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Abstract 
 

Even though the hyperbolic phonon polaritons (HPPs) in hexagonal boron nitride (hBN) have been extensively studied, the 
HPPs in ultrathin hBN have not been fully considered and remain elusive. In this work, the HPPs in ultrathin hBN sheets are 
numerically studied. The dispersion relation and distribution of the electric field are calculated to confirm the excitation of 
HPPs. Besides, the coupling effect between HPPs of two ultrathin hBN sheets is investigated. When the distance between two 
hBN sheets is smaller than the propagation length of the HPPs in the air, the HPPs can be strongly coupled. Therefore, the 
photon tunneling probability can be greatly enhanced. The splitting of the HPPs is similar to that of the surface waves, and 
such a phenomenon is well explained in this work. The results show that the HPPs in ultrathin hyperbolic films share some 
characteristics with surface waves, and thus they should be identified by investigating the dispersion relation and field profile. 
We believe that this work will deepen our understanding of the HPPs in ultrathin hyperbolic materials. In addition, the 
knowledge about the HPPs will help us understand the near-field radiative heat transfer between hyperbolic materials. 
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1. Introduction  

Over the past two decades, hyperbolic materials have attracted 

researchers’ great interest due to their applications in optical 

absorbers,[1-3] optical mirrors,[4] and super-resolution 

imaging.[5,6] Recently, researchers discovered a kind of special 

phonon polaritons called hyperbolic phonon polaritons (HPPs) 

in hyperbolic materials.[7-11] Hexagonal boron nitride (hBN) is 

a representative hyperbolic material, in which HPPs possess 

extremely high confinement and low loss.[12-18] The natural 

hyperbolicity makes hBN a good candidate for near-field 

optical imaging and focusing.[15] However, the HPPs in 

ultrathin hBN sheets have not been fully considered and 

remain elusive.[16]  

Particularly, previous works have shown that the coupled 

HPPs between two hyperbolic plates can enhance the photon 

tunneling probability, and it can be used in near-field radiative  

heat transfer to improve the energy transfer efficiency and 

realize super-Planckian thermal radiation.[19-31] However, when 

the thickness of hBN is very small, the coupling of HPPs in 

hBN is similar to that of surface waves, and thus the HPPs 

were considered surface phonon polaritons.[32] It is noted that 

the dispersion relations for hyperbolic volume phonon 

polaritons and hyperbolic surface phonon polaritons are 

possibly identical in ultrathin hyperbolic sheets, thus the 

dispersion relations cannot be solely treated as evidence to 

confirm the types of phonon polaritons excited in the media.[28-

32] Therefore, it is urgent to clarify the HPPs in ultrathin hBN 

sheets and it can further help us understand the coupling of 

HPPs between two hBN sheets. 

In this work, taking hBN as an example, the HPPs in 

ultrathin hBN sheets are investigated. Moreover, the coupling 

effect between HPPs in ultrathin hBN sheets is studied. The 

dispersion relations and distribution of the electric field are 

calculated to identify the types of the phonon polaritons 

excited in the ultrathin hBN sheets. The results obtained in this 

work will deepen our understanding of the HPPs in ultrathin 

hyperbolic materials. In addition, the knowledge about the 

HPPs will help us understand the near-field radiative heat 

transfer between hyperbolic materials. 
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2. Design and Method 

hBN is a kind of natural hyperbolic material whose 

permittivity tensor can be expressed as diag(𝜀⊥, 𝜀⊥, 𝜀||) when 

its optical axis is along the z-axis. The explicit expression of 

𝜀⊥ and 𝜀∥ can be found in Ref.[10] The hBN has two hyperbolic 

bands, the one between 1.47 × 1014 rad/s and 1.56 × 1014 rad/s 

is called the type I hyperbolic band in which 𝑅𝑒(𝜀⊥) > 0 and 

𝑅𝑒(𝜀∥) < 0, and the other between 2.58 × 1014 rad/s and 3.03 

× 1014 rad/s is called the type II hyperbolic band in which 

𝑅𝑒(𝜀⊥) < 0 and 𝑅𝑒(𝜀∥) > 0. The plot of the permittivity can 

be found in lots of published literature.[26-29] The structure 

considered in this work is shown in Fig. 1, where the thickness 

of each hBN sheet is h and the distance between them is d. 

 

Fig. 1 Schematic of the coupling between two hBN sheets. The 

distance between them is d and their thicknesses are both h. 

 

The HPPs in each hBN sheet can be found by investigating 

the imaginary part of the rp (the reflection coefficient of the 

hBN sheet for an incident transverse magnetic (TM) wave), as 

shown in Fig. 2(a). The thickness of each hBN sheet is 5 nm, 

and two orders of HPPs can be seen. The 0-order HPP is much 

strong, while the 1-order HPP is weak. The dispersion of HPPs 

in thin hBN can be derived using the Fabry-Perot quantization 

condition, and the analytical approximate relation is[9-28]   

  𝛽 =  
𝜌

𝑘0ℎ
[2 𝑎𝑟𝑐𝑡𝑎𝑛 (

𝜌

𝜀||
) + 𝜋𝑙] , 𝑙 =  0,1,2, . .. ,         (1) 

where β is the dimensionless wavevector component parallel 

to the surface, ρ is defined as 𝑖√
𝜀||

𝜀⊥
, k0 is the wavevector in a 

vacuum. As shown in Fig. 2(a), it is clear the dispersion 

relations agree very well with the simulation. Therefore, the 

dispersion relation can partially confirm the excitation of 

HPPs.  

Previous works have shown that the coupling HPPs 

between two hBN films can enhance the near-field radiative 

heat transfer. The photon tunneling probability can be used to 

describe the coupling and it can be expressed as[29] 

  𝜉(𝜔, 𝛽)  =  4
[𝐼𝑚(𝑟𝑝)]

2
𝑒−2|𝑘𝑧|𝑑

|1−𝑟𝑝
2𝑒−2𝑖𝑘𝑧𝑑|

2 , 𝛽 > 𝑘0            b   (2) 

where 𝑘𝑧  =  √𝑘0
2 − 𝛽2 is the wavevector in the air along the 

z-axis. It is noted that only the contribution of TM waves is 

included since the HPPs discussed here can only be excited 

about TM waves. Besides, the HPPs cannot be excited when β 

is smaller than k0.  

When the distance between two hBN sheets is 20 nm, the 

photon tunneling probability is shown in Fig. 2(b). One can 

see that the 0-order HPPs will split into two branches, while 

the 1-order HPPs disappear. The splitting phenomenon is 

similar to the coupled surface plasmon polaritons between two 

graphene sheets (see Fig. 4 in Ref. [29]) However, such a 

splitting does not mean the original modes are always the 

surface modes. 

According to Fig. 2(a), the excitation wavevector is 74 k0 

at angular frequency of 2.8 × 1014 rad/s (𝜀⊥ =  −5.59 + 𝑖0.23, 

𝜀|| =  2.80). To further confirm the excitation of HPPs, instead  

 
Fig. 2 (a) Imaginary part of rp as a function of the wavevector and the angular frequency when the thickness of the hBN sheet is 5 

nm. (b) Photon tunneling probability as a function of the wavevector and the angular frequency, the thickness of each hBN sheet, and 

the distance between them are 5 nm and 20, respectively. The white dashed line corresponds to the 0-order HPPs, while the white 

discrete diamond corresponds to the 1-order HPPs. 
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Fig. 3 Normalized amplitude distribution of electric field along the x-axis. The angular frequency and wavevector are 2.8 × 1014 rad/s 

and 74k0, respectively. 

 

of surface waves, in the hBN sheet, the distribution of the 

electric field along the x-axis is shown in Fig. 3. The electric 

field is normalized to the electric field at the upper air/hBN 

interface, and the method is the transfer matrix method.[33] The 

electric field exponentially decays in the air, while it is 

enhanced in the hBN sheet. Therefore, the distribution of the 

electric field can ensure that modes excited at the air/hBN 

interfaces are not surface modes. Both the dispersion relation 

and distribution of the electric field can prove that the hBN 

sheet with a thickness of 5 nm can support 0-order and 1-order 

HPPs. Besides, the coupling between 0-roder HPPs can 

enhance the photon tunneling probability when the distance is 

20 nm. 

When the thickness is 50 nm, Im(rp) is as shown in Fig. 

4(a). One can see that more orders of HPPs can be excited in 

the hBN film. Besides, the dispersion relations agree very well 

with the simulation. Fig. 4(b) shows the photon tunneling 

probability when the distance is 20 nm. Interestingly, the 0-

order HPPs are strongly coupled, resulting in the splitting. 

However, the 1-order HPPs are weakly coupled, thus the 

splitting is not so obvious. HPPs of higher orders contribute 

much less to the high-value photon tunneling probability due 

to the larger wave vector at the same angular frequency.  

To explain the contribution of HPPs of different orders to 

the photon tunneling probability, the distribution of electric 

field along the x-axis for different orders of HPP is shown in 

Fig. 5. The angular frequency is fixed at 2.8 × 1014 rad/s, and 

the corresponding wavevectors for 0-order, 1-order, and 2-

order of HPPs are 7.5k0, 55k0, and 101k0, respectively. One can 

see that the electric field exponentially decays in the air with 

different ratios. The 0-order HPP decays moderately, while 1-

order and 2-order decay dramatically. The propagation length 

in the air can be defined as 
1

|𝑘𝑧|
. Therefore, the corresponding 

propagation length in the air for 0-order, 1-order, and 2-order 

of HPPs are 142.8 nm, 19.5 nm, and 10.6 nm, respectively. 

The 0-order HPP can propagate a larger distance in the air. 

When putting two hBN sheets at a distance of 20 nm, the 

 
Fig. 4 (a) Imaginary part of rp as a function of the wavevector and the angular frequency when the thickness of the hBN sheet is 50 

nm. (b) Photon tunneling probability as a function of the wavevector and the angular frequency, the thickness of each hBN sheet, and 

the distance between them are 50 nm and 20 nm, respectively. The white dashed lines correspond to different orders of HPPs. 
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Fig. 5 Normalized amplitude distribution of electric field along the x-axis at an angular frequency of 2.8 × 1014 rad/s. 

 

coupling between 0-order HPP is much strong, while that 

between 1-order and 2-order HPPs is weak. The distribution 

of the electric field can well explain the coupling between 

different orders of HPPs. Besides, the electric field oscillates 

in the hBN sheet when the order is 2, indicating the excitation 

of HPPs. The electric field for 0-order HPP in the hBN sheet 

does not oscillate because the thickness is not thick enough. It 

is noted that the surface phonon polaritons can be excited at 

the surface of an hBN sheet of large enough thickness, with a 

wavevector satisfying 𝑘0 < 𝛽 < √𝜀||𝑘0.[29] We have checked 

that the electromagnetic waves in the hBN sheets are 

propagating waves when the wavevector along the x-axis is 

7.5 k0. 

Finally, we discuss the influence of the distance on the 

coupling between HPPs of two hBN sheets. Figs. 6(a) and 6(b) 

show the photon tunneling probability when the distance is 10 

nm and 50 nm, respectively. The thickness of each hBN sheet 

is 5 nm. Compared Fig. 6(a) with Fig. 2(b), one can see that 0-

order HPP contributes more to the photon tunneling 

probability, while the 1-order HPP can also contribute to the 

photon tunneling probability. The reason is that the 1-order 

HPP in the hBN sheet can only propagate a limited distance in 

the air, and the HPPs in the hBN sheets can couple only when 

the distance between them is smaller than the propagating 

distance.      

However, when the distance is 50 nm, as shown in Fig. 6(b), 

only small-wavevector HPPs can contribute to the photon 

tunneling probability. The reason is that the distance between 

two hBN sheets is much larger than the propagation length of 

the high-wavevector HPPs.  

Here only the type II hyperbolic band is considered, and a 

similar phenomenon can occur in the type I hyperbolic band, 

and the mechanism is the same.[26] Besides, from Fig. 5 one 

can see that the strongest electric field is not at the interface of 

air/hBN, indicating that the hyperbolic phonon polaritons are 

internal.[34] 

 
Fig. 6 Photon tunneling probability as a function of the wavevector and the angular frequency when the thickness is 5 nm: (a) d = 10 

nm; (b) d = 50 nm. The white dashed line corresponds to the 0-order HPPs, while the white discrete diamond corresponds to the 1-

order HPPs. 
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3. Conclusions   

We have investigated the HPPs excited in ultrathin hBN sheets 

and the coupling HPPs between two hBN sheets. The 

dispersion relation and distribution of the electric field are 

calculated to confirm the excitation of HPPs. When the 

distance between the two hBN sheets is smaller than the 

propagation length of the HPPs in the air, the excited HPPs in 

the hBN sheets can strongly couple and enhance the photon 

tunneling probability. The splitting of the HPPs is similar to 

that of the surface waves, and such a phenomenon is well 

explained in this work. We believe that this work will deepen 

our understanding of the HPPs in ultrathin hyperbolic 

materials. In addition, the knowledge about the HPPs will help 

us understand the near-field radiative heat transfer between 

hyperbolic materials. 
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