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Abstract 
 

It is a difficult task for practical engineers to calculate the uplift and penetration resistance of two overlapping pipelines that 
are buried in clay that increases in strength linearly. Hence, in this paper, four regression models, namely long short-term 
memory (LSTM), bidirectional long short-term memory (BI-LSTM), emotional neural network (ENN), and multivariate 
adaptive regression spline (MARS) models, are employed to create a data-driven prediction for the uplift and penetration 
resistance of two overlapping pipelines. For this purpose, a total of 256 samples of uplift conditions and 384 samples of 
penetration conditions, including three input parameters and one output parameter, are collected from the lower and upper 
bound finite element limit analysis (FELA) solutions. The predictive strength and robustness of the employed model were 
evaluated based on various performance metrics, rank analysis, error matrix, Taylor diagram and uncertainty analysis. 
Sensitivity analysis is also performed to determine the most and least effective parameters. Additionally, the results of the 
sensitivity analysis indicated that the pipe embedded depth ratio (w/D) was the most significant parameter in both uplift and 
penetration conditions. The MARS model produces more efficient performance (R2=0.999 and RMSE=0.008 for uplift and 
R2=0.999 and RMSE=0.009 for penetration condition) for uplift and penetration resistance prediction compared to the BI-
LSTM, LSTM, and ENN models. The acquired findings demonstrated that the MARS model predicted the normalized uplift and 
penetration resistance with reasonable accuracy and yielded superior performance compared to the Bi-LSTM, LSTM, and ENN 
models. Therefore, it becomes one of the predictive tools practical engineers use in making preliminary decisions about things 
such as the uplift and penetration resistance of two overlapping pipelines buried in clay, which increases in strength linearly. 
It also provides a mathematical formulation for easy hand calculations. 
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1. Introduction 

One offshore engineering issue is the pipeline problem. 

Marine pipelines are commonly constructed in a trench with a 

shallow embedment and are utilized to transport natural gas 

and oil from sources to manufacturing facilities. To ensure the 

safety of these pipelines, the penetration and uplift resistances 

are the essential issues to be predicted in the design process. 

Classic studies of the uplift capacity of pipelines were 

presented by Trautmann and O’Rourke, Trautmann et al.,[1] 

and Dickin[2] using experiments and analytical schemes. Later, 

some researchers also investigated the same pipeline problem 

by conducting laboratory and centrifuge model tests, such as 

Ling et al.,[3] Calvetti et al.,[4] Cheuk et al.,[5] and White et al..[6]  

The displacement-based finite element method (FEM), which 

is one of the favorite numerical techniques for geotechnical 

stability problems, was also carried out by some researchers to 

investigate the penetration and uplift capacity of pipelines,[7] 

such as Guo et al.,[8,9] Chatterjee et al.,[10–12] Jung et al.,[13,14] and 

Maitra et al..[15] Another favorite numerical technique for 

geotechnical stability problems is finite element limit analysis 

(FELA). This FELA consists of lower bound (LB) and upper 

bound (UB) methods, which can be used to provide LB and 

UB solutions for bracketing true solutions.[16] Using FELA, 

Martin and White[17] provided solutions for the penetration and 
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uplift resistances of pipelines in cohesive soils. Consequently, 

Chakraborty and Kumar[18–20] and Chakraborty[21] carried out 

FELA solutions of vertical and horizontal resistances of 

pipelines in sand. By considering the effect of a sloping 

ground near a pipeline, Bhattacharya and Sahoo[22] also 

employed the FELA technique to investigate the stability of 

pipelines in slopes. In addition, Shiau et al.[23–26] presented 

FELA solutions for problems of pipeline burst-related ground 

stability by considering both collapse and blowout conditions. 

Recently, Seehavong and Keawsawasvong[27] carried out 

FELA solutions of two interfering pipelines in cohesive soils 

subjected to uplift and penetration resistances. In this study, 

the previous results by Seehavong and Keawsawasvong[27] 

were employed to conduct the machine learning models. To 

analyze the uplift and penetration resistances of two 

interfering pipelines in cohesive soils, the LSTM, BI-LSTM, 

ENN, and MARS models have not yet been applied, as per the 

findings of the authors' literature review; meanwhile, these 

machine learning models have been widely used to solve 

complex and non-linear civil engineering problems. 

Najafzadeh et al.[28] proposed a neuro-fuzzy based group 

method of data handling (NF-GMDH) based self-organized 

model to predict bridge pier score depth under debris flow 

effects. Furthermore, Najafzadeh & Movahed[29] proposed a 

gene-expression programming (GEP) based GMDH model to 

predict the free span expansion rates below pipelines under 

waves. Later, Movahed et al.[30] proposed a hybrid GMDH-

ELM model to predict the longitudinal dispersion coefficients 

in water pipelines. Najafzadeh used various machine learning 

models including multivariate adaptive regression spline 

(MARS) to evaluate the river water quality index.  

The numerical results were collected from a previous study 

by Seehavong and Keawsawasvong[27] as training and testing 

data. Then, four advanced regression machine learning models, 

namely long short-term memory (LSTM), bidirectional long 

short-term memory (BI-LSTM), emotional neural network 

(ENN), and multivariate adaptive regression spline (MARS), 

are utilized to predict the normalized uplift and penetration 

resistance of two overlapping pipelines buried in clay After 

performing four machine learning models, the performance 

and effectiveness of the used models have been analyzed using 

traditional and modern performance evaluation metrics, rank 

analysis, and error matrix. The generalization capability of the 

proposed models has been analyzed using uncertainty analysis. 

Most significantly, the models have been proposed into an 

empirical design equation so that they may be used easily by 

practical practitioners for predicting the normalized uplift and 

penetration resistance. The highlights of these proposed 

advanced ML algorithms are as follows: The proposed models 

are a useful tool for geotechnical engineers since they are 

straightforward to use and require a basic understanding of 

computers to run the software and obtain accurate results in a 

short amount of time. They consider the smallest RMSE error 

in both the training and testing phases, and their computational 

cost and generalization ability are rewarding. 

 

2. Data collection 

Figures 1(a) and (b) depict the problem definition for two 

interfering pipelines buried in clay under uplift (Ft) and 

penetration (Fc) forces, respectively. Two pipelines have the 

same diameter (D), where the spacing (center-to-center) 

between them is denoted by S, and the embedded depth is 

defined by w. The clay has a linear strength gradient (r) and 

unit weight (g). Notably, the shear strength at the ground 

surface is set to zero. The adhesion factor at the contact of 

pipelines and soils is set to 2/3. More details on the problem 

can be found in Seehavong and Keawsawasvong.[27]  

Based on Seehavong and Keawsawasvong,[27] the normalized 

uplift and penetration resistances of two interfering pipelines 

can each be expressed in terms of three dimensionless 

parameters as follows Eq. (1):  

𝑞𝑡

𝜌𝐷
 𝑎𝑛𝑑

𝑞𝑐

𝜌𝐷
 ∝ 𝑓(

𝑆

𝐷
,

𝑤

𝐷
,

𝛾

𝜌
)                        (1) 

where the vertical uplift pressure qt and the vertical penetration 

pressure qc can be calculated from Ft/D and Fc/D, respectively. 

In addition, S/D is the spacing ratio; w/D is the embedded ratio; 

 
Fig. 1 Problem description of vertical forces of two interfering pipelines in clay: (a) uplift condition and (b) penetration condition. 
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and  is the normalized unit weight and increasing strength. 

The selected ranges of these three dimensionless inputs are 

shown in Table 1, according to Seehavong and 

Keawsawasvong.[27] 

Table 1. List of parametric values used in this study. 

Parameters Selected values 

S/D 
1.25, 1.5, 1.75, 2, 2.5, 3, 3.5, 4, 5, 6, 8, 

10 

w/D 1.25, 1.5, 1.75, 2, 2.25, 2.5, 2.75, 3 

g/r 0, 1, 3, 5 

 

The FELA techniques were employed by Seehavong and 

Keawsawasvong[27] to determine the LB and UB solutions of 

qt/rD and qc/rD in the instances of uplift and penetration 

resistances, respectively. Examples of both uplift and 

penetration cases simulated in the FELA called OptumG2 

(Krabbenhoft et al.)[31] are presented in Figs. 2(a) and 2(b), 

respectively. Note that these two models in Fig. 2 have 

developed only half of the model due to the problem symmetry. 

To increase the correctness of LB and UB solutions, an 

automatically adaptable mesh refinement technique Ciria et 

al.,[32] was also employed by Seehavong and 

Keawsawasvong[27] by setting the initial meshes to 5,000 

elements and the final meshes after five adaptive meshing 

iterations to 10,000 elements (e.g., Keawsawasvong and 

Ukritchon, Keawsawasvong et al., Yodsomjai et al.,).[33–38] 

Examples of the final adaptive meshes are shown in Figs. 3(a) 

and 3(b) in the instances of uplift and penetration resistances, 

respectively. The potential slip surfaces represented by the 

absolute velocity contours are also shown in Figs. 4(a) and 4(b) 

in the instances of uplift and penetration resistances, 

respectively, which proves that the interference effect on the 

two pipelines exists and results in the capacity of both 

pipelines. 

 

2.1 Statistical analysis of the dataset 

In this analysis, the statistical description describes the 

characteristics of the dataset used for uplift and penetration 

conditions presented in Tables 2 and 3, respectively. There are 

two main groups of measurements that make up descriptive 

statistics: (1) variability (or spread) measurements and (2) 

central tendency measures. Measures of variability (or spread) 

include range (i.e., minimum and maximum of the variables), 

standard deviation, and variance. In contrast, measures of 

central tendency comprise mean, median, mode, skewness, 

kurtosis, and quartile. As presented in Tables 2 and 3, the 

values of skewness and kurtosis for S/D and g/r are higher than 

those of other parameters. Consequently, these parameters 

deviate less from the normal distribution than the other 

variables.  

Table 2. Statistical description of the dataset for uplift conditions. 

 
Mean Max Min Stdev Standard Error Skewness kurtosis Q25% Q75% 

𝑆/𝐷 2.438 4 1.250 0.927 0.058 0.363 -1.232 1.688 3.125 

𝑤/𝐷 2.125 3 1.250 0.574 0.036 0 -1.239 1.688 2.563 

𝛾/𝜌 2.250 5 0.000 1.924 0.120 0.280 -1.431 0.750 3.500 
𝑞𝑡

𝜌𝐷
 6.121 17.52 0.769 4.124 0.258 0.908 0.106 2.803 8.356 

 

 
Fig. 2 Typical model geometries in OptumG2: (a) vertical uplift resistance and (b) vertical penetration resistance (S/D = 1.25, w/D = 

3 and g/r = 1). 
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Fig. 3 Typical adaptive meshes: (a) Vertical uplift resistance and (b) Vertical penetration resistance (S/D = 1.25, w/D = 3 and g/r = 

1).

Table 3. Statistical description of the dataset for penetration conditions. 

 
Mean Max Min Stdev Standard Error Skewness kurtosis Q25% Q75% 

𝑆/𝐷 4.042 10 1.250 2.639 0.135 0.997 -0.091 1.938 5.250 

𝑤/𝐷 2.125 3 1.250 0.574 0.029 0.000 -1.239 1.688 2.563 

𝛾/𝜌 2.250 5 0.000 1.923 0.098 0.279 -1.430 0.750 3.500 
𝑞𝑐

𝜌𝐷
 17.579 31.846 7.151 6.143 0.313 0.336 -0.747 12.665 21.946 

2.2 Data preprocessing 

In data preprocessing, the whole dataset is normalized in the 

interval of [0, 1] using the min-max approach to confirm that 

no single feature's range had an outsized impact on the neuron 

input and improved the accuracy of the proposed model. As a 

result of the normalization, only the central tendencies of the 

neurons were affected, rather than the ranges of individual 

properties. The mathematical Eq. (2) was used for the 

normalization of the dataset. 

𝑋𝑁 =
𝑋−min (𝑋)

max(𝑋)−min(𝑋)
                                (2) 

where 𝑋𝑁  and 𝑋  represent the normalized and actual feature 

values, respectively.  

In this study, a total of 256 samples were collected for 

calculation of uplift resistance, and 384 samples were gathered 

for penetration resistance calculations. The entire dataset is 

randomly divided into training data and testing data, with 

training data containing 70% of input data and testing data 

comprising 30% of input data, to obtain robust results by 

forcing the algorithms to operate completely independently of 

the specific training data for both the uplift and penetration  

cases. Training data are utilized to build the model, whereas 

testing data are employed to validate the model.  

 
Fig. 4 Absolute velocity contours: (a) Vertical uplift resistance and (b) Vertical penetration resistance (S/D = 1.25, w/D = 3 and g/r = 

1). 
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2.3 Performance and error metrics for evaluation 

As performance metrics, the coefficient of determination (𝑅2), 

adjusted determination coefficient (𝐴𝑑𝑗𝑅2),  the Nash 

Sutcliffe efficiency (NS), the variance account factor (VAF), 

the performance index (PI), the Willmott`s index of agreement 

(WI), and error metrices the weighted mean absolute 

percentage error (WMAPE), the root mean square error 

(RMSE), the mean absolute error (MAE), and RMSE to 

observation’s standard deviation ratio (RSR), were utilized to 

evaluate the predictive ability of the proposed models.[39–45] 

The coefficient of determination (𝑅2) measures how well the 

actual data agree with the predicted data. Thus, the value of 

𝑅2  corresponding to 1 indicates a perfect fit, while the 

prediction accuracy decreases with decreasing 𝑅2 value. The 

adjusted determination coefficient ( 𝐴𝑑𝑗𝑅2 ) measures the 

accuracy with which a model can predict a target outcome 

based on the provided input variable to construct the models. 

A 𝐴𝑑𝑗𝑅2 value of 1 indicates a perfect model. Nash–Sutcliffe 

efficiency (NS) measures the ratio of residual error variance to 

predicted variance in actual data. The ideal value of NS is 1, 

and its obtained value should not be less than 1. The variance 

account factor (VAF) is the percentage of sequence among the 

original and predicted values of the output parameters. The 

ideal value of VAF is 100% for the perfect model. The 

performance index (PI) is used to evaluate the performance of 

the proposed model. The ideal value of PI is 2, and for an 

accurate model, the value of PI should be greater than 1. 

Willmott’s index of agreement (WI) measures the error 

associated with the predicted models. The value of WI ranges 

between 0 and 1. For a perfect model, the value of WI should 

be 1. Weighted mean absolute percentage error (WMAPE) 

statistically evaluates the proposed model’s accuracy. 

Compared to the MAPE, which does not consider weighted 

error, this method is more accurate. The ideal value of 

WMAPE is 1. The RMSE to observation SD ratio (RSR) is 

calculated to check the statistical evaluation of the proposed 

model. The ideal value of RSR ranges from 0 to a large 

positive value, and a value higher than 0.7 is not desirable. The 

root mean square error (RMSE) is the most commonly utilized 

error metric used to evaluate errors associated with the 

proposed models. The ideal value of RMSE is 0. The mean 

absolute error (MAE) is used to check whether the model’s 

predicted result is overestimated or underestimated. A value of 

MAE close to zero indicates perfect agreement. The 

mathematical expressions of performance and error metrices 

are presented in Eqs. (3) to Eq. (12). 

𝑅2 =
∑ (𝑑𝑖−𝑑𝑎𝑣𝑔)

2
−𝑛

𝑖=1 ∑ (𝑑𝑖−𝑦𝑖)2𝑛
𝑖=1

∑ (𝑑𝑖−𝑑𝑎𝑣𝑔)
2𝑛

𝑖=1

                   (3) 

𝐴𝑑𝑗𝑅2 = 1 −
𝑛−1

𝑛−𝑝−1
(1 − 𝑅2)                   (4)  

𝑁𝑆 = 1 −
∑ (𝑑𝑖−𝑦𝑖)2𝑛

𝑖=1

∑ (𝑑𝑖−𝑑𝑚𝑒𝑎𝑛)2𝑛

𝑖=1

                      (5) 

𝑉𝐴𝐹 = (1 −
𝑣𝑎𝑟(𝑑𝑖−𝑦𝑖)

𝑣𝑎𝑟(𝑑𝑖)
) × 100                 (6) 

𝑃𝐼 = 𝑎𝑑𝑗. 𝑅2 + (0.01 × 𝑉𝐴𝐹) − 𝑅𝑀𝑆𝐸         (7)  

𝑊𝐼 = 1 − [
∑ (𝑑𝑖−𝑦𝑖)2𝑛

𝑖=1

∑ {|𝑦𝑖−𝑑𝑎𝑣𝑔|+|𝑑𝑖−𝑑𝑎𝑣𝑔|}
2𝑛

𝑖=1

]             (8) 

𝑊𝑀𝐴𝑃𝐸 =
∑ |

𝑑𝑖−𝑦𝑖
𝑑𝑖

|×𝑑𝑖
𝑛
𝑖=1

∑ 𝑑𝑖
𝑛
𝑖=1

                          (9) 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (𝑑𝑖 − 𝑦𝑖)2𝑛

𝑖=1                    (10) 

𝑀𝐴𝐸 =
1

𝑛
∑ |(𝑦𝑖 − 𝑑𝑖)|𝑛

𝑖=1                       (11) 

𝑅𝑆𝑅 =
𝑅𝑀𝑆𝐸

√
1

𝑛
∗∑ (𝑑𝑖−𝑑𝑎𝑣𝑔)

2𝑛
𝑖=1  

                       (12)  

 

3. Theoretical background of the employed models 

In this section, the theoretical background of the used models, 

namely, LSTM, Bi-LSTM, ENN, and MARS models, are 

described in detail to predict the normalized uplift and 

penetration resistance of two overlapping pipelines buried in 

clay, which increases in strength linearly. The methodology 

flow steps, including data collection, data preprocessing, 

proposed machine learning models, hyperparameter selection, 

and comparative analysis, are presented in Fig. 5. 

 

3.1 Long Short-Term Memory (LSTM)  

LSTM is a powerful machine learning technique proposed by 

Hochreiter and Schmidhuber. LSTM is an extended form of a 

recurrent neural network (RNN) in the form of a repeating 

block chain designed to address the issues of RNNs, such as 

learning long data sequences and vanishing and exploding 

gradients. The typical LSTM network architecture presented 

in Fig. 6 represents the cell state from 𝐶𝑡−1  to 𝐶𝑡  which 

contains four unique modules, three gates and one memory 

cell state. Information may be preserved in a steady state and 

continue to flow above the cell state because it acts like a 

conveyor belt that runs directly through the whole chain with 

just slight linear interactions. The three main gates of an 

LSTM network are the forget gate, the output gate, and the 

input gate. These gates regulate the flow of information into 

and out of each cell. 

The input gate determines how much new information can 

enter the cell. The forget gate determines which information 

from the internal cell state should be deleted. Finally, the 

output gate determines how much of the cell's current memory 

should be used to generate the output. The mathematical  
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Fig. 5 Methodology flow chart. 

 

formulations of LSTM recurrent units are presented as follows. 

𝑓(𝑡) = 𝜎(𝑃𝑓[𝐶𝑡−1, 𝑥𝑡] + 𝑏𝑓                    (13) 

𝑓(𝑡)  represents the output of the forget gate, and 𝑃𝑓  and 𝑏𝑓 

represent the weight matrix and bias vector of the forget gates 

from the input layer. Thereafter, the new data are saved in the 

cell state using the following sigmoid layer of input gates, and 

then the tanh layer creates a vector to the cell state with a value 

of -1 to 1.  

𝑖(𝑡) = 𝜎(𝑃𝑓[𝐶𝑡−1, 𝑥𝑡] + 𝑏𝑖                       (14) 

𝐶𝑡̃ = 𝑡𝑎𝑛ℎ(𝑃𝑐[𝐶𝑡−1, 𝑥𝑡] + 𝑏𝑐                  (15) 

The elementwise multiplication of the vector matrix 𝐶𝑡−1 cell 

and 𝑓𝑡 is used to update the old cell state to 𝐶𝑡, and then the 

term 𝐴𝑡 ⊗ 𝐶𝑡̃ is added to remember the new information. 

𝐶𝑡 = 𝑓𝑡 ⊗ 𝐶𝑡−1 + 𝐴𝑡 ⊗ 𝐶𝑡̃                     (16) 

𝑂𝑡 = 𝜎(𝑃𝑜 ∙ [𝐶𝑡−1, 𝑥𝑡] + 𝑏𝑜                     (17) 

ℎ𝑡 = 𝑂𝑡 ⊗ tanh (𝐶𝑡)                           (18) 

𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑥) =
1

1+𝑒−𝑁
                          (19) 

𝑡𝑎𝑛ℎ(𝑥) =
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥                              (20) 

where 𝑥𝑡  represents the input vector and 𝑏𝑜  and 𝑏𝑖  represent 

the bias vectors of the output gates and input gates, 

respectively. 𝑃𝑐  and 𝑃𝑖  represent the weight matrices of the 

output gates and input gates, respectively. ⊗  represents the 

elementwise multiplication of the vector matrix.  𝐶𝑡  and ℎ𝑡 

represent the past cell and its output vector of the hidden layer  

 
Fig. 6 Architecture of long-short term memory. 
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at the current moment, respectively. 𝑂𝑡 represent the target of 

the output gate. By using these gates to regulate the flow of 

information, LSTMs are capable of learning and remembering 

long-term data dependencies. Overall, LSTMs are a powerful 

and flexible tool for dealing with complex engineering 

problems and are widely used in deep learning applications. 

 

3.2 Bidirectional Long Short-Term Memory (Bi-LSTM)  

Bidirectional long short-term memory (BI-LSTM) is a 

recurrent neural network (RNN) architecture that has acquired 

popularity in the past few years due to its capacity to capture 

both forward and backward dependencies in sequential data. 

The BLSTM architecture is an extension of Hochreiter and 

Schmidhuber's 1997 Long Short-Term Memory (LSTM) 

network.[46] BLSTM is based on the concept of processing 

input sequences in both forward and backward directions, 

enabling the network to capture information from both past 

and future contexts. In a conventional LSTM network, the 

output at each time step is computed based on the preceding 

input sequence. However, a BLSTM network calculates the 

output at each time step based on both the past and future 

contexts. The BLSTM network comprised two LSTM layers, 

one of which processes the input sequence in the forward 

direction and the other in the backward direction. Each layer 

has a hidden state vector, updated at each time step using the 

current input and the previous hidden state. The output of each 

layer is then concatenated to form the final output of the 

BLSTM network. The architecture of bidirectional long-short 

term memory is presented in Fig. 7. As shown in Fig. 7 after 

splicing two hidden layers together, Bi-LSTM calculates the 

final output 𝑦𝑡by combining the information from the forward 

hidden layer ℎ+(𝑡)  and the backward hidden layer ℎ−(𝑡)  at 

each time step using the following mathematical Eqs. (21-23). 

𝑦𝑡 = 𝑊ℎ+(𝑡)𝑦ℎ+(𝑡) + 𝑊ℎ−(𝑡)𝑦ℎ−(𝑡) + 𝑏𝑦              (21) 

ℎ+(𝑡) = 𝐿𝑆𝑇𝑀(𝑥𝑡, ℎ+(𝑡−1))                          (22)   

ℎ−(𝑡) = 𝐿𝑆𝑇𝑀(𝑥𝑡, ℎ−(𝑡−1))                          (23) 

where the terms 𝑊ℎ+(𝑡)𝑦 and 𝑊ℎ−(𝑡)𝑦 are the weight values of 

the forward and backward layers, respectively. ℎ+(𝑡) and ℎ−(𝑡) 

represent the forward and backward hidden layers respectively, 

and 𝑏𝑦 represents the bias of the output layer. 

BLSTM can capture long-term dependencies in the input 

sequence, which is one of its advantages over traditional 

LSTM. The network can collect information from both the 

past and the future by analyzing the sequence in both forward 

and backward directions. This is beneficial for speech 

recognition tasks, where the context of a particular phoneme 

may depend on both preceding and succeeding phonemes. 

BLSTM is a potent type of recurrent neural network that can 

detect long-term dependencies in input sequences by 

processing them in both forward and backward directions. It 

has become a popular choice for various applications in 

natural language processing, speech recognition, and image 

recognition due to its capacity to capture past and future 

contexts. 

 

3.3 Emotional Neural Network (ENN) 

An emotional neural network is a form of artificial neural 

network designed to simulate or model the emotional 

processes of humans or animals. These networks are typically 

based on the idea that emotions arise from the interactions 

between various neural circuits in the brain. They seek to 

replicate these interactions in a computational model. The goal 

of emotional neural networks is to better understand how

 
Fig. 7 Architecture of bidirectional long-short term memory. 
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emotions work, as well as to create more sophisticated and 

lifelike models of human or animal behavior. These networks 

can be used in a variety of applications, including artificial 

intelligence, robotics, and psychology research.[47,48] 

Considering the input data path through the network, the 

ENN algorithm has three distinct layers: the input layer, the 

hidden layer, and the output layer. Each of the three layers of 

the ENN has its own set of neurons: input layers with i neurons, 

hidden layers with h neurons, and output layers with j neurons. 

A typical architecture of the ENN model is presented in Fig. 8. 

The processing of the input, output and hidden layers of the 

ENN are presented below. 

(a) Input layer neurons 

The neurons of the input layer are not processing any 

interaction, so for every input neuron, the output is defined as 

presented in Eq. (24): 

𝑌𝑖 = 𝑋𝑖                                   (24) 

where 𝑋𝑖 and 𝑌𝑖 represent the input value and output value of 

neuron i in the input layer, respectively. 

(b) Hidden layer neurons 

Since the neurons of the hidden layer are considered 

processing neurons, their activation is governed by a sigmoid 

activation function. In this case, we assume there is a single 

hidden layer, but the same procedure would apply regardless 

of the number of layers. The mathematical Eq. (25) for the 

output of each hidden neuron is presented as follows: 

𝑌ℎ = (
1

1+exp (−𝑋ℎ)
)                              (25) 

where 𝑋ℎ  represents the input value and 𝑌ℎ  represents the 

output value of neuron h, which represents the hidden layer 

values. The input value of hidden layer 𝑋ℎ is calculated using 

the summation of the byproduct of 𝑋ℎ  and its respective 

weight value named the total potential (𝑇ℎ).  

(c) Output layer neuron 

Finally, the neurons of the output layer are activated with the 

help of the sigmoid activation function using Eq. (26): 

𝑌𝑗 = (
1

1−exp (−𝑋𝑗)
)                               (26) 

where the terms 𝑋𝑗 and 𝑌𝑗 represent the neuron values of the 

input and output layers, respectively. 

 

3.4 Multivariate Adaptive Regression Splines (MARS) 

Multivariate adaptive regression splines (MARS) is a 

statistical modeling technique that involves fitting piecewise 

linear regressions to a set of predictor variables, which are 

combined using a series of “knots” or breakpoints in the data. 

It was introduced by Friedman[50] as an extension of the 

univariate adaptive regression splines (MARS) algorithm. The 

general equation of nonlinear and nonparametric regression is 

presented in Eq. (27). 

𝑦𝑖 = 𝑓(𝑥𝑖1, 𝑥𝑖2, … . 𝑥𝑖𝑘) + 𝑒𝑖                     (27) 

where 𝑒𝑖  represents the error involved in the prediction of 

output. 𝑓(𝑥𝑖1, 𝑥𝑖2, … . 𝑥𝑖𝑘)  represents the continuous 

regression function. 

The penetration and uplift resistances of two interfering 

pipelines for given input are predicted using the MARS model 

by the following mathematical Eq. (28): 

𝑦 = 𝑎𝑜 + ∑ 𝑎𝑛𝐵𝑛(𝑋)𝑁
𝑛=1                         (28) 

where the term 𝑎𝑜  represents the constant term, 𝐵𝑛(𝑋) 

represents the basic function (BF), 𝑋  represents the input 

variable, and 𝑎𝑛  represents the coefficient of the basic 

function. 

The MARS algorithm builds a model that is a sum of 

individual basis functions, where each basis function is a 

product of univariate functions. These univariate functions are 

called “spline functions” and have the form max (0, 𝑋 − 𝑐) or 

max (0, 𝑋 − 𝑐), which is presented as follows in Eq. (29) and 

(30): 

𝑏𝑞
−(𝑋 − 𝑐) = [−(𝑋 − 𝑐)]+

𝑞
= {

(𝑐 − 𝑋)𝑞    𝑖𝑓 𝑋 < 𝑐
      0          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

          (29)        

𝑏𝑞
+(𝑋 − 𝑐) = [+(𝑋 − 𝑐)]+

𝑞
= {

(𝑋 − 𝑐)𝑞    𝑖𝑓 𝑋 > 𝑐
      0          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

          (30)        

 
Fig. 8 A typical architecture of emotional neural network during feed forward calculation.[49] 
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where 𝑋  is the predictor variable, c represents a “knot” or 

breakpoint, and 𝑏𝑞
−(𝑋 − 𝑐) and 𝑏𝑞

+(𝑋 − 𝑐) represent the left-

side truncated and right-side truncated spline functions, 

respectively. Three basic steps involved in the process of 

constructing the multivariate adaptive regression spline 

(MARS) model. 

(a) Constructing phase 

The first step is also called the forward step or constructing 

phase. It can create an overfitted model with the help of the 

provided input parameters. In this step, BF plays an important 

role in building Eq. (28). The selection of BF in the 

constructing phase depends on the generalized cross validation 

(GCV). 

(b) Backward/Pruning phase 

The second step adopted a pruning algorithm to eliminate the 

least effective terms to attain the most accurate model based 

on the generalized cross-validation (GCV) value. The residual 

sum of squares of the input parameter value is assigned in the 

form of GCV. To limit the number of spline functions utilized 

in the model, the GCV parameter is employed as a complexity 

penalty. The mathematical equation used in the calculation of 

GCV is presented in Eq. (31) as follows: 

𝐺𝐶𝑉 =
𝑅𝑀𝑆𝐸

[1−
𝐶(𝑀)

𝑁
]

2                                (31) 

where the penalty factor 𝐶(𝑀) is calculated as 𝐶(𝑀) = 𝑀 +

𝑑𝑀, 𝑀 represents the number of basic functions, 𝑑 represents 

the penalty factor, and N represents the total number of data 

objects. 

(c) Selection of the optimum MARS model 

The cost penalty factor 𝐶(𝑀) represented in Eq. (31) is used 

to maximize each basic function. To minimize the overfitting 

of BF, they are eliminated during the backward phase. After 

completion of all the steps, the best MARS model is obtained. 

MARS is particularly useful when there is a nonlinear 

relationship between the predictor variables and the response 

variable and when a simple linear regression model does not 

easily capture the relationship. It is also useful when 

interactions between the predictor variables need to be 

accounted for. One advantage of MARS is that it can 

automatically identify the important predictor variables and 

the locations of the breakpoints in the data, which makes it 

useful for exploratory data analysis. It can also handle missing 

data and deal with continuous and categorical predictor 

variables. MARS has been applied to various applications, 

including finance, engineering, and medicine.[51] However, it 

has a few limitations, including the fact that it may overfit the 

data if too many basis functions are used and may not work 

well with high-dimensional data. 

 

4. Results and discussion 

4.1 Hyperparameter tuning 

To construct the MARS model, MATLAB 2018a software was 

used. The prediction of the normalized uplift resistance MARS 

model started with 15 basic functions. After the pruning step, 

some basic functions are eliminated, and the best performing 

MARS model is obtained for twelve basic functions, presented 

in Table 4. The final normalized uplift resistance of two 

interfering pipelines buried in clay is calculated with the help 

of obtained correlation Eq. (32). 

𝑞𝑡

𝜌𝐷
=  0.381 + 0.534 × 𝐵𝐹1 − 0.427 × 𝐵𝐹2 + 0.235 ×

𝐵𝐹3 − 0.444 × 𝐵𝐹4 + 0.581 × 𝐵𝐹5 − 0.372 × 𝐵𝐹6 +

0.0291 × 𝐵𝐹7 − 0.412 × 𝐵𝐹8 − 0.246 × 𝐵𝐹9 +

0.971 × 𝐵𝐹10 − 0.045 × 𝐵𝐹11 + 0.513 × 𝐵𝐹12       (32) 

Table 4. Equations of the basic functions used in the MARS 

model for uplift conditions. 

SI. Number 
Basic 

Function 
Equation 

1 BF1 max (0, 𝑤/𝐷 -0.857) 

2 BF2 max (0, 0.857 - 𝑤/𝐷) 

3 BF3 max (0, 𝛾/𝜌 -0.2) 

4 BF4 max (0, 0.2 - 𝛾/𝜌) 

5 BF5 BF3 × max (0, 𝑤/𝐷 -0.285) 

6 BF6 BF3 × max (0, 0.285 - 𝑤/𝐷) 

7 BF7 max (0, 𝑆/𝐷 -0.181) 

8 BF8 max (0, 0.181 - 𝑆/𝐷) 

9 BF9 BF4 × max (0, 𝑤/𝐷 -0.428) 

10 BF10 BF4 × max (0, 0.428 - 𝑤/𝐷) 

11 BF11 BF2 × max (0, 𝑆/𝐷 -0.181) 

12 BF12 BF2 × max (0, 0.181 - 𝑆/𝐷) 

 

On the other hand, for the prediction of normalized 

penetration resistance, the MARS model starts with 15 basic 

functions, and after the pruning step, some basic functions are 

eliminated. The best performing MARS model is obtained for 

thirteen basic functions, the equations of which are presented 

in Table 5. The final normalized penetration resistance of two 

interfering pipelines buried in clay is calculated with the help 

of the obtained correlation Eq. (33). 

𝑞𝑐

𝜌𝐷
= 0.405 + 0.930 × 𝐵𝐹1 − 0.602 × 𝐵𝐹2 + 0.195 ×

𝐵𝐹3 − 0.610 × 𝐵𝐹4 − 0.209 × 𝐵𝐹5 − 0.660 × 𝐵𝐹6 −

0.074 × 𝐵𝐹7 + 0.527 × 𝐵𝐹8 + 0.075 × 𝐵𝐹9 +
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0.352 × 𝐵𝐹10 − 0.168 × 𝐵𝐹11 − 0.173 × 𝐵𝐹12 −

0.921 × 𝐵𝐹13                            (33) 

Table 5. Equations of the basic functions used in the MARS 

model for penetration conditions. 

SI. Number Basic Function Equation 

1 BF1 max (0, 𝑤/𝐷 -0.571) 

2 BF2 max (0, 0.571 -𝑤/𝐷) 

3 BF3 max (0, 𝛾/𝜌 -0.2) 

4 BF4 max (0, 0.2 - 𝛾/𝜌) 

5 BF5 BF1 × max (0, 𝛾/𝜌 -0.6) 

6 BF6 BF1 × max (0, 0.6 - 𝛾/𝜌) 

7 BF7 BF2 × max (0, 𝛾/𝜌 -0.2) 

8 BF8 BF2 × max (0, 0.2 -𝛾/𝜌) 

9 BF9 max (0, 𝑆/𝐷 -0.142) 

10 BF10 max (0, 0.142 - 𝑆/𝐷) 

11 BF11 BF2 × max (0, 𝑆/𝐷 -0.314) 

12 BF12 BF2 × max (0, 0.314 -𝑆/𝐷) 

13 BF13 BF3 × max (0, 0.057 -𝑆/𝐷) 

 

The ENN model selects the hidden layer's neurons as the 

processing neurons. Their activation is governed by a sigmoid 

activation function as presented in Eq. (13). The LSTM and 

Bi-LSTM achieved optimal hyperparameter values through 

trial and error by differing the hyperparameter value for the 

same training dataset for both the uplift and penetration 

resistance cases. The best configuration of hyperparameters to 

obtain accurate results for the LSTM and Bi-LSTM models 

are depicted in Table 6. 

 

4.2 Performance evaluation 

The most commonly used performance and error metrics 

stated previously have been used to evaluate the models used 

in this study. A detailed discussion of the obtained uplift and 

penetration results is presented below. The values of the 

calculated performance and error metrics for both uplift and 

penetration cases are presented in Tables 7 and 8. 

Table 6. Hyperparametric configuration for LSTM and Bi-LSTM 

model. 

Hyperparameters LSTM Bi-LSTM 

Number of hidden 

layers 

2 2 

Batch Size 32 32 

Activation 

function 

ReLU ReLU 

Dense layer 64 64 

Number of Epochs 500 500 

Learning rate 0.0025 0.0025 

Dropout rate 0.025 0.025 

Loss function mean_squared_error mean_squared_error 

optimizer adam adam 

 

The 𝑅2 value for MARS (0.999 for training and 0.998 for 

testing) attained the highest value, followed by the Bi-LSTM 

(0.995 for training and 0.997 for testing), LSTM (0.973 for 

training and 0.974 for testing), and ENN (0.963 for training 

and 0.951 for testing)  models in the case of uplift, and in the 

case of penetration, the 𝑅2 value for MARS (0.999 for training 

and 0.998 for testing) is again found to be more than that of 

BI-LSTM (0.998 for both training and testing), LSTM (0.988 

for training and 0.989 for testing), and ENN (0.979 for training 

and 0.981 for testing). The 𝐴𝑑𝑗𝑅2 value obtained for MARS 

(0.999 for training and 0.998 for testing) is more followed by 

the Bi-LSTM (0.995 for training and 0.997 for testing), LSTM 

(0.973 for both training and testing), and ENN (0.962 for  

training and 0.949 for testing) models in the case of uplift

Table 7. Performance metrics of all the models for the uplift condition. 

  LSTM BILSTM ENN MARS Ideal values 

  TR TS TR TS TR TS TR TS  

R2 0.973 0.974 0.995 0.997 0.963 0.951 0.999 0.998 1 

Adj R2 0.973 0.973 0.995 0.997 0.962 0.949 0.999 0.998 1 

WMAPE 0.095 0.108 0.036 0.038 0.127 0.151 0.019 0.026 0 

NS 0.973 0.973 0.995 0.997 0.950 0.944 0.999 0.998 1 

RMSE 0.040 0.039 0.018 0.014 0.055 0.056 0.008 0.010 0 

VAF 97.31 97.43 99.49 99.66 95.30 94.77 99.89 99.82 100 

PI 1.906 1.908 1.972 1.979 1.860 1.841 1.990 1.986 2 

RSR 0.164 0.164 0.072 0.058 0.225 0.236 0.033 0.042 0 

WI 0.993 0.993 0.999 0.999 0.986 0.985 1.000 1.000 1 

MAE 0.032 0.031 0.012 0.011 0.043 0.043 0.006 0.007 0 



Engineered Science                                                                                                                                                                                Research article        

 

© Engineered Science Publisher LLC 2023                                                                                                                                                       Eng. Sci., 2023, 24, 897 | 11  

Table 8. Performance metrics of all the models for the penetration condition. 

  LSTM BILSTM ENN MARS Ideal Values 

  TR TS TR TS TR TS TR TS  

R2 0.988 0.989 0.998 0.998 0.979 0.981 0.999 0.998 1 

Adj R2 0.988 0.989 0.998 0.997 0.979 0.980 0.999 0.998 1 

WMAPE 0.050 0.047 0.019 0.020 0.066 0.060 0.017 0.017 0 

NS 0.988 0.989 0.998 0.997 0.979 0.980 0.999 0.998 1 

RMSE 0.027 0.026 0.011 0.013 0.036 0.035 0.009 0.010 0 

VAF 98.806 98.90 99.81 99.74 97.91 98.05 99.86 99.84 100 

PI 1.949 1.951 1.985 1.982 1.922 1.926 1.988 1.987 2 

RSR 0.110 0.106 0.044 0.051 0.145 0.140 0.037 0.040 0 

WI 0.997 0.997 1.000 0.999 0.995 0.995 1.000 1.000 1 

MAE 0.021 0.021 0.008 0.009 0.027 0.027 0.007 0.008 0 

and for the penetration case again MARS (0.999 for training 

and 0.998 for testing) achieves the highest 𝐴𝑑𝑗𝑅2 compared 

to Bi-LSTM (0.998 for training and 0.997 for testing), LSTM 

(0.988 for training and 0.989 for testing) and ENN (0.979 for 

training and 0.980 for testing) models.  

The other performance parameters, such as NS, VAF, PI, 

and WI value for MARS, are more than Bi-LSTM, followed 

by LSTM and ENN model for both uplift and penetration 

conditions presented in Tables 7 and 8. Similarly, the error 

metrics WMAPE, RMSE, RSR, and MAE value for MARS is 

found to be less than Bi-LSTM, followed by LSTM and ENN 

model for both uplift and penetration conditions presented in 

Tables 7 and 8. From the performance metrics of all the models 

presented for both the uplift and penetration conditions (see 

Tables 3 and 4), it can be concluded that the MARS model is 

considered the best. The other models, such as Bi-LSTM, 

LSTM, and ENN, are in the second, third, and fourth positions, 

respectively. 

 

4.3 Scatter and error plot 

A scatter plot is a data visualization tool used in statistics and 

machine learning to display the relationship between actual 

and predicted output. A scatter plot helps to illustrate the 

relationship between the variables by drawing the actual and 

predicted data points along the line (𝑦 = 𝑥). The actual and 

predicted data points close to the line 𝑦 = 𝑥  show better 

prediction. This study plots scatter and error plots for the 

training and testing phases for both the uplift and penetration 

conditions presented in Figs. 9 to 16. The scatter plots 

presented in Figs. 9 and 13 show the performance of the 

MARS model for uplift and penetration conditions, 

respectively, which conclude that the MARS model attained a 

high ability to predict uplift and penetration resistance 

followed by the Bi-LSTM, LSTM, and ENN models. The 

MARS model results exhibit good accuracy following these 

findings and less error. Therefore, the MARS model is a 

helpful uplift resistance prediction tool when considering the 

datasets used in this study. However, other models such as Bi-

LSTM, LSTM, and ENN can also efficiently predict uplift and 

penetration resistance. 

 

4.4 Error matrix 

An error heatmap matrix is a graphical representation of the 

model’s predicted error. It is a color-coded representation of 

the error of the used machine learning models, which helps 

visualize the model's accuracy across different categories.[43] 

The error matrix is created based on the ideal value of the 

performance metrics. This study uses ten performance metrics 

for error matrix development, namely, R2, Adj R2, WMAPE, NS, 

RMSE, VAF, PI, RSR, WI, and MAE. The error matrices for 

uplift and penetration conditions are presented separately in 

Figs. 17 and 18, respectively, where TR stands for training and 

TS stands for testing. As per the error matrix of the uplift and 

penetration condition, the MARS model predicted error is 

lower than the other model. However, the average error for all 

models for uplift condition is 4% and for penetration condition 

is 2%. 

 

4.5 Rank analysis 

Rank analysis can also be used in model selection, which 

involves choosing the best statistical model that fits a given 

dataset. In this context, rank analysis is often used to compare 

the performance of used models and to identify the best model 

based on its ability to predict the desired output. The score was 

allotted to each model based on the performance metric values 

for the training and testing phases of the uplift and penetration 

conditions separately. Finally, the total score is calculated by 

adding the training and testing scores, and rank is allotted 

based on the total score obtained for each model.[52] The 

mathematical Eq. (34) used for the total score calculation is  
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Fig. 9 Performance of LSTM model for uplift condition (a) Scatter plot (b) Error plot. 

 
Fig. 10 Performance of Bi-LSTM model for uplift condition (a) Scatter plot (b) Error plot. 
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Fig. 11 Performance of ENN model for uplift condition (a) Scatter plot (b) Error plot. 

 

 
Fig. 12 Performance of MARS model for uplift condition (a) Scatter plot (b) Error plot. 

 
(a) 

 
(b) 

Fig. 12 Performance of MARS model for uplift condition (a) Scatter plot (b) Error plot 
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Fig. 13 Performance of LSTM model for penetration condition (a) Scatter plot (b) Error plot. 

 

 

Fig. 14 Performance of Bi-LSTM model for penetration condition (a) Scatter plot (b) Error plot. 

 
(a) 

 
(b) 

Fig. 14 Performance of Bi-LSTM model for penetration condition (a) Scatter plot (b) 

Error plot 
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Fig. 15 Performance of ENN model for penetration condition (a) Scatter plot (b) Error plot. 

 

 

Fig. 16 Performance of MARS model for penetration condition (a) Scatter plot (b) Error plot. 

 
(a) 

 
(b) 

Fig. 15 Performance of ENN model for penetration condition (a) Scatter plot (b) Error 

plot 

 

 
(a) 

 
(b) 

Fig. 16 Performance of MARS model for penetration condition (a) Scatter plot (b) Error 

plot 
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presented as follows: 

𝑇𝑜𝑡𝑎𝑙 𝑠𝑐𝑜𝑟𝑒 =  ∑ 𝑆𝑖
𝑚
𝑖=1 + ∑ 𝑆𝑗

𝑛
𝑗=1                      (34) 

where 𝑆𝑖 and 𝑆𝑗 represent the score of the individual statistical 

parameters for the training and testing phases, respectively. 𝑚 

and 𝑛 represent the number of statistical parameters used for 

the rank analysis. 

The best model has allotted the first rank, and the worst 

model has the last position. Overall, rank analysis provides a 

useful tool for model selection by enabling researchers to 

compare the performance of different models and identify the 

best model based on its ability to predict uplift and penetration 

resistance.  

In the case of the uplift condition, the MARS model  

achieved the first rank with a score value of 80, followed 

by the BI-LSTM (60), LSTM (40), and ENN (20) models, 

which achieved second, third, and fourth ranks, respectively. 

Similarly, for penetration conditions, the MARS model again 

achieved the first rank with a score value of 80, followed by 

the BI-LSTM (60), LSTM (40), and ENN (20) models, 

achieving second, third, and fourth ranks, respectively. It can 

be concluded that MARS performs best when compared to the 

other models. However, the Bi-LSTM, LSTM, and ENN 

models can also predict the normalized uplift and penetration 

resistance. Tables 9 and 10 display the rank of the proposed 

models for uplift and penetration conditions, respectively. 

 

4.6 Uncertainty analysis 

Uncertainty analysis is a process used to assess the potential 

errors and uncertainties of predictive models. This analysis is 

performed for 256 cases of uplift conditions and 384 cases of 

penetration conditions. Several steps are involved in 

uncertainty analysis. The first step is to characterize the 

uncertainty. This step consists of quantifying the uncertainty 

associated with each source. This may include calculating 

standard deviations (𝑆𝑒), mean error (𝑒̂), confidence intervals, 

or other statistical measures. The mathematical formulations 

used for the calculation of standard deviations (𝑆𝑒) and mean 

error (𝑒̂) are presented as follows in Eqs. (35) and (36): 

𝑆𝑒 =  √
∑ (𝑒𝑖−𝑒̂)𝑛

𝑖=1

𝑛−1
                                        (35) 

𝑒̂ =
∑ 𝑒𝑖

𝑛
𝑖=1

𝑛−1
                                             (36) 

Table 9. Rank analysis for uplift condition. 

Model LSTM Bi-LSTM ENN MARS 

Parameters TR TS TR TS TR TS TR TS 

R2 
Value 0.973 0.974 0.995 0.997 0.963 0.951 0.999 0.998 

Score 2 2 3 3 1 1 4 4 

Adj R2 
Value 0.973 0.973 0.995 0.997 0.962 0.949 0.999 0.998 

Score 2 2 3 3 1 1 4 4 

WMAPE 
Value 0.095 0.108 0.036 0.038 0.127 0.151 0.019 0.026 

Score 2 2 3 3 1 1 4 4 

NS 
Value 0.973 0.973 0.995 0.997 0.950 0.944 0.999 0.998 

Score 2 2 3 3 1 1 4 4 

RMSE 
Value 0.040 0.039 0.018 0.014 0.055 0.056 0.008 0.010 

Score 2 2 3 3 1 1 4 4 

VAF 
Value 97.31 97.43 99.49 99.66 95.30 94.77 99.89 99.82 

Score 2 2 3 3 1 1 4 4 

PI 
Value 1.906 1.908 1.972 1.979 1.860 1.841 1.990 1.986 

Score 2 2 3 3 1 1 4 4 

RSR 
Value 0.164 0.164 0.072 0.058 0.225 0.236 0.033 0.042 

Score 2 2 3 3 1 1 4 4 

WI 
Value 0.993 0.993 0.999 0.999 0.986 0.985 1.000 1.000 

Score 2 2 3 3 1 1 4 4 

MAE 
Value 0.032 0.031 0.012 0.011 0.043 0.043 0.006 0.007 

Score 2 2 3 3 1 1 4 4 

Sub Total 20 20 30 30 10 10 40 40 

Total Score 40 60 20 80 

Rank   Third Second Forth First 
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Fig. 17 Error matrix for uplift condition.

Table 10. Rank analysis for penetration condition. 

Model LSTM Bi-LSTM ENN MARS 

Parameters TR TS TR TS TR TS TR TS 

R2 
Value 0.988 0.989 0.998 0.998 0.979 0.981 0.999 0.998 

Score 2 2 3 3 1 1 4 4 

Adj R2 
Value 0.988 0.989 0.998 0.997 0.979 0.980 0.999 0.998 

Score 2 2 3 3 1 1 4 4 

WMAPE 
Value 0.050 0.047 0.019 0.020 0.066 0.060 0.017 0.017 

Score 2 2 3 3 1 1 4 4 

NS 
Value 0.988 0.989 0.998 0.997 0.979 0.980 0.999 0.998 

Score 2 2 3 3 1 1 4 4 

RMSE 
Value 0.027 0.026 0.011 0.013 0.036 0.035 0.009 0.010 

Score 2 2 3 3 1 1 4 4 

VAF 
Value 98.806 98.90 99.81 99.74 97.91 98.05 99.86 99.84 

Score 2 2 3 3 1 1 4 4 

PI 
Value 1.949 1.951 1.985 1.982 1.922 1.926 1.988 1.987 

Score 2 2 3 3 1 1 4 4 

RSR 
Value 0.110 0.106 0.044 0.051 0.145 0.140 0.037 0.040 

Score 2 2 3 3 1 1 4 4 

WI 
Value 0.997 0.997 1.000 0.999 0.995 0.995 1.000 1.000 

Score 2 2 3 3 1 1 4 4 

MAE 
Value 0.021 0.021 0.008 0.009 0.027 0.027 0.007 0.008 

Score 2 2 3 3 1 1 4 4 

Sub Total 20 20 30 30 10 10 40 40 

Total Score 40 60 20 80 

Rank   Third Second First First 
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Fig. 18 Error matrix for penetration condition. 

 

Where 𝑒𝑖  represents the mean error of individual feature 

parameters, which can be calculated with the help of Eq. (37). 

𝑒𝑖 = 𝑦𝑖 − 𝑑𝑖                                 (37) 

where 𝑑𝑖  and 𝑦𝑖  represent the actual and predicted output 

values, respectively.  

The second step is to combine the uncertainties. Once the 

individual uncertainties are quantified, they can be combined 

to determine the overall uncertainty associated with the 

measurement or calculation. The third step is to communicate 

the uncertainty: It is important to communicate the uncertainty 

related to the results of a measurement or calculation to ensure 

that others can correctly interpret the data. Uncertainty 

analysis is a crucial part of scientific research as it helps to 

ensure that results are accurate and reliable. The Wilson score 

method is applied to calculate the confidence band for the 

mean error with the help of calculated standard deviations (𝑆𝑒) 

and mean error (𝑒̂) values.[53,54] The results of the uncertainty 

analysis for both uplift and penetration conditions are 

presented in Tables 11 and 12, respectively. Additionally, the 

comparison of the uncertainty bandwidths of all the models for 

both uplift and penetration conditions is shown in Fig. 19. The 

results are presented in Tables 11 and 12. The MARS model 

represents the minimum mean error value in uplift and 

penetration conditions, followed by the Bi-LSTM, LSTM, and 

ENN models. Conversely, the MARS model represents a 

lesser uncertainty bandwidth than the BI-LSTM, LSTM, and 

ENN models, which means that the MARS model provides the 

best result in uplift and penetration conditions. However, the 

Bi-LSTM, LSTM, and ENN models can also accurately 

predict the uplift and penetration resistance. 

Table 11. Results of uncertainty analysis for the uplift condition.

Model 
Uplift 

Condition 

Mean 

Error 
SD E Band width 

95% confidence interval 

error 

LSTM 
Training -0.0009 0.0405 0.0794 -0.0803 0.0785 

Testing -0.0080 0.0387 0.0759 -0.0838 0.0679 

BI-LSTM 
Training 0.0007 0.0177 0.0346 -0.0339 0.0354 

Testing 0.0015 0.0141 0.0276 -0.0260 0.0291 

ENN 
Training 0.0144 0.0536 0.1051 -0.0906 0.1195 

Testing 0.0136 0.0552 0.1083 -0.0947 0.1218 

MARS 
Training 3.37E-06 0.0081 0.0161 -0.0160 0.0161 

Testing -0.0005 0.0091 0.0178 -0.0184 0.0173 
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Fig. 19 Uncertainty band width for uplift and penetration condition, a) Uncertainty band width of uplift condition in training, b) 

Uncertainty band width of uplift condition in testing, c) Uncertainty band width of penetration condition in training, d) Uncertainty 

band width of penetration condition in testing.  

 

Table 12. Results of uncertainty analysis for the penetration 

condition. 

Model 
Uplift 

Condition 

Mean 

Error 
SD E 

Band 

width 

95% confidence 

interval error 

LSTM 

Training 
-

0.0029 

0.027

1 

0.053

1 

-

0.0560 

0.050

2 

Testing 
-

0.0032 

0.026

4 

0.051

7 

-

0.0549 

0.048

6 

BI-

LSTM 

Training 
-

0.0007 

0.010

8 

0.021

3 

-

0.0219 

0.020

6 

Testing 
-

0.0012 

0.012

7 

0.024

9 

-

0.0261 

0.023

7 

ENN 

Training 0.0024 
0.035

8 

0.070

2 

-

0.0678 

0.072

6 

Testing 
-

0.0008 

0.035

1 

0.068

8 

-

0.0696 

0.068

0 

MAR

S 

Training 0.0001 
0.009

9 

0.019

5 

-

0.0194 

0.019

6 

Testing 
-

0.0004 

0.010

1 

0.019

7 

-

0.0201 

0.019

4 

4.7 Sensitivity analysis 

Sensitivity analysis is a method used to evaluate the sensitivity 

of a model's output to changes in its input parameters. It 

involves changing one or more input variables and observing 

the resulting changes in the output variable. This analysis is 

useful in understanding how different input parameters affect 

the model's output and identifying which input variables have 

the most significant impact on the output and which input 

variables have the least significant impact on the output. 

Therefore, to analyze the impact of the input parameters on the 

output parameters (i.e., the uplift resistance (𝑞𝑡/𝜌𝐷) for the 

pull-out case and penetration resistance ( 𝑞𝑐/𝜌𝐷 ) for the 

bearing case), the cosine amplitude method of Jong & Lee 

(2004) is used in this paper. The dataset is presented in the 

form of a data array, X in the following form in Eq. (38):  

𝑋 =  {𝑥1, 𝑥2, … 𝑥𝑖 … 𝑥𝑛}                         (38) 

where the variable 𝑥𝑖  represents a length vector of m as 

follows in Eq. (39): 

𝑥𝑖 =  {𝑥𝑖1, 𝑥𝑖2, … … 𝑥𝑖𝑚}                         (39) 
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To determine the correlation between the strength of relation 

(𝑅𝑖𝑗  ) and the input datasets of 𝑥𝑖 and 𝑥𝑗 is calculated using the 

mathematical Eq. (40). 

𝑅𝑖𝑗 =
∑ 𝑥𝑖𝑘𝑥𝑗𝑘

𝑚
𝑘=1

√∑ 𝑥𝑖𝑘
2𝑚

𝑘=1 ∑ 𝑥𝑗𝑘
2𝑚

𝑘=1

                          (40) 

The obtained values of 𝑅𝑖𝑗  for both uplift and penetration 

conditions are presented in Figs. 20 and 21, respectively, 

indicating the relation between the input parameters and uplift 

resistance and penetration resistance. The results of sensitivity 

analysis presented in Figs. 20 and 21 reveal that the pipe 

embedded depth ratio (w/D) has the greatest influence on the 

uplift and penetration resistance with strength values of 0.91 

and 0.99, respectively. The spacing ratio (S/D) has the 

minimum effect on the uplift and penetration resistance with 

strength values of 0.79 and 0.80, respectively. All the three 

input parameters have a higher influence on the output of both 

uplift and penetration conditions; hence, all three parameters 

are considered in predicting the uplift and penetration 

resistance. 

 

4.8 Taylor diagram 

A Taylor diagram is a graphical tool used to assess the 

similarity between two or more sets of data or models. It was 

introduced by Karl E. Taylor[55] as a way to visually represent 

the correlation, root mean square error (RMSE), and standard 

deviation of different proposed machine learning models in a 

concise and intuitive manner. The Taylor diagram consists of 

a polar coordinate system where the reference dataset or model 

is represented by a point at the origin. Other datasets or models 

are represented by points on the diagram, with their distance 

from the origin indicating their correlation with the actual 

dataset. The angle between the radial line connecting the point 

to the origin and the horizontal axis represents the standard 

deviation ratio, while the distance from the reference dataset 

to the point represents the RMSE ratio. By plotting multiple 

datasets or models on a Taylor diagram, it becomes easy to 

compare their correlation, RMSE, and standard deviation with 

respect to a reference dataset. Points that are close to the 

reference point indicate a high correlation and low RMSE, 

while points farther away indicate lower correlation and 

higher RMSE. The angle of the point also provides 

information about the standard deviation. Figs. 22 and 23 

represent the Taylor diagrams for uplift conditions in the 

training and testing phases, respectively, and Figs. 24 and 25 

represent the Taylor diagrams for penetration conditions in the 

training and testing phases, respectively. It can be observed 

from the presented figures that the MARS model is close to 

the reference point and has a high correlation coefficient and 

low RMSE under both uplift and penetration conditions, while 

the ENN model lies further away from the reference point and 

has a low correlation coefficient and high RMSE under both 

uplift and penetration conditions. 

 
Fig. 20 Doughnut diagram of sensitivity analysis for uplift 

condition.  

 

 
Fig. 21 Doughnut diagram of sensitivity analysis for penetration 

condition. 

 
Fig. 22 Taylor diagram of uplift condition in training. 
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Fig. 23 Taylor diagram of uplift condition in testing. 

 
Fig. 24 Taylor diagram of penetration condition in training. 

 
Fig. 25 Taylor diagram of penetration condition in testing. 

 

5. Conclusion and future scope 

This paper presents AI-based regression models for evaluating 

the normalized uplift and penetration resistance of two 

interfering pipelines buried in clay, which increase in strength 

linearly based on the FELA solution. Three input parameters, 

namely, the spacing ratio (S/D), the pipe embedded depth ratio 

(w/D), and the normalized soil unit weight ( 𝛾/𝜌 ), are 

considered as input parameters, while the normalized uplift 

resistance ( 𝑞𝑡/𝜌𝐷 ) and normalized penetration resistance 

(𝑞𝑐/𝜌𝐷) are considered as output parameters during training 

of the regression models. To develop regression models such 

as LSTM, Bi-LSTM, ENN, and MARS models, 254 and 384 

FELA solutions are used for uplift and penetration conditions, 

respectively. The predictive performance of the models used 

was examined and compared using various indicators of 

performance metrics, including scatter and error plots, rank 

analysis, error matrices, Taylor diagram and uncertainty 

analysis. Sensitivity analysis is also performed to determine 

the impact of the most and least significant input parameters 

on the output parameters for both uplift and penetration 

condition. The results of the sensitivity analysis indicate that 

the pipe embedded depth ratio (w/D) has the most significant 

effect and the spacing ratio (S/D) has the least significant 

effect in both uplift and penetration conditions. According to 

the obtained results of all models presented in Tables 7 and 8, 

it can be concluded that the MARS model outperforms overall 

in both uplift and penetration conditions. All used models can 

predict the normalized uplift and penetration resistance, as 

presented by the performed study. However, the predictive 

equations (32) and (33) of MARS can be employed as a 

straightforward formula to estimate the normalized uplift and 

penetration resistance of two interfering pipelines buried in 

clay. The uncertainty bandwidth in the MARS model case is 

narrower than that in the BI-LSTM, LSTM, and ENN models 

for uplift and penetration conditions. The results of uncertainty 

analysis have shown that the developed MARS model is 

robust and can generalize over the given data range. 

Importantly, once the necessary database is established, 

practical engineers can implement the proposed models in 

additional engineering applications.  

The proposed advanced regression models have several 

benefits, such as being inexpensive, easy to connect to FELA 

and experimental data, and having high prediction accuracy. 

The used models predicting the uplift and penetration 

resistance of two interfering pipelines are valid for the 

abovementioned dimensionless input and output parameters. 

On the other hand, once more recent data become accessible, 

the proposed models can be easily updated. 
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