑥
+
𝜕𝐺̅31

𝜕𝑥
𝛹 −

𝑘𝑠𝐹̅15𝛷 + 𝑘𝑠𝐹15
𝜕𝛷

𝜕𝑥
− 𝑘𝑠𝐺̅15𝛹 + 𝑘𝑠𝐺15

𝜕𝛹

𝜕𝑥
} =

[1 − (𝑒0𝑎)
2 (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] (𝐼1𝑢0

..
+ 𝐼2𝜃𝑥

..

),  

𝛿𝜃𝑦 → [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] {𝐵12

𝜕2𝑢0

𝜕𝑥𝜕𝑦
+

𝜕𝐵12

𝜕𝑦

𝜕𝑢0

𝜕𝑥
+𝐻12

𝜕2𝜃𝑥

𝜕𝑥𝜕𝑦
+
𝜕𝐻12

𝜕𝑦

𝜕𝜃𝑥

𝜕𝑥
+ 𝐵22

𝜕2𝑣0

𝜕𝑦2
+

𝜕𝐵22

𝜕𝑦

𝜕𝑣0

𝜕𝑦
+𝐻22

𝜕2𝜃𝑦

𝜕𝑦2
+
𝜕𝐻22

𝜕𝑦

𝜕𝜃𝑦

𝜕𝑦
+ 𝐵66 (

𝜕2𝑢0

𝜕𝑥𝜕𝑦
+

𝜕2𝑣0

𝜕𝑥2
) +

𝜕𝐵66

𝜕𝑥
(
𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
) + 𝐻66 (

𝜕2𝜃𝑥

𝜕𝑥𝜕𝑦
+

𝜕2𝜃𝑦

𝜕𝑦2
) +

𝜕𝐻66

𝜕𝑥
(
𝜕𝜃𝑥

𝜕𝑦
+
𝜕𝜃𝑦

𝜕𝑥
) − 𝑘𝑠𝐴66 (𝜃𝑦 +

𝜕𝑊0

𝜕𝑦
) + 𝐹̅31

𝜕𝛷

𝜕𝑦
+
𝜕𝐹̅31

𝜕𝑦
𝛷 + 𝐺̅31

𝜕𝛹

𝜕𝑦
+
𝜕𝐺̅31

𝜕𝑦
𝛹 −

𝑘𝑠𝐹̅24𝛷 + 𝑘𝑠𝐹24
𝜕𝛷

𝜕𝑦
− 𝑘𝑠𝐺̅24𝛹 + 𝑘𝑠𝐺24

𝜕𝛹

𝜕𝑦
} =

[1 − (𝑒0𝑎)
2 (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] (𝐼1̅𝑣0

..
+ 𝐼2̅𝜃𝑦

..

−

𝐶1𝐼4
𝜕𝑊0

..

𝜕𝑦
),  

𝛿𝛷 → [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] {𝐹31 (

𝜕𝑢0

𝜕𝑥
+

𝜕𝑣0

𝜕𝑦
) + 𝐹̅31 (

𝜕𝜃𝑥

𝜕𝑥
+
𝜕𝜃𝑦

𝜕𝑦
) + 𝐹15 (

𝜕𝜃𝑥

𝜕𝑥
+
𝜕2𝑊0

𝜕𝑥2
) +

𝐹24 (
𝜕𝜃𝑦

𝜕𝑦
+
𝜕2𝑊0

𝜕𝑦2
) − 𝐹16 (𝜃𝑥 +

𝜕𝑊0

𝜕𝑥
) −

𝐹26 (𝜃𝑦 +
𝜕𝑊0

𝜕𝑦
) + (𝐹1 − 𝐹2 − 𝐹3 + 𝐹̅1 − 𝐹̅2 −

𝐹̅3 − 𝐹33)𝛷 − 𝐹4
𝜕𝛷

𝜕𝑥
+ 𝐹5

𝜕2𝛷

𝜕𝑥2
− 𝐹̅4

𝜕𝛷

𝜕𝑦
+

𝐹̅5
𝜕2𝛷

𝜕𝑦2
+ (𝐹6 − 𝐹7 − 𝐹8 + 𝐹̅6 − 𝐹̅7 − 𝐹̅8 −

𝐺33)𝛹 − 𝐹9
𝜕𝛹

𝜕𝑥
+ 𝐹10

𝜕2𝛹

𝜕𝑥2
− 𝐹̅9

𝜕𝛹

𝜕𝑦
+

𝐹̅10
𝜕2𝛹

𝜕𝑦2
} = 0,  

𝛿𝛹 → [1 − 𝑙2 (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)] {𝐺31 (

𝜕𝑢0

𝜕𝑥
+

𝜕𝑣0

𝜕𝑦
) + 𝐺̅31 (

𝜕𝜃𝑥

𝜕𝑥
+
𝜕𝜃𝑦

𝜕𝑦
) + 𝐺15 (

𝜕𝜃𝑥

𝜕𝑥
+
𝜕2𝑊0

𝜕𝑥2
) +

𝐺24 (
𝜕𝜃𝑦

𝜕𝑦
+
𝜕2𝑊0

𝜕𝑦2
) − 𝐺16 (𝜃𝑥 +

𝜕𝑊0

𝜕𝑥
) −

𝐺26 (𝜃𝑦 +
𝜕𝑊0

𝜕𝑦
) + (𝐹6 − 𝐹7 − 𝐹8 + 𝐹̅6 − 𝐹̅7 −

𝐹̅8 − 𝐺33)𝛷 − 𝐹9
𝜕𝛷

𝜕𝑥
+ 𝐹10

𝜕2𝛷

𝜕𝑥2
− 𝐹̅9

𝜕𝛷

𝜕𝑦
+

𝐹̅10
𝜕2𝛷

𝜕𝑦2
+ (𝐹11 − 𝐹12 − 𝐹13 + 𝐹̅11 − 𝐹̅12 −

𝐹̅13 − 𝑃33)𝛹 − 𝐹14
𝜕𝛹

𝜕𝑥
+ 𝐹15

𝜕2𝛹

𝜕𝑥2
− 𝐹̅14

𝜕𝛹

𝜕𝑦
+

𝐹̅15
𝜕2𝛹

𝜕𝑦2
} = 0,  

 

where each of the coefficients in equations (A1-A7) can 

be presented as: 

(𝐴11, 𝐵11, 𝐻11) = ∫ 𝐶11(1, 𝑧, 𝑧
2)𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑄11(𝑧)(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+ ∫ 𝐶11(1, 𝑧, 𝑧

2)𝑑𝑧
ℎ/2+ℎm
ℎ/2

,  

(𝐴12, 𝐵12, 𝐻12) = ∫ 𝐶12(1, 𝑧, 𝑧
2)𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑄12(𝑧)(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+ ∫ 𝐶12(1, 𝑧, 𝑧

2)𝑑𝑧
ℎ/2+ℎm
ℎ/2

, 

(𝐴22, 𝐵22, 𝐻22) = ∫ 𝐶22(1, 𝑧, 𝑧
2)𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑄22(𝑧)(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+

∫ 𝐶22(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

, 

(𝐴44, 𝐵44, 𝐻44) = ∫ 𝐶44(1, 𝑧, 𝑧
2)𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑄44(𝑧)(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+

∫ 𝐶44(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

, 

(𝐴66, 𝐵66, 𝐻66) = ∫ 𝐶66(1, 𝑧, 𝑧
2)𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑄66(𝑧)(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2

−ℎ(𝑥,𝑦)/2
+

∫ 𝐶66(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

, 

𝐹31 =

∫ 𝑒31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

,  

𝐹̅31 =

∫ 𝑒31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑧𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑧𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

,  

𝐹15 = ∫ 𝑒15𝑐𝑜𝑠 {
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒15𝑐𝑜𝑠 {
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

, 

𝐹̅15 =

∫ 𝑒15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹24 = ∫ 𝑒24𝑐𝑜𝑠 {
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒24𝑐𝑜𝑠 {
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

, 

𝐹̅24 =

∫ 𝑒24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 
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𝐹16 =

∫ 𝑒15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹26 =

∫ 𝑒24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑒24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹1 =

∫
1

4
𝑘11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑘11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅1 =

∫
1

4
𝑘22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑘22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹2 =

∫
1

2
𝑘11 (

𝜋

ℎm
)(

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

2
𝑘11 (

𝜋

ℎm
)(

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅2 =

∫
1

2
𝑘22 (

𝜋

ℎm
)(

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

2
𝑘22 (

𝜋

ℎm
)(

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹3 =

∫
1

4
𝑘11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑘11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅3 =

∫
1

4
𝑘22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑘22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹4 =

∫
3

2
𝑘11 (

𝜋

ℎm
)(

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
3

2
𝑘11 (

𝜋

ℎm
)(

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅4 =

∫
3

2
𝑘22 (

𝜋

ℎm
)(

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
3

2
𝑘22 (

𝜋

ℎm
)(

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹5 = ∫ 𝑘11𝑐𝑜𝑠
2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑘11𝑐𝑜𝑠
2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹̅5 = ∫ 𝑘22𝑐𝑜𝑠
2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑘22𝑐𝑜𝑠
2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹6 =

∫
1

4
𝑎11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑎11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅6 =

∫
1

4
𝑎22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑎22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹7 =

∫
1

2
𝑎11 (

𝜋

ℎm
) (

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

2
𝑎11 (

𝜋

ℎm
) (

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅7 =

∫
1

2
𝑎22 (

𝜋

ℎm
) (

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

2
𝑎22 (

𝜋

ℎm
) (

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹8 =

∫
1

4
𝑎11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑎11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅8 =

∫
1

4
𝑎22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝑎22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 
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𝐹9 =

∫
3

2
𝑎11 (

𝜋

ℎm
) (

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
3

2
𝑎11 (

𝜋

ℎm
) (

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅9 =

∫
3

2
𝑎22 (

𝜋

ℎm
) (

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
3

2
𝑎22 (

𝜋

ℎm
) (

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹10 =

∫ 𝑎11𝑐𝑜𝑠
2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑎11𝑐𝑜𝑠
2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹̅10 =

∫ 𝑎22𝑐𝑜𝑠
2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑎22𝑐𝑜𝑠
2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹33 =

∫ 𝑘33 (
𝜋

ℎm
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑘33 (
𝜋

ℎm
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐺31 =

∫ 𝑞31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ/2+ℎm
ℎ/2

,  

𝐺̅31 =

∫ 𝑞31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑧𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞31
𝜋

ℎm
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑧𝑑𝑧

ℎ/2+ℎm
ℎ/2

,  

𝐺16 =

∫ 𝑞15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐺26 =

∫ 𝑞24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐺33 =

∫ 𝑎33 (
𝜋

ℎm
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑎33 (
𝜋

ℎm
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

  

𝐺15 = ∫ 𝑞15𝑐𝑜𝑠 {
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

−
ℎ(𝑥,𝑦)

2

−ℎm−
ℎ(𝑥,𝑦)

2

+

∫ 𝑞31𝑐𝑜𝑠 {
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)

2
+ℎm

ℎ(𝑥,𝑦)

2

,  

𝐺̅15 =

∫ 𝑞15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞15
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

  

𝐺24 = ∫ 𝑞24𝑐𝑜𝑠 {
𝜋[𝑧+(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞24𝑐𝑜𝑠 {
𝜋[𝑧−(

ℎ(𝑥,𝑦)+ℎm
2

)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

,  

𝐺̅24 =

∫ 𝑞24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝑞24
𝜋

2ℎm

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹11 =

∫
1

4
𝜇11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝜇11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅11 =

∫
1

4
𝜇22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝜇22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹12 =

∫
1

2
𝜇11 (

𝜋

ℎm
) (

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

2
𝜇11 (

𝜋

ℎm
)(

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅12 =

∫
1

2
𝜇22 (

𝜋

ℎm
) (

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

2
𝜇22 (

𝜋

ℎm
)(

𝜕2ℎ(𝑥,𝑦)

𝜕𝑥2
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹13 =

∫
1

4
𝜇11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝜇11 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 



Research article                                                                                                                                                                                Engineered Science 

 

18 | Eng. Sci., 2023, 24, 918                                                                                                                                                     © Engineered Science Publisher LLC 2023 

𝐹̅13 =

∫
1

4
𝜇22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
1

4
𝜇22 (

𝜋

ℎm
)
2
(
𝜕ℎ(𝑥,𝑦)

𝜕𝑥
)
2
𝑐𝑜𝑠2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹14 =

∫
3

2
𝜇11 (

𝜋

ℎm
) (

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
3

2
𝜇11 (

𝜋

ℎm
)(

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹̅14 =

∫
3

2
𝜇22 (

𝜋

ℎm
) (

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫
3

2
𝜇22 (

𝜋

ℎm
)(

𝜕ℎ(𝑥,𝑦)

𝜕𝑥
) 𝑠𝑖𝑛 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
} 𝑐𝑜𝑠 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 

, 

𝐹15 =

∫ 𝜇11𝑐𝑜𝑠
2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝜇11𝑐𝑜𝑠
2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝐹̅15 =

∫ 𝜇22𝑐𝑜𝑠
2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝜇22𝑐𝑜𝑠
2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2

 , 

𝑃33 =

∫ 𝜇33 (
𝜋

ℎm
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧+(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

−ℎ(𝑥,𝑦)/2

−ℎm−ℎ(𝑥,𝑦)/2
+

∫ 𝜇33 (
𝜋

ℎm
)
2
𝑠𝑖𝑛2 {

𝜋[𝑧−(
ℎ(𝑥,𝑦)+ℎm

2
)]

ℎm
}𝑑𝑧

ℎ(𝑥,𝑦)/2+ℎm
ℎ(𝑥,𝑦)/2
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