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Abstract 
 

Nanograined bulk alloys based on bismuth telluride (Bi2Te3) are the dominant materials for room-temperature thermoelectric 
applications. In numerous studies, existing bulk phonon mean free path (MFP) spectra predicted by atomistic simulations 
suggest sub-100 nm grain sizes are necessary to reduce the lattice thermal conductivity by decreasing phonon MFPs. This is 
in contrast with available experimental data, where a remarkable thermal conductivity reduction is observed even for micro-
grained Bi2Te3 samples. In this work, first-principles phonon MFPs along both the in-plane and cross-plane directions are re-
computed for bulk Bi2Te3. These phonon MFPs can explain new and existing experimental data on flake-like Bi2Te3 
nanostructures with various thicknesses. For polycrystalline Bi2Te3-based materials, a better explanation of the experimental 
data requires further consideration of the grain-boundary thermal resistance that can largely suppress the transport of high-
frequency optical phonons. 

Keywords: Thermal conductivity, Phonon mean free path; Grain boundary; First-principles calculations; Thermal resistance. 
Received: 03 July 2021; Revised: 11 August 2021; Accepted: 14 August 2021. 

Article type: Research article. 
 

1. Introduction  

In the last two decades, nanostructured bulk (nano-bulk) 

materials have been widely studied as an effective approach to 

improve the thermoelectric performance of materials such as 

Bi2Te3-based alloys[1-3] and Si,[4,5] which benefit from a 

significantly reduced lattice thermal conductivity (𝑘𝐿 ) and 

maintained bulk-like electrical properties. These nano-bulk 

materials are prepared by grinding down the bulk ingot or 

mixed elemental chunks into nanopowder and then hot 

pressing the nanopowder into a bulk disc with a high 

volumetric density of grain boundaries (GBs) inside.[1,3]  

Despite many experimental results, a good understanding of 

the observed 𝑘𝐿  reduction is still lacking. Due to the 

significant grain growth during the hot press, the observed 

grain sizes in the nano-bulk samples are widely distributed 

from ~10 nm to ~1 µm, where the averaged grain size can be 

above 1 µm.[2] In contrast, first-principles or molecular 

dynamics (MD) simulations often suggest the bulk phonon 

mean free paths (MFPs) in Bi2Te3 are below 100 nm at room 

temperature.[6-8] In this situation, micro-grains should only 

slightly reduce the 𝑘𝐿 based on classical phonon size effects, 

in which the 𝑘𝐿 reduction is solely attributed to the reduced 

effective phonon MFP (Λ𝑒𝑓𝑓) modified from the bulk phonon 

MFP (Λ𝑏𝑢𝑙𝑘) according to Matthiessen's rule, i.e., 1/Λ𝑒𝑓𝑓 =

 1/Λ𝑏𝑢𝑙𝑘 + 1/𝐿𝐶 .[9] For polycrystalline materials, the 

characteristic length is 𝐿𝐶  =  𝛼𝑑  (0 < 𝛼 ≤ 1  ), with 𝑑  as 

the grain size and 𝛼 =  1 in a simple treatment.[10] Although 

good agreements between theoretical modeling and 

measurements were obtained for some micro-grained Bi2Te3 

samples, the employed Λ𝑏𝑢𝑙𝑘 was determined by fitting the 

bulk 𝑘𝐿 for Bi2Te3 and was up to ~ 1 mm at 300 K,[11-13] which 

was in big contrast with predictions by atomistic simulations.[6-

8] Similar puzzles were also found in wurtzite ZnO, where the 

first-principles bulk phonon MFPs cannot explain the 

observed 𝑘𝐿 reduction in polycrystalline ZnO thin films and 

the divergence was only ascribed to defects in real films.[14] In 
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this aspect, the discrepancy between computed phonon MFPs 

and measured 𝑘𝐿 reduction in polycrystalline materials can 

be eliminated by considering the interfacial thermal resistance 

or Kapitza resistance (𝑅𝐾) at GBs,[15] which results from the 

frequency-dependent phonon transmission or reflection at 

GBs.[16,17] For nano-grained bulk Si, low-temperature 𝑘𝐿 

fitting required a frequency-dependent 𝐿𝐶  ~𝛼𝑑/𝜔 due to the 

existence of 𝑅𝐾 , with 𝜔  as the angular frequency of 

phonons.[10] In a more advanced effective medium formulation 

(EMF), the GB phonon transmissivity 𝑇𝐺𝐵  and further the 

probability 𝑃𝐺𝐵 for specular GB phonon transmission can be 

individually treated, in addition to the Λ𝑒𝑓𝑓  reduced from 

Λ𝑏𝑢𝑙𝑘 .[18-20] This EMF eliminates the fitted scaling factor 𝛼 

for 𝐿𝐶  when 𝑇𝐺𝐵  and 𝑃𝐺𝐵  can be predicted by atomistic 

simulations[21-23] and machine learning models.[24]  

For polycrystalline Bi2Te3, the phonon transport analysis 

should also consider the thermal anisotropy of Bi2Te3. Fig. 1a 

shows the crystal structure of Bi2Te3, where one period as five 

layers is repeated along the c-axis or the cross-plane direction: 

Te1-Bi-Te2-Bi-Te1. Between adjacent periods, Te1 atoms have 

van der Waals interactions. Discrepancies can often be found 

among existing computational and experimental data of the 

anisotropic 𝑘𝐿  for single-crystal Bi2Te3. In very early 

experimental studies, the room-temperature 𝑘𝐿,∥  was found 

to be 1.30,[25] 1.54,[26] 1.70,[27] 1.72,[28] and 1.77 W/m∙K[29] in 

different measurements. For samples with highly oriented 

large grains, 𝑘𝐿,∥  was roughly measured as 1.65 W/m∙K at 

300 K.[30] In comparison, recent theoretical predictions suggest 

𝑘𝐿,∥ ≈ 1.73 W/m∙K[31] and 𝑘𝐿,∥ ≈ 1.27 W/m∙K.[8] Along the 

cross-plane direction, 𝑘𝐿,⊥ ≈  0.64 – 0.79 W/m∙K at 300 K 

was measured by Goldsmid,[32] whereas 𝑘𝐿,⊥ ≈ 0.64 W/m∙K 

was suggested by Jacquot et al.[31] and a lower 𝑘𝐿,⊥ ≈ 0.37 

W/m∙K was obtained from first-principles calculations by 

Hellman and Broido.[8] The above divergence may result from 

the measurement techniques, defects in real samples, and 

parameters/assumptions employed in different atomistic 

simulations. One way to validate the computed 𝑘𝐿  and its 

phonon MFP spectra by measuring the thermal conductivity of 

single-crystal nanostructures with varied sample sizes and thus 

𝐿𝐶, as demonstrated in thermal studies for Si nanowires[33,34] 

and Si thin films.[35,36] For anisotropic Bi2Te3, such 

measurements must be along the major axis directions as well. 

Accurate phonon MFP spectra are essential for the data 

analysis of polycrystalline samples to evaluate the 𝑇𝐺𝐵 and 

thus 𝑅𝐾 influence at GBs.  

In this work, single-crystal Bi2Te3 nanoflakes of various 

thicknesses (~20 nm to 300 nm) were synthesized with 

chemical vapor deposition (CVD)[37] and measured for their 

room-temperature 𝑘𝐿,⊥  values using the time-domain 

thermoreflectance (TDTR) method. The measurement results 

are used to verify the first-principles accumulated 𝑘𝐿,⊥  re-

computed for bulk Bi2Te3. In addition, the accumulated 𝑘𝐿,∥ 

is also computed and used to re-analyze existing experimental 

results for Bi2Te3 nanostructures. Based on these anisotropic 

bulk phonon MFPs, EMF predictions with further directional 

averaging for the 𝑘𝐿  are compared with measurement data 

for nano- and micro-grained Bi2Te3-based bulk samples[3, 38-43] 

or thin films.[12,13] It is found that optical phonons with higher 

frequencies and thus largely decreased GB phonon 

transmissivities should be strongly suppressed for their 𝑘𝐿 

contributions to explain the divergence between the 

measurements and predictions at microscale grain sizes. For 

Bi2Te3-based alloys, a better agreement between experiments 

and EMF predictions is obtained using the direction-averaged 

acoustic-phonon MFPs fitted for a Bi0.5Sb1.5Te3 bulk alloy 

with 20-µm grain sizes,[44] as point-defect phonon scattering in 

alloys is further addressed. In EMF calculations, an averaged 

𝑇𝐺𝐵 = 0.5 for phonons is found to be reasonable for the data 

analysis, whereas Λ𝑒𝑓𝑓 is only slightly reduced from Λ𝑏𝑢𝑙𝑘 

for sub-1 µm or larger grains to impact the 𝑘𝐿. This indicates 

the importance of 𝑅𝐾  in the data analysis of general 

polycrystalline samples. Based on the full phonon dispersion 

and the diffuse mismatch model (DMM) suggesting 𝑇𝐺𝐵 = 0.5, 

the 𝑅𝐾 value is estimated to be around 6.8 × 10−8 K∙m2/W 

at room temperature, which is consistent with 𝑅𝐾~10−9 −
10−8  K∙m2/W measured.[45,46] If all optical phonons are 

filtered out by GBs, the DMM-predicted resistance will be 

increased to 2 × 10−7 K∙m2/W. Along this line, more studies 

are thus required to engineer the GBs to maximize the 

thermoelectric performance of these materials.[40,47-51] 

 

2. Materials synthesis and sample preparation 

Bi2Te3 nanoplates with different lateral sizes and thicknesses 

were synthesized by the well-established vapor−solid (VS) 

mechanism (see Supporting Information for details).[52,53] A 

scanning electron microscope (SEM) was employed to 

characterize the morphological and compositional information 

on the Bi2Te3 nanoplates (Fig. 1b). The lateral size of 

nanoplates with a uniform composition can be up to ~50 µm.  

The typical sample thickness ranges from ~10 nm to hundreds 

of nanometers, as revealed by an atomic force microscope 

(AFM), as shown in Fig. 1c. The crystal quality was 

characterized by the micro-Raman spectroscopy, where two 

vibrational modes of 𝐸𝑔
2 (101 cm−1) and 𝐴1𝑔

2  (131.9 cm−1) 

can be clearly recognized (Fig. 1d). The high crystallinity of 

all nanoflakes is indicated by the uniform distribution of the 

peak intensity for the 𝐸𝑔
2 mode.  

Due to the high density of samples on their initial substrate, 

samples were dry-transferred onto a new clean SiO2 substrate 

using a thermal release tape (TRT),[46,54,55] which is detailed in 

the Supporting Information. Most samples were able to remain 

intact and wrinkle-free after the transfer. AFM studies show an 

undulation of less than 3 nm for the transferred sample surface. 

After thickness checking with an AFM, the Bi2Te3 nanoplates 

were then deposited with a ~80-nm-thick Al layer as the 

transducer for TDTR measurements. Fig. 1e shows a typical 

sample with fabricated markers. 
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Fig. 1 (a) Crystal structure of Bi2Te3. (b) SEM image of Bi2Te3 nanoplates on a SiO2/Si substrate. (c) A typical AFM scan to check 

the sample thickness. (d) Raman spectroscopy of a typical sample with clear 𝐸𝑔
2 and 𝐴1𝑔

2  modes. (e) SEM image of the 63-nm-

thick Bi2Te3 flake transferred onto a new SiO2/Si substrate, with Al deposited across the surface. 

 

3. TDTR measurements 

At room temperature, the cross-plane 𝑘𝐿,⊥  of selected 

samples was measured using the TDTR method (see 

measurement details in Supporting Information). TDTR is an 

ultrafast laser-based, accurate, and robust technique that has 

been employed to probe various thermal properties, including 

thermal conductivity, interfacial thermal conductance, and 

heat capacity of sample systems ranging from thin films to 

bulk substrates, to nanoparticles.[56-58] Fig. 2 shows the 

thickness-dependent 𝑘𝐿,⊥ of Bi2Te3 flakes or thin films, and 

its comparison with literature data and theoretical predictions. 

Details for the theoretical predictions are also included in the 

Supporting Information. The lattice thermal conductivity 𝑘𝐿,⊥ 

is calculated by subtracting the estimated electronic 

contribution 𝑘𝐸  (~10% of the total 𝑘⊥ , see Supporting 

Information) from the measured total cross-plane thermal 

conductivity by TDTR. To understand and validate the 

measured thickness-dependent 𝑘𝐿,⊥ and other existing data, 

we performed first-principles predictions of the phonon mode-

resolved thermal conductivity (with details described in the 

next section) and then converted this modal thermal 

conductivity to the film-thickness-dependent thermal 

conductivity using suppression functions for the in-plane[59] 

and cross-plane[60] directions. We found that the measured 

lattice thermal conductivity 𝑘𝐿,⊥  matches well with our 

theoretical predictions. The predictions in 𝑘𝐿,∥ also matches 

the general trend of the diverse literature data.   

 

4. First-principles calculations 

To justify the phonon size effects, the modal phonon MFPs 

and accumulated 𝑘𝐿,⊥  and 𝑘𝐿,∥  were computed with first-

principles calculations. Fully anharmonic ab initio first-

principles calculations was performed based on density 

functional theory (DFT), as implemented by the Vienna Ab 

initio Simulation Package (VASP).[61,62] The stochastically 

initialized temperature-dependent effective potential method 

(s-TDEP) method [63,64] was used to optimize the force 

constants. The projector-augmented-wave (PAW) potential 

and local-density approximation (LDA) was employed for the 

DFT calculations.[65] The LDA was applied to compute the 

electron density distribution iteratively where we do not need 

to explicitly consider different types of interlayer interactions, 

such as the van der Waals (vdW) or Coulomb interactions. The 

Bi (5d106s26p3) and Te (5s25p4) were treated as valence states. 

For the calculations of the thermal conductivities of Bi2Te3, 

the values, especially the out-of-plane thermal conductivities, 

are extremely sensitive to the volumes. We found that the 

lattice parameters significantly deviate from the experimental 

values if the vdW functions instead of LDA were used. For 

example, vdW-DF and vdW-DF2 consistently result in a much 

lower bulk modulus than the LDA results, then underestimate 

the phonon frequencies. This finding is consistent with the 

work by Hellman et al.,[8] where the LDA method describes 

the experimental phonon dispersion well but the vdW 

functions underestimate the phonon frequencies. The reported 

experimental crystal parameters were collected in the AFLOW 

library,[66,67] a total of 13 groups so far, of a and the angle alpha 

ranging from 10.4455 Å to 10.4784 Å, and 24.14° to 

24.25682°, respectively. We then averaged these values of a 

and alpha (a of 10.4675 Å and alpha of 24.1878°) and set 

them as the initial lattice parameters and then used LDA for 

structural relaxation. The energy cutoff for plane-wave, the 

electronic energy convergence, and the force convergence 

were set to be 350 eV, 10-7 eV, and 10-3 eV/ Å, respectively, to 
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Fig. 2 Room-temperature 𝑘𝐿,⊥  (blue filled squares as 

experimental data) as a function of Bi2Te3 flake thickness 𝑡. The 

measured 𝑘𝐿,⊥ from Goldsmid[32] is shown as the yellow triangle. 

In comparison, first-principles calculations from our work (black 

dotted line) and Hellman[8] (pink diamond) are also shown. 

Theoretical prediction of 𝑘𝐿,⊥  from Jacquot[31] is shown as the 

pink open square. Literature measurement results for room-

temperature 𝑘𝐿,∥  from Pettes[68] (green filled circles) on a 

nanoflake, from Park[69] (red square) on a nanoribbon, from 

Goldsmid[32] (yellow triangle) on a crystal, from Fleurial[70] 

(orange triangle) and Satterthwaite[71] (blue triangle) on single 

crystals are shown. First-principles calculations from our work 

(dark yellow dotted line) and Hellman[8] (pink diamond) and 

molecular dynamics calculations from Qiu[72] (wine pentagon) are 

also shown. Suppression functions in the in-plane[59] and cross-

plane[60] directions have been considered in our first-principles 

results by converting from phonon-MFP-dependent thermal 

conductivity to film-thickness-dependent thermal conductivity. 

 

ensure sufficient ion relaxations. To fully consider the phonon 

renormalization effects at room temperature, we employed the 

s-TDEP method to calculate the force constants and thermal 

conductivity of Bi2Te3. Firstly, we obtained the initial 

interatomic force constants (IFCs) from pair potentials 

together with the Debye model and the atomic reconfiguration 

was allowed to relax at room temperature. The new IFCs were 

fitted from the force-displacement dataset. Then the new IFCs 

were used to generate new stochastic configurations and 

iterated until convergence. We used 50 configurations during 

each round to obtain the IFCs, and the results typically 

converged after four iterations. Every configuration contains 

96 Bi atoms and 144 Te atoms, which is a 4×4×1 supercell of 

the hexagonal unit cell of Bi2Te3. A 0.759 nm force interaction 

cutoff distance was found to converge the second-order and 

third-order force interactions. After obtaining the second-

order and third-order IFCs, we calculated the phonon transport 

properties by solving the full phonon Boltzmann transport 

equation using an iterative method, with a 15×15×15 q-point 

mesh for obtaining the convergent values. The details of the 

convergence tests for the q-point mesh and force interaction 

cutoff distance are presented in the Supporting Information. 

The solved accumulation function at length 𝑥  indicates 

the percentage of the lattice thermal conductivity contributed 

by phonons with MFPs shorter than 𝑥 .[59] In Fig. 3a, the 

computed in-plane accumulation function (red line) is 

compared with those obtained by fitting the experimental data 

on 𝑘𝐿,∥
[28] using a formula with widely used phonon scattering 

mechanisms (pink line), and first-principles calculations by 

Hellman and Broido (blue line).[8] For data fitting, only three 

acoustic branches are considered, whereas both acoustic and 

optical branches are included in first-principles calculations. 

Some discrepancies are anticipated due to the difference in 

considered phonon branches and employed expressions for 

phonon scattering rates in the data fitting. Although the data 

fitting is usually based on a simplified model, reasonably good 

agreements between the fitted and measured phonon MFP 

distributions can be found for materials such as GaN.[73] Here 

the fitted temperature-dependent 𝑘𝐿,∥  given by 

measurements (𝑘𝐿,∥≈1.72 W/m∙K at 300 K)[28] agrees well 

with our first-principles-calculated 𝑘𝐿,∥≈1.71 W/m∙K at room 

temperature. It should be noted that our calculated room-

temperature 𝑘𝐿,∥  value is higher than 𝑘𝐿,∥  of 1.26 –1.3 

W/m∙K suggested by Hellman and Broido[8] and molecular 

dynamics (MD) simulations,[7] but lower than 𝑘𝐿,∥ ≈ 2.4 

W/m∙K given by other MD simulations that employ 

interatomic potentials determined by fitting the energy surface 

from the ab initio calculations.[74] Details for the fitted phonon 

MFPs are given in the Supporting Information. Here the 

Debye model and our first-principles calculations suggest 50% 

of the room-temperature 𝑘𝐿,∥ is contributed by phonons with 

MFPs less than 12 nm and 15 nm, respectively. In comparison, 

Hellman and Broido also suggest that around 50% of the 

room-temperature 𝑘𝐿,∥  comes from phonons having MFPs 

smaller than 8.7 nm.[8] In addition, the fitted accumulation 

function for direction-averaged MFPs within the Bi0.5Sb1.5Te3 

bulk alloy with 20-µm grain sizes[44] is also plotted, where an 

approximately isotropic 𝑘𝐿 is around 0.73 W/m∙K at 300 K. 

Fig. 3b further compares the computed 𝑘𝐿,⊥  accumulation 

function with that given by time-domain normal-mode 

analyses (TD-NMA) for MD simulations by Wang et al.[6] that 

suggests an overestimated room-temperature 𝑘𝐿,⊥ 00.93 

W/m∙K by approximating the first Brillouin zone as a 

cylindrical disk. According to this early study, about 80% of 
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Fig. 3 (a) Room-temperature 𝑘𝐿,∥ accumulation function of bulk Bi2Te3, in comparison with first-principles (marked as “1st 

P”) calculations by Hellman and Broido (blue line).[8] The accumulation function obtained by fitting the experimental data on 

𝑘𝐿,∥
[28] using a formula with widely used phonon scattering mechanisms is also shown here. The accumulation function for 

direction-averaged MFPs within the Bi0.5Sb1.5Te3 bulk alloy[44] is plotted in comparison. (b) Room-temperature 𝑘𝐿,⊥ 

accumulation function compared with that given by TD-NMA for MD simulations.[6] (c) Room-temperature 𝑘𝐿,∥ accumulation 

function of bulk Bi2Te3 decomposed for three ranges of phonon branches. (d) Room-temperature 𝑘𝐿,⊥ accumulation function 

of bulk Bi2Te3 decomposed for three ranges of phonon branches. 

 

𝑘𝐿,⊥ is contributed by phonons with MFPs shorter than 10 nm. 

In contrast, our first-principles calculations suggest a broader 

range of phonon MFPs up to ~100 nm but a lower 𝑘𝐿,⊥00.61 

W/m∙K at room temperature. Similar to the treatment of 

superlattices,[75] the cross-plane phonon transport of bulk 

Bi2Te3 has also been modeled analytically,[76,77] where a c-axis 

interfacial phonon transmissivity for vdW interfaces is given 

by an acoustic mismatch model.[78] Other MD studies are also 

available for the impact of vdW interactions on phonon 

transport.[79] Besides modeling and simulations, the phonon 

MFP distribution along the cross-plane direction can be 

extracted from the measured 𝑘𝐿,⊥  values for samples with 

varied thicknesses covering the whole phonon MFP range.[80]  

However, it is challenging to carry out this inverse phonon 

transport analysis here because the smallest film thickness 

measured (>20 nm) is still much longer than the majority of 

phonon MFPs. For the in-plane phonon transport, nanoporous 

films with varied feature sizes can be measured to extract the 

in-plane phonon MFP distribution.[81] More experimental 

studies should be performed to compare our predictions in this 

work.  

For further detailed phonon transport analysis, the 

contribution from different phonon branches should also be 

distinguished. Figs. 3c and 3d present the thermal conductivity 

accumulation functions along the in- and cross-plane 

directions, where contributions from new branches are added 

from the bottom to the top curves. The bottom three branches 

are for acoustic modes. Hellman and Broido estimated that 

around 50% of the room-temperature 𝑘𝐿,∥ for bulk, Bi2Te3 is 

contributed by the longitudinal acoustic (LA) branch and its 

intertwined two lowest optical branches within the 1–2 THz 

frequency range, grouped as “semi-acoustic” branches.[8] At 

room temperature, our first-principles calculations suggest  

35% of 𝑘𝐿,∥ and 28% of 𝑘𝐿,⊥ is from the LA branch and the 

two lowest-lying optical branches, whereas optical branches 

in total contribute around 22% of 𝑘𝐿,∥ and 17% of 𝑘𝐿,⊥. 

 

5. Understanding the lattice thermal conductivity of nano- 

to micro-grained Bi2Te3 

For both in-plane and cross-plane directions, first-principles-

computed accumulation functions in Fig. 3 suggest very weak 

classical phonon size effects within micro-grained Bi2Te3 

samples. In this situation, the experimentally observed lattice 

thermal conductivity reduction should be mainly attributed to 
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the limited phonon transmission and thus a high 𝑅𝐾 across 

GBs.   

Above room temperature, completely diffusive phonon 

scattering can usually be assumed at GBs, i.e., 𝑃𝐺𝐵 ≈ 0.[46,82] 

Under this assumption, the lattice thermal conductivity 𝑘𝐿 is 

given by an EMF (see Supporting Information):[18-20] 

   𝑘𝐿  =  ∑ ∫
𝑐𝑝(𝜔)𝑣𝑔,𝑝(𝜔)Λ𝑒𝑓𝑓,𝑝(𝜔)/3

1+
2Λ𝑒𝑓𝑓,𝑝(𝜔)

3𝑇𝐺𝐵(𝑝,𝜔)𝑑

𝑑𝜔
𝜔𝑚𝑎𝑥,𝑝

0
 
𝑝 ,    (1) 

where 𝑑 is the grain size, 𝑝 indicates the phonon branch, 𝜔 

is the phonon angular frequency, 𝜔𝑚𝑎𝑥,𝑝 is the maximum 𝜔 

value for branch 𝑝 , 𝑐𝑝(𝜔)  is the differential volumetric 

phonon-specific heat, and 𝑣𝑔,𝑝(𝜔)  is the phonon group 

velocity. Again, Λ𝑒𝑓𝑓,𝑝(𝜔)   =  [1/Λ𝑏𝑢𝑙𝑘,𝑝(𝜔) + 1/𝑑]
−1

  is 

used as the effective phonon MFPs within each grain. 

Compared with other recent analytical models incorporating 

the 𝑅𝐾  influence,[10,15,83-88] Eq. (1) is the only formulation 

rigorously validated by frequency-dependent phonon Monte 

Carlo simulations that solve the phonon Boltzmann transport 

equation for the exact 3D polycrystalline structure. It can also 

be extended to cryogenic temperatures at which the 

specularity 𝑃𝐺𝐵  is no longer negligible.[19] In Eq. (1), the 

required 𝑇𝐺𝐵(𝑝, 𝜔) generally decreases with an increased 𝜔 

value.[10,89,90] This is mainly due to stronger GB scattering at 

increased phonon frequencies. Considering phonon diffraction 

by dislocations at a GB, analytical models can be found for the 

phonon scattering rates.[91-94] In a different way, the 

dislocation-phonon interaction was also modeled for a fully 

quantized dislocation field, known as a “dislon”.[95]  

Particular attention should also be paid to the phonon transport 

suppression by the strain field and point defects at a GB. The 

existing 𝑇𝐺𝐵(𝑝, 𝜔)  studies are summarized in a review.[96]  

Here the DMM suggests an averaged 𝑇𝐺𝐵 ≈ 0.5  for a GB 

with the same material on both sides of the GB.[4] As a simple 

model, the DMM does not consider the crystal misorientation 

at a GB and interfacial defects, and fails to explain the 

imaginary interface limit, i.e., no interfaces and thus 100% 

phonon transmission.[9] However, the DMM is still a 

reasonable approximation when detailed 𝑇𝐺𝐵(𝑝, 𝜔) 

expressions are unavailable. Using such an averaged 𝑇𝐺𝐵, Eq. 

(1) combined with the phonon MFP spectrum can be used to 

estimate 𝑘𝐿 values. The accumulation functions of 𝑘𝐿,⊥ and 

𝑘𝐿,∥  can be input into Eq. (1) to compute the lower bound 

〈𝑘𝐿,⊥〉  and upper bound 〈𝑘𝐿,∥〉  of the lattice thermal 

conductivity, respectively. These two bounds can then be 

directionally averaged to obtain the effective lattice thermal 

conductivity 〈𝑘𝐿〉 of a polycrystalline material with random 

grain orientations under a “correlation approximation”:[97] 

〈𝑘𝐿〉

𝑘𝑐ℎ𝑎𝑟
  =  

1

3
𝑟2/3 + [

2

3
−

2

9

(𝑟−1)2

𝑟+2
] 𝑟−1/3,       (2) 

with 𝑟 =  〈𝑘𝐿,⊥〉 /〈𝑘𝐿,∥〉 , 𝑘𝑐ℎ𝑎𝑟  =  (〈𝑘𝐿,⊥〉〈𝑘𝐿,∥  
 〉2)

1/3
 . More 

discussions on this direction average are given by Yang et al.[98] 

Using Eq. (1), grain-size-dependent 〈𝑘𝐿〉 is predicted based 

on first-principles bulk phonon MFPs for Bi2Te3, assuming an 

average 𝑇𝐺𝐵 ≈ 0.1 − 0.5 . In Fig. 4a, the black 〈𝑘𝐿〉  curves 

only consider the acoustic branches and the blue 〈𝑘𝐿〉 curves 

consider all phonon branches. Strong GB suppression for 

optical phonons[99] should be assumed to reduce the 

discrepancy between the predictions and experimental data, 

such as micro-grained samples by Kim et al.[39] In addition, the 

direction-averaged phonon MFPs fitted for a bulk Bi0.5Sb1.5Te3 

alloy[44] are also employed to predict 〈𝑘𝐿〉 based on Eq. (1), 

assuming 𝑇𝐺𝐵 ≈ 0.5  (dashed pink line). Only acoustic 

branches are considered in fitted phonon MFPs. The 

significantly increased point-defect scattering in alloys is 

considered here and more details are given in the Supporting 

Information. Despite the variation of alloy compositions, it is 

found that this curve can better explain the data for various 

nanostructured Bi2Te3 alloys. More accurate modeling should 

also consider unintentional defects in real samples,[4] GB 

oxidation,[10,100] interfacial layers at GBs,[47,101,102] interfacial 

strain fields,[46,103] porosity,[11,104] phonon scattering by 

embedded nanoprecipitates and nanodots,[3] and phonon 

dispersion variation due to composition changes.[105,106] Along 

this line, some studies can also be found on how to tune the 

thermal resistance for general interfaces.[107,108]   

The suppressed optical phonon contribution due to GBs 

may be in contrast with the increased importance of optical 

phonons in nanostructures with strong classical size effects 

due to phonon boundary scattering.[109] For nanostructures with 

boundary scattering of phonons, the characteristic length 𝐿𝐶 

does not have any energy dependence.[110] In this case, optical 

phonons are less affected by their already short MFPs but 

acoustic phonons can be dramatically reduced for their MFPs, 

and thus the 𝑘𝐿 contribution. In contrast, the GBs as a low-

pass filter for phonons can instead decrease the impact of 

optical phonons on the overall thermal conductivity.  

For Bi2Te3, hot-pressed samples often have preferred grain 

orientations that invalidate the computed isotropic 〈𝑘𝐿〉. For 

instance, flakes or ribbons often found for synthesized Bi2Te3-

based structures tend to be aligned perpendicular to the pressure 

direction so that the cross-plane thermal conductivity of a hot-

pressed disk can be lower than that for the in-plane 

direction.[2,43,51,111] In principle, 𝑘𝐿  perpendicular to the press 

direction (open symbols in Fig. 4b) should be higher than the 

isotropic 〈𝑘𝐿〉 , whereas 𝑘𝐿  along the press direction (filled 

symbols in Fig. 4b) is lower than 〈𝑘𝐿〉. Some experimental data 

are not included because the exact grain size is not given.[51,112] 

In Fig. 4b, the fitted bulk phonon MFPs for Bi0.5Sb1.5Te3
44 

assuming 𝑇𝐺𝐵 ≈ 0.5  (dashed pink line) can explain the 

experimental data by Yan et al.[2] Comparison with the data by 

Han et al.[41] suggests that optical phonons should be largely 

suppressed for their 〈𝑘𝐿〉 contribution. When optical phonons 

are considered, even a relatively low 𝑇𝐺𝐵 ≈ 0.25 still leads 

to an overpredicted 𝑘𝐿 (blue line in Fig. 4b). 

 

6. Computed 𝐑𝐊 based on the DMM 

Assuming 𝑇𝐺𝐵 ≈ 0.5 and elastic GB phonon scattering, 𝑅𝐾 

was computed based on the DMM and the full exact phonon  
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Fig. 4 (a) Predicted room-temperature 〈𝑘𝐿〉  values as a function of the averaged grain size, in comparison to representative 

experimental results on polycrystalline Bi2Te3-based samples. The experimental data are for bulk Bi2Te2.7Se0.3 samples by Kim et 

al.,[38] bulk Bi2Te3 samples by Kim et al.,[39] Bi2Te2.7Se0.3 thin films by Takashiri et al.,[13] strained Bi0.4Sb1.6Te3 thin films by Takashiri 

et al.,[12] nanostructured Bi0.5Sb1.5Te3 bulk alloys by Poudel et al.,[3] and bulk BiSbTe with a 333-nm-thick tellurium interfacial layer 

at GBs by Jo et al.[40] For Bi0.5Sb1.5Te3 bulk alloys by Poudel et al.,[3] an averaged grain size 𝑑𝑒𝑓𝑓  (see Supporting Information) is 

used. The averaged grain size and tellurium layer thickness for samples by Jo et al.[40] are approximated as the values for a comparable 

thin film. (b) Comparison between predicted 〈𝑘𝐿〉  and the experimental data for bulk samples with anisotropic lattice thermal 

conductivities.[41-43] By matching the volumetric interfacial area with that for aligned cubes,[18,113] an averaged 𝑑 ≈ 26 nm for Han 

et al.[41] is estimated for the initial Bi2Te3 nanoplates because no remarkable grain growth is found in the transmission electron 

microscopy image for the bulk samples.  

 

dispersion solved from the ab initio calculations.[114] 𝑅𝐾based 

on different crystallographic directions were calculated. The 

DMM predicted 𝑅𝐾 between c-c, a-a, and a-c interfaces are 

7.7 × 10−8  K∙m2/W, 4.2 × 10−8  K∙m2/W, and 8.4 × 10−8 

K∙m2/W, respectively. The average value is ~ 6.8 × 10−8 

K∙m2/W. The large interfacial resistance originates from the 

low group velocities and low frequencies of phonon modes in 

Bi2Te3. This resistance value is consistent with 𝑅𝐾~10−9 −
10−8  K∙m2/W for nearly perfect interfaces[45] and recent 

measurements on bonded film-wafer interfaces to represent a 

twist GB.[46] Fig. 5 shows the accumulated interfacial thermal 

resistance as a function of the phonon frequency. Without 

optical phonons, the DMM-predicted 𝑅𝐾  is as high as 

~2 × 10−7 K∙m2/W. The above values are comparable to the 

estimated 𝑅𝐾 = 4.9×10-8 – 1.15×10-7 K∙m2/W for SiGe alloys, 

which is obtained from the EMF analysis of the experimental 

data on microcrystalline samples.[15]  

 

 
Fig. 5 The accumulated interfacial thermal conductance as a 

function of phonon frequency of interfaces formed by Bi2Te3 

crystals with different crystallographic directions: c-c, a-a, and a-

c. 
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7. Conclusion  

In conclusion, first-principles phonon MFP distributions for 

both the in-plane and cross-plane directions are re-computed 

for the bulk Bi2Te3 and split for branch contributions. The 

cross-plane phonon spectrum is validated with systematic 

thermal measurements on single-crystal Bi2Te3 nanoplates 

with various thicknesses. Using these first-principles phonon 

MFPs to analyze existing data on nano- to micro-grained 

Bi2Te3 samples, it is found that a high 𝑅𝐾 at GBs should be 

the main cause for the observed significant thermal 

conductivity reduction and optical phonon contributions 

should be significantly suppressed. For thermoelectric 

applications, complicated materials with a large number 𝑛 of 

atoms per primitive cell and thus increased 3(𝑛 − 1) optical 

branches are preferred because more optical branches with 

slow phonon group velocities lead to a low 𝑘𝐿 .[115,116] By 

neglecting the optical phonon contribution, 𝑘𝐿~ 𝑛−
2

3  was 

suggested by Slack for bulk materials[62] and 𝑘𝐿~ 𝑛−1  was 

suggested for acoustic phonons with strong phonon boundary 

scattering in nanostructures.[115] Further considering optical 

phonons yields a weaker 𝑘𝐿~ 𝑛−0.4 dependence is found for 

representative oxides.[117] Different from nanostructured 

boundaries, interfaces such as GBs can help to cut off the 

percentage of optical-phonon-contributed 𝑘𝐿  and benefit 

complicated materials for thermoelectric and other energy-

related applications. The importance of the GBs should be 

generally acknowledged for nano- to micro-structured bulk 

tellurides and selenides with short bulk phonon MFPs.[118]  
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