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Abstract 
 

Point defects play an important role in the physical properties of materials. In this work, the effects of impurities on the 
stability, mechanical properties, thermal conductivity and thermodynamics of β-Si3N4 have been investigated by first-
principles calculations in combination with the Debye model. The results show that, for intrinsic defects, the order of defective 
formation energy Ef is VN < NSi < VSi < SiN in the N-rich side, while in the N-poor side the formation of antisite SiN becomes 
facile than the two types before it. The Ef of substitutional defect ON is always far smaller than that of OSi, while the Ef of 
group defects ON-OSi and ON-VSi are much lower than that of group OSi-VN in N-rich side. Furthermore, the point defects have 
a significant effect on mechanical properties, thermal conductivity (TC) 𝜅  and Gibbs free energy Eg. Interestingly, the 
incorporation of substitutional defects YSi, (Ce-Pr)Si, and (Tb-Ho)Si would improve the ductility of β-Si3N4 based on the acquired 
G/B results. On the other hand, intrinsic defects VN, NSi, SiN and substitutional defects of (H, C, O)N, (Sc, Y, La, Nd-Lu)Si have 
the minimal impact on reducing the 𝜅 of β-Si3N4 and can maintain it up to 200 W/(m·K). These findings are helpful for further 
investigation of improving the ability of heat transfer and service life for β-Si3N4 electronic devices. 
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1. Introduction 

Recently, advanced electronic devices have been widely used 

in various fields, such as automotive electronics, medical 

devices, and aerospace industries. With the increasing 

demands of these applications, the growing trends of 

electronic devises toward the higher power, small volume and 

high integration as their objectives.[1-3] The higher 

requirements for these electronic devises will lead to a lot of 

heat in electronic devises resulting in large thermal stress, 

which greatly reduces their service life.[4-7] Thus, the 

outstanding of higher thermal conductivity (TC) and hardness 

of ceramic substrates become requirements in high-power 

electronic devices. 

The common AlN ceramic substrates exhibit a high TC of 

150 W/ (K∙m), however, their mechanical properties are 

insufficient to meet the required bending strength of 350 MPa 

and fracture toughness of 2.7 MPa∙m1/2[8] Fortunately, in recent 

times, there has been a growing interest in silicon nitride Si3N4 

substrates due to their impressive bending strength of 

approximately 800 Mpa, remarkable fracture toughness of 

around ~8 MPa∙m1/2, lower coefficient of thermal expansion 

of 3.2×10-6 K, high resistivity of >1014Ωꞏcm, and it has 

become an indispensable material for supporting advanced 

semiconductor systems, especially demonstrating 

irreplaceable advantages in the fields of photonic integration, 

power module packaging, and high-frequency substrates.[9-15] 

To our knowledge, the theoretical average TC of β-Si3N4 

crystal can reach 320 W/(K∙m),[16] however, the β-Si3N4 

substrates exhibit a lower thermal conductivity of 

approximately 100 W/(K∙m) in practical scenarios due to the 

presence of point defects, secondary phases, grain boundary 

films, and porosity, especially in the case of high concentration 

of oxygen point defects.[11,17] The oxygen atoms can substitute 

nitrogen sites, resulting in the generation of group defects of 

ON+VSi, thereby decreasing the phonon mean free path, and 

thus decreasing the TC of β-Si3N4.[18,19] In addition, point 

defects have a significant impact on the mechanics and 

thermodynamics of materials.[20-22] Meanwhile, the sinter 

1Research Institute of Automobile Parts Technology, Hunan Institute 

of Technology, Hengyang, 421002, China 
2College of Materials Science and Engineering, Hunan University, 

Changsha, 410082, China 
3Xinjiang Xianghe New Materials Technology Co., Ltd, Hami, 

839000, China 
*Email: 2021001018@hnit.edu.cn (T. Li),  

luoheng1020@yeah.net (H. Luo) 

https://www.espublisher.com/


Research article                                                                                                                                                                                Engineered Science 

 

2 | Eng. Sci., 2025, 37, 1750                                                                                                                                                                 Engineered Science Publisher 

additives of rare earth (RE), such as Y2O3, Yb2O3, CeO2, 

elements in experiments as the most common approach can 

significantly improve the TC of β-Si3N4 semiconductor 

ceramics.[23,24]  

Mikito et al. have investigated the TC of β-Si3N4 with a 

series of rare earth (RE=La, Nd, Gd, Y, Yb and Sc) oxide 

additive.[25] Their results showed that with the decrease of the 

ionic radius of RE elements, the TC of Si3N4 ceramics will 

increase owing to an increasing cationic field strength to 

decrease lattice oxygen content. Yokota et al.[26] have sintered 

high-purity β-Si3N4 powder at a temperature of 1900 ℃ with 

the sintering agent, consisting of 10% mass fraction Yb2O3 and 

2% mass fraction ZrO2. The experiments were meticulously 

categorized into two groups, with group B subjected to 

annealing at a temperature of 1900 ℃. The results showed that 

under longer sintering time of ~36 hours and additional 

annealing treatment, the TC of group B is about 50% higher 

compared to group A without annealing, reaching 150 W/ 

(K∙m) due to significant grain growth and reduced lattice 

defects. Dai et al.[27] proposed a sintering method: (1) about 

0.4 wt.% Al was added to Si powder; (2) then, the mixed 

powder underwent nitration reaction at 1400 ℃; (3) finally, 

the obtained β-Si3N4 sample was sintered at 1900 ℃. The 

results demonstrated a decrease in fracture toughness from 7.3 

to 6.0 MPa∙m1/2 with an increase in Al content, accompanied 

by a decline in TC from 91.9 to 58.0 W/ (K∙m), which can be 

attributed to the dissolution of Al in β-Si3N4. 

Although we have learned that the TC and mechanical 

property of β-Si3N4 are influenced by intrinsic defects and 

exotic impurity atoms, a comprehensive understanding of the 

atomic-level intrinsic factors is still lacking. Furthermore, the 

impacts of point defects on the thermodynamic properties, 

such as Gibbs free energy, thermal expansion coefficient, etc. 

have not been proposed. And the potential relation between 

TC, mechanical property and thermodynamic properties of β-

Si3N4 and the positions of impurity elements in the periodic 

table hasn’t been suggested. To date, it’s still difficult to 

investigate the effects of point defects on the TC β-Si3N4 in 

experiment due to the complex operation and multivariate 

environment. In recent years, with the development of modern 

computer technology, the theoretical identification, e.g., first-

principles calculations, in complicate materials has been 

becoming a useful method for the investigation and applied in 

materials such as metals, semiconductors, high entropy alloys 

and 2D materials.[28-36]  

Lu et al.[37] have used the first-principles calculation to 

investigate the effects of vacancies on structural stability of β-

Si3N4. Their results show that the N vacancy VN is easier to 

form than the Si vacancy VSi as the vacancy formation energy 

of VSi, 12.56 eV, is larger than that of VN, 3.38 eV, under the 

same thermodynamic conditions. Yang et al.[38] have studied 

the effect of La element on the oxygen dissolving in β-Si3N4 

by fixing La at the surface of β-Si3N4 based on first-principles 

calculations. They pointed out that oxygen atom favors staying 

in the central vacancies of β-Si3N4, and the doping of La atom 

can effectively immobilize oxygen on the surface of β-Si3N4, 

thereby preventing the diffusion of oxygen impurities into the 

inner lattice. The findings further demonstrated that the 

presence of 1.429 at. % oxygen resulted in a reduction of  

35.28% and 18.78% in the TC and shear modulus, respectively, 

of β-Si3N4. Very recently, Li et al[39] adopted first-principles 

combing with phonon’s Boltzmann transport equation within 

the relaxation-time approximation (RTA) to calculate TC of β-

Si3N4. Their results showed that the TC of pure β-Si3N4 can 

reach 325.06 W/ (mꞏK).  

Based on the above analysis, despite the frequent 

occurrence of nonmetals (NMs) and rare earth elements (REs) 

in β-Si3N4, there is currently no comprehensive and clear 

explanation of the competitive relationship between these 

atoms for replacing vacancies in Si3N4. This is essential to 

avoid excessively reducing thermal conductivity at the atomic 

level. In our work, we firstly calculated the defective 

formation energy of intrinsic (VSi, VN, SiN, NSi) and impurities 

defects, including nonmetal (NM) and rare earth (RE) 

elements substitutional (NMN, RESi) defects based on first-

principles calculation, and then the mechanical parameters of 

defects containing β-Si3N4 ceramic was discussed by the 

energy-strain method. Further, the effects of defects on TC of 

β-Si3N4 was obtained by using a simple formula from the 

spectral specific heat integrated. Finally, the effects of defects 

on the thermodynamics have been discussed using the Debye 

temperature. All calculated defective formation energy, 

mechanical parameters, TC and Gibbs free energy were 

associated with the positions of impurity elements in periodic 

table. 

 

2. Computation detail 

In this work, we employed the density functional theory (DFT) 

in the Kohn–Sham theoretical framework as implemented in 

the Vienna ab initio Simulation Package (VASP) with the 5.4.4 

version.[40] Meanwhile, The projector augmented wave 

(PAW)[41] method and Perdew–Burke–Ernzerh of (PBE) 

version of generalized gradient approximation (GGA)[42] was 

employed to calculate the total energy of models in VASP 

codes. In the processing of calculation, the cutoff energy of 

plane wave basis of 350 eV, and the PAW_GGA 

pseudopotentials of NM (NM=H, B, C, N, O, F, Si), RE 

(RE=Sc, RE_sv=Y_sv, RE_3=La-Lu) were adopted, 

respectively. The system of 2×2×2 supercell containing 112 

atoms was used to construct a series of modes of substitution 

of impurities and intrinsic defects for bulk materials, and 

Brillouin zone sampling was performed using the Gamma 

centered Monkhorst–Pack method[43] with 3×3×6 k-point 

mesh. The electronic self–consistence convergency criterion 

for electron iteration was 10-6 eV/atom; the ground-state 

geometries were relaxed via conjugate gradient (CG) 

minimization until the Hellman-Feymann forces[44] on each 

atom were less than 0.01 eV/Å.  

 

3. Results and discussion 
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3.1 The stability of defects 

To evaluate the relative stability of defects in β-Si3N4, we have 

constructed the defective model, as shown in Fig. 1(a) 

visualized by the software VESTA.[45] In β-Si3N4, the typical 

intrinsic defects usually consist of four types: vacancies VSi, 

VN and antisite defects SiN, NSi. The substitutional impurity 

defects can be classified into two categories, namely the non-

metallic elements substitution (NMN) and rare earth elements 

replacement (RESi). In Fig. 1(a), the red and orange balls 

represent the substitution or removal of N and Si sites, 

respectively. Further, the defective formation energy, a 

commonly used stability parameter, is determined by 

calculating the energy difference between a defective and a 

perfect supercell: 

 
Fig. 1: (a) The defective model; (b) The Ef of intrinsic defects as a function of chemical potential; The Ef of (c) NMN and (d) RESi as 

a function of atomic number, respectively.  

Note: the ref. [a] is from the calculated results of Lu et al.[37] 

 

𝐸𝑓 = 𝐸𝑑 − 𝐸𝑝 − ∑ 𝑛𝑖𝜇𝑖

𝑖

 (1) 

In Eq. (1), where Ep and Ed are the total energies of the 

perfect and defective supercells, respectively. ni and µi are the 

number of atoms added (ni>0) or removed (ni<0) and 

corresponding chemical potential of specific species, 

respectively. The chemical potential of specific species plays 

an important role in β-Si3N4. To stabilize β-Si3N4 instead of 

forming bulk Si and gas N2, the chemical potential µi needs to 

satisfy the following Eq. (2)-(4): 

3∆𝜇𝑆𝑖 + 4∆𝜇𝑁 = ∆𝐻𝑓(𝑆𝑖3𝑁4) (2) 

∆𝜇𝑆𝑖 = 𝜇𝑆𝑖 − 𝜇𝑆𝑖
0 ≤ 0 (3) 

∆𝜇𝑁 = 𝜇𝑁 − 𝜇𝑁
0 ≤ 0 (4) 

where 𝜇𝑆𝑖
0  and 𝜇𝑁

0  are the energy of single atom for the Si bulk 

and N2 gas, respectively.  

Under the N-rich condition corresponding to Si-poor, the N 

chemical potential 𝜇𝑁 is equal to 𝜇𝑁
0 , following as Eq. (5): 

𝜇𝑁 = 𝜇𝑁
0  (5) 

Thus, the Si chemical potential 𝜇𝑆𝑖  can be calculated by 

inserting ∆𝜇𝑁 = 0 into the Eq. (2), and it can be obtained as 

following Eq. (6): 

𝜇𝑆𝑖 =
1

3
∆𝐻𝑓(𝑆𝑖3𝑁4) + 𝜇𝑆𝑖

0  (6) 

And the opposite condition (N-poor corresponding to Si-

rich), the ∆𝜇𝑆𝑖 also is equal to 0 (𝜇𝑆𝑖 = 𝜇𝑆𝑖
0 . Therefore, 𝜇𝑁 can 

be calculated by Eq. (7): 

𝜇𝑁 =
1

3
∆𝐻𝑓(𝑆𝑖3𝑁4) + 𝜇𝑁

0  (7) 

To investigate the effects of point defects on the TC of β- 

Si3N4, the lattice constant a0 and the formation energy Ef of 

vacancies VSi, VN, antisite defects SiN, NSi, substitutional 

impurity elements NMN and RESi are firstly calculated, and 

results are summarized in Table 1. It can be seen that, the 
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calculated lattice constant a0 is in good agreement with the 

experimental and theoretical predicted results with the 

maximum errors no more than 2%,[37,46,47] demonstrating the 

accuracy and dependability of the work. However, the 

maximum error of formation energy Ef between this work and 

previous results exceeds 1 eV;[37] the discrepancy may arise 

from the disparity in reference energy for a single N atom 

compared to previous studies. The energy of -8.269 eV for a 

single nitrogen atom and -5.418 eV a single silicon atom 

originates from gas N2 and bulk Si, respectively.  

Clearly, from Table 1, one can see that the Ef of ON is 

always much lower than that of OSi, regardless of the N-rich 

and N-poor conditions (corresponding to Si-poor and Si-rich, 

respectively), meaning that it’s difficult for O atoms to occupy 

the position of Si in β-Si3N4. For double defects, the Ef of 

combinations ON-OSi and ON-VSi are much lower than that of 

group OSi-VN. To explicitly articulate the correlation among 

intrinsic defects, VN, VSi, NSi, SiN, and special environment 

factors, we have calculated the formation energy difference of 

intrinsic defects under both N-rich (ΔµN=0, ΔµSi=-2.62) and 

N-poor (ΔµN=-1.96, ΔµSi=0) conditions, and the main results 

Table 1: The calculated lattice constants 2a (Å), 2b (Å), 2c (Å), defective formation energy Ef (eV) and local lattice distortion δ (%) 

in β-Si3N4. 

Defects 
2a   2b  2c  Ef 

 

δ 

   N-rich N-poor  

SiN 

15.100 

15.152[46] 

15.290[37] 

15.100 

15.152[46] 

15.290[37] 

5.778 

5.748[46] 

5.840[37] 

- - 

 

- 

VN 15.107 15.061 5.784 
4.95 

3.38[37]  
2.99  

4.64×10-4 

 

VSi 15.117 15.113 5.772 9.14  
11.76 

12.56[37]  

1.13×10-3 

NSi 15.088 15.078 5.782 6.82  11.39  7.95×10-4 

SiN 15.108 15.152 5.804 11.95  7.37  5.30×10-4 

HN 15.145  15.103  5.760  5.70  3.73  2.98×10-3 

BN 15.113  15.142  5.793  4.53  2.56  8.61×10-4 

CN 15.102  15.121  5.786  3.93  1.97  1.32×10-4 

ON 15.114  15.105  5.782  0.60  -1.36  9.27×10-4 

OSi 15.096 15.134 5.783 7.05  9.67  2.65×10-4 

ON-OSi 15.122 15.104 5.780 1.82  2.47  1.46×10-3 

ON-VSi 15.096 15.086 5.775 3.65  4.31  2.65×10-4 

OSi-VN 15.082 15.066 5.777 7.05 7.71 1.19×10-3 

ScSi 15.196  15.113  5.793  0.37  2.99  6.36×10-3 

YSi 15.221  15.122  5.796  2.25 4.87 8.01×10-3 

LaSi 15.248  15.128  5.795  4.11  6.73  9.80×10-3 

CeSi 15.248  15.136  5.798  4.81  7.43  9.80×10-3 

PrSi 15.243  15.136  5.797  4.38  6.99  9.47×10-3 

NdSi 15.237  15.137  5.797  4.00  6.62  9.07×10-3 

PmSi 15.232  15.136  5.796  3.62  6.24  8.74×10-3 

SmSi 15.229  15.135  5.796  3.38  5.99  8.54×10-3 

EuSi 
15.227 

15.502[47]  

15.132 

15.393[47]  

5.796  
3.09  5.71  

8.41×10-3 

GdSi 15.224  15.130  5.796  2.75  5.37  8.21×10-3 

TbSi 15.222  15.127  5.796  2.51  5.13  8.08×10-3 

DySi 15.221  15.125  5.796  2.29  4.91  8.01×10-3 

HoSi 15.219  15.122  5.796  2.09  4.71  7.88×10-3 

ErSi 15.219  15.120  5.796  1.91  4.53  7.88×10-3 

TmSi 15.218  15.118  5.796  1.73  4.34  7.81×10-3 

YbSi 15.216  15.117  5.796  1.52  4.14  7.68×10-3 

LuSi 15.216  15.115  5.796  1.36  3.98  7.68×10-3 
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are depicted in Fig. 1(b). It is found that in N-rich region, the 

order of Ef is VN < NSi < VSi < SiN; whereas in the N-poor 

region, the order of Ef is VN < SiN < NSi < VSi, indicating that 

the formation of VN is consistently facilitated under both N-

rich and N-poor conditions. From the results of order of Ef, in 

N-rich side, SiN and VSi are more difficult to form than NSi, 

whereas SiN is easier to form in N-poor side. In addition, the 

local lattice distortion 𝛿 between the solute atoms and Si3N4 

matrix produces a hardening effect, and can be defined as: 𝛿 =
𝑎def−𝑎per

𝑎per
×100% ，where 𝑎def  and 𝑎per  are the lattice 

constants of the defect compounds and pure Si3N4, 

respectively, as also listed in Table 1. From the results, it can 

be seen that a larger atomic radius would cause larger 

distortion, leading to better solid solution strengthening effect. 

Furthermore, we have illustrated the calculated Ef of 

substitutional defects NMN and RESi in β-Si3N4 as a function 

of atomic number in Fig. 1(c-d) for both N-rich and N-poor 

conditions. One can see that for both NMN and RESi in β-Si3N4, 

the variation trends of Ef exhibit consistent patterns as the 

atomic number increases, irrespective of N2 condition. The 

evidence clearly demonstrates, the Ef of NMN decreases 

linearly from ~5.70 eV for HN to ~3.93 eV for CN, and then 

decreases sharply to ~0.60 eV for ON. Whereas the Ef of RESi
 

exhibits a linear increase at first, ranging from ~2.99 eV for 

ScSi to ~7.43 eV for CeSi, and then decreases linearly to ~3.98 

eV for LuSi. The results further show that the Ef of NMN in N-

poor shows a lower value than NMN in N-rich, while Ef of RESi 

in N-rich presents a lower value compared to that of RESi in 

N-poor. The findings indicate a higher likelihood of NM atoms 

replacing N sites in N-poor conditions, while RE atoms are 

more prone to replace Si sites in N-rich environments.  

 

3.2 The effects on mechanical property 

The presence of various point defects in semiconductor 

ceramics is a common phenomenon, and these defects play a 

pivotal role in fundamental mechanical parameters, such as the 

bulk modulus 𝐵, shear modulus 𝐺, Young’s modulus 𝐸. These 

parameters can be calculated from elastic constants 𝐶ij ,[48], 

which are derived from the correlation between systemic 

energy and minor deformation, as following[49,50] Eq. (8): 

Δ𝐸 =
𝑉0

2
∑ 𝐶𝑖𝑗𝜀𝑖

6

𝑖,𝑗=1

𝜀𝑗 (8) 

where Δ𝐸 is the energy difference between the total energies 

of nonequilibrium 𝐸s  and equilibrium 𝐸0 ; the 𝜀𝑖  and 𝜀𝑗 

represent the minor strains associated with indexes 𝑖  and 𝑗 , 
respectively. Generally speaking, the mechanical stability of 

defective structures is evaluated based on the Born criterion,[51] 

which distinguishes it from an energy perspective. For 

hexagonal β-Si3N4, the criteria for assessing mechanical 

stability are calculated as[52, 53] Eq. (9)-(10): 

C44 > 0; C11 − C12 > 0 (9) 

C11 × C33 > (C13)2; C33 × (C11 + C12) > 2(C13)2 (10) 

Specifically, the 𝐺 and 𝐵 are used to determine the ability 

of materials to resist volume and shape deformation, 

respectively, and the results of them can be used to derive the 

values of Vicker’s hardness of materials by the empirical 

formula: 𝐻v = 2(𝑘2𝐺)0.585 − 3,[54,55] where k = G/B is Pugh’s 

modulus ratio. Besides, Tian et al. also provided another 

method for calculating hardness for superhard crystals: 𝐻t =
0.92𝑘1.137𝐺0.708 . The B and G can be calculated based on 

Voigt-Reuss-Hill’s theory[53,54,56] by the following Eq. (11)-(16): 

𝐵R =
[(𝐶11 + 𝐶12)𝐶33 − 2𝐶13

2 ]

(𝐶11 + 𝐶12 − 4𝐶13 + 2𝐶33)
 (11) 

𝐵V =
[2(𝐶11 + 𝐶12) + 4𝐶13 + 𝐶33]

9
 (12) 

𝐺R

=
5[(𝐶11 + 𝐶12)𝐶33 − 2𝐶13

2 ]𝐶44𝐶66

6𝐵V𝐶44𝐶66 + 2[(𝐶11 + 𝐶12)𝐶33 − 2𝐶13
2 ](𝐶44 + C66)

 
(13) 

𝐺V =
𝐶11 + 𝐶12 − 4𝐶13 + 2𝐶33 + 12𝐶44 + 12𝐶66

30
 (14) 

𝐵 =
𝐵R + 𝐵V

2
 (15) 

𝐺 =
𝐺R + 𝐺V

2
 (16) 

where GV, BV and GR, BR are the maximum and minimum 

values of the polycrystalline elastic moduli from Voigt and 

Reuss theories, respectively. In Eq. (17), the Young’s modulus 

E and Poisson’s ratio 𝜈  denote the tensile strength and 

heterogeneity of materials, and they can be calculated from the 

G and B:[57-59] 

𝐸 =  
9𝐺𝐵

3𝐵 + 𝐺
;  𝜈 =

3𝐵 − 2𝐺

2 × (3𝐵 + 𝐺)
 (17) 

In addition, the melting temperature (Tm) of non-cubic 

systems can be theoretically approximated based on C11 and 

C33, as following Eq. (18): 

𝑇𝑚 = 354 + 1.5(2𝐶11 + 𝐶33) ± 300 (18) 

The calculated elastic constants Cij, bulk modulus B, shear 

modulus G, Young’s modulus E, Pugh’s modulus ratio G/B, 

Vicker’s hardness HV, Tian’s hardness Ht and Poisson’s ratio 

𝜈  are compiled in Table 2 and 3. The achievement of 

satisfactory consistency is derived from the comparison 

between experimental and computational results, with an 

acceptable error margin of 20%. From Table 2, it is found that 

all defective β-Si3N4 compounds meet the above judgment 

conditions. And all defects would reduce the mechanical 

modulus B, G, E to a certain extent. Moreover, the modulus G 

and E of β-Si3N4 decorated by group defects ON-VSi are 102.46 

and 257.98 GPa, which are significantly reduced compared to 
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perfect β-Si3N4 of 120.88 and 316.19 GPa, respectively, 

meaning that the group defects ON-VSi have a significant effect 

on the mechanical properties of β-Si3N4.[60] The orders of B, G 

and E for β-Si3N4 containing various intrinsic defects are VN > 

NSi > VSi > SiN, VN > SiN > NSi > VSi and VN > SiN > NSi > VSi, 

respectively. 

To clearly compare the effects of various types of 

substituted elements on mechanical properties, the main 

mechanical parameters of NMN and RESi doped β-Si3N4 as a 

function of atomic number is further illustrated in Fig. 2. In 

Fig. 2(a-b), we can see that the calculated values of G and E 

of β-Si3N4 containing NMN firstly exhibit a linear increase 

from 113.92 and 291.71 GPa for HN to 127.56 and 320 GPa 

for CN, followed by a decrease to 115.73 and 298.03 GPa for  

 

Table 2: The calculated elastic constants Cij (GPa) of β-Si3N4 containing impurities. 

Defects C11 C12 C13 C33 C44 C66 

SiN 

432.57 

433[62] 

456±31[63] 

411[64]  

211.53 

195[62] 

158±40[63] 

189[64]  

149.58 

127[62] 

238±21[63] 

117[64] 

588.78 

574[62] 

311±40[63] 

568[64]  

100.62 

108[62] 

144±11[63] 

105[64]  

110.52 

119[62]  

149±40[63] 

112[64] 

VN 390.74  172.82  90.36  571.67  88.71  108.96  

VSi 335.92  159.34  100.68  551.05  68.85  88.29  

NSi 367.04  152.90  113.26  561.42  90.74  107.07  

SiN 355.75  152.45  90.99  558.28  98.44  101.65  

HN 383.87  190.36  68.62  571.33  88.79  96.75  

BN 383.62  171.28  55.15  575.47  97.38  106.17  

CN 411.61  194.84  39.09  584.41  99.19  108.38  

ON 393.55  186.76  97.25  559.76  92.15  103.39  

OSi 359.48  170.29  42.17  559.72  90.25  94.60  

ON-OSi 369.90  164.12  37.85  565.50  97.20  102.89  

ON-VSi 328.22  181.56  7.54  557.31  81.38  73.33  

OSi-VN 354.24  149.74  10.39  565.22  90.75  102.25  

ScSi 384.58  189.84  85.01  555.89  96.47  97.37  

YSi 335.22  187.37  117.94  549.84  95.16  73.92  

LaSi 370.62  167.08  85.01  551.76  93.82  101.77  

CeSi 314.49  212.16  90.51  545.63  93.73  51.17  

PrSi 320.20  206.36  91.67  546.16  93.83  56.92  

NdSi 353.88  182.97  98.53  546.70  93.99  85.46  

PmSi 362.40  163.89  107.65  547.30  94.17  99.25  

SmSi 357.34  158.78  120.40  547.66  94.35  99.28  

EuSi 357.92  159.34  124.01  547.61  94.41  99.29  

GdSi 358.75  159.50  126.22  548.66  94.72  99.62  

TbSi 334.74  186.91  125.46  549.43  94.91  73.92  

DySi 335.95  188.04  122.38  550.02  95.11  73.95  

HoSi 340.30  188.30  123.13  550.64  95.36  76.00  

ErSi 344.19  187.85  118.64  551.21  95.58  78.17  

TmSi 353.72  192.06  110.61  551.47  95.75  80.83  

YbSi 352.35  182.73  108.46  552.00  95.86  84.81  

LuSi 371.78  187.55  99.42  552.09  95.94  92.11  
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Table 3: The calculated the bulk modulus B (GPa), shear modulus G (GPa), Young’s modulus E (GPa), Vicker’s hardness HV (GPa), 

Tian’s hardness Ht (GPa), melting temperature Tm, Pugh’s modulus ratio G/B and Poisson’s ratio 𝜈 

Defects B G E HV Ht Tm±300 G/B 𝜈 

SiN 274.23 120.88 316.19 9.68 10.81 2534.86 0.441 0.308 

VN 228.11 117.03 299.82 11.85 12.55 2383.72 0.513 0.281 

VSi 213.75 95.33 248.97 8.18 9.25 2188.33 0.446 0.306 

NSi 226.02 113.90 292.56 11.32 12.06 2297.25 0.504 0.284 

SiN 213.65 116.80 296.39 12.98 13.47 2258.65 0.547 0.269 

HN 221.25 113.92 291.71 11.68 12.36 2362.59 0.515 0.280 

BN 211.34 123.03 309.10 14.73 15.01 2368.07 0.582 0.256 

CN 217.06 127.56 320.00 15.31 15.57 2465.43 0.588 0.254 

ON 233.88 115.73 298.03 11.15 11.95 2374.29 0.495 0.288 

OSi 198.27 114.42 287.88 13.82 14.12 2272.02 0.577 0.258 

ON-OSi 197.97 122.07 303.78 15.88 15.93 2311.95 0.617 0.244 

ON-VSi 178.35 102.46 257.98 12.69 12.99 2174.63 0.574 0.259 

OSi-VN 179.06 120.24 294.74 17.68 17.37 2264.56 0.672 0.226 

ScSi 226.83 115.86 297.00 11.69 12.40 2341.56 0.511 0.282 

YSi 227.61 99.83 261.28 8.27 9.38 2184.40 0.439 0.309 

LaSi 217.74 115.61 294.68 12.35 12.94 2293.50 0.531 0.274 

CeSi 216.82 88.22 233.06 6.60 7.89 2115.90 0.407 0.321 

PrSi 217.34 91.81 241.43 7.27 8.47 2133.84 0.422 0.315 

NdSi 222.78 106.91 276.51 10.03 10.91 2235.68 0.480 0.293 

PmSi 224.06 112.28 288.64 11.11 11.86 2262.13 0.501 0.285 

SmSi 226.78 111.02 286.34 10.63 11.46 2247.49 0.490 0.290 

EuSi 228.54 110.75 286.04 10.45 11.31 2249.19 0.485 0.291 

GdSi 229.77 110.91 286.60 10.40 11.27 2253.23 0.483 0.292 

TbSi 230.40 99.05 259.90 7.96 9.12 2182.37 0.430 0.312 

DySi 229.79 99.48 260.81 8.07 9.22 2186.87 0.433 0.311 

HoSi 231.31 100.70 263.83 8.23 9.36 2200.86 0.435 0.310 

ErSi 230.39 102.38 267.51 8.61 9.69 2213.37 0.444 0.306 

TmSi 230.47 104.77 272.94 9.09 10.11 2242.35 0.455 0.303 

YbSi 226.99 106.74 276.82 9.71 10.65 2239.04 0.470 0.297 

LuSi 229.08 111.53 287.87 10.58 11.43 2297.47 0.487 0.291 

ON, respectively. Whereas the variation tendency for the bulk 

modulus B of β-Si3N4 containing NMN as a function of the 

atomic number of NM shows the opposite trend to G and E. 

For RE replacing, the bulk modulus B of β-Si3N4 containing 

RESi undergo slightly changes, not exceeding 15 GPa, as the 

atomic number of RE increased, with the average value of 

226.28 GPa. Whereas the shear modulus G of β-Si3N4 

containing RESi exhibits more pronounced fluctuations with 

the atomic number, ranging from 233.06 GPa to 297.00 GPa. 

It initially exhibits a decreasing trend from 297.00 GPa for ScSi 

to 233.06 GPa for CeSi, except for LaSi of 294.68 GPa, 

followed by an increase to 276.51 GPa for NbSi, and remains 

relatively stable until reaching GdSi, after which it drops to 

259.90 GPa for TbSi before gradually increasing again to 

287.87 GPa for LuSi. The Young's modulus E of β-Si3N4 

containing RESi demonstrates a similar variation behavior to 

that of B. 

The calculated parameters G/B and 𝜈 of β-Si3N4 containing 
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Fig. 2: The bulk modulus B (GPa), shear modulus G (GPa), Young’s modulus E (GPa) of (a) NMN and (b) RESi as a function of 

atomic number; The Pugh’s modulus ratio G/B and Poisson’s ratio 𝜈 of (c) NMN and (d) RESi as a function of atomic number. 

 

defects NMN and RESi as a function of atomic number are 

illustrated in Fig. 2(c-d). Usually, the Pugh's modulus ratio 

G/B typically plays a crucial role in determining the brittleness 

and ductility of polycrystalline materials; that is the higher the 

value of G/B, the more brittle the materials would be.[61] The ν 

of greater/smaller than 0.26 is indicative of 

uniform/nonuniform behaviors response to applied stress. It is 

seen that the G/B of β-Si3N4 containing NMN firstly increases 

from 0.51 for HN to 0.59 for CN, and then steeply decreases to 

0.49 for ON. Whereas the variation of 𝜈 presents the opposite 

trend. The variation trend of the Pugh’s modulus ratio G/B as 

a function of atomic number of RE is the same as that of 

moduli E and G of β-Si3N4 containing RESi, while the 

Poisson’s ratio ν exhibits an inverse correlation. Interesting, 

the G/B of perfect β-Si3N4 of 0.441 is larger than that of YSi, 

(Ce-Pr)Si, and (Tb-Ho)Si modified β-Si3N4, but lower than the 

rest RESi-β-Si3N4, indicating that the YSi, (Ce-Pr)Si, (Tb-Ho)Si 

would improve the ductility of β-Si3N4. 

 

3.3 The lattice thermal conductivity 

Generally, the total TC of a material can be divided into two 

parts: (1) One part contributed by electrons 𝜅e. (2) The other 

part contributed by phonon transport 𝜅𝑙. However, the TC of 

pure β-Si3N4 only be achieved by the transport as β-Si3N4 is a 

covalent compound whose electrons are bonded and cannot 

move freely.[65] Thus, the total TC is calculated by 𝜅 ≈ 𝜅𝑙. So, 

the intrinsic TC of β-Si3N4 can be affected by the phonon mean 

free path.[9,11,17,66] A simplified approach involves integrating 

the spectral specific heat instead of employing the complex 

phonon Boltzmann equation, as following[38,67-69] Eq. (19): 

𝜅 = ∫ 𝐶(𝜔) 𝑣s𝑙(𝜔)𝑑(𝜔) (19) 

where C, νs, l, ω are the spectral specific heat, the transverse 

wave speed, the intrinsic mean free path and frequency of 

phonon, respectively. And the parameter l, ω are Eq. (20): 

𝐶(𝜔) =
9𝜅𝐵𝜔2

𝑁𝑎3𝜔𝑚
3 ; 𝑙(𝜔, 𝑇) = (

𝐺𝑎3𝜈𝜔𝑚

2𝛾2𝜔2𝜅𝐵𝑇
) (20) 

where κB, T, γ, N, a3, ωm are the Boltzmann constant, Kelvin 

temperature, Grüneisen parameter the number of atoms per 

structure, the volume per atom and Debye frequency of 

acoustic branch, respectively. Thus, from above Eq. (19-20), 

the κl can be rewritten as Eq. (21):  

𝜅 = (
3𝛾2

2
) (

𝐺𝜈2

𝑁𝜔𝑚
) 𝑇−1 (21) 

Here, the νs and γ can be obtained from the G and ν, as 

following[60,70,71] Eq. (22)-(23): 

𝑣𝑠 = √
𝐺

𝜌
;  𝛾 =

3

2
(

1 + 𝜈

2 − 3𝜈
) (22) 

𝜔𝑚 =
𝜃𝐷𝜅𝐵

ℎ
 (23) 

where ℎ  and 𝜃D  is Planck constant and Debye temperature, 

respectively. 
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Table 4: The calculated Grüneisen parameter 𝛾, transverse wave 

speed 𝜈s  (m/s), Debye temperature 𝜃D  (K) and thermal 

conductivity 𝜅 (W/(mꞏK)). 

Defects γ νs 𝜃D 𝜅 

SiN 1.82  6083.15  934.12  
272.84; 280 [10] 

325.06 [39]; 320 [16]  

VN 1.66  5995.13  915.68  217.11  

VSi 1.81  5435.64  832.04  190.15  

NSi 1.68  5912.12  906.32  211.87  

SiN 1.60  5997.34  912.75  200.79  

HN 1.66  5931.68  906.79  207.52  

BN 1.53  6160.43  938.03  199.46  

CN 1.52  6260.91  954.16  207.31  

ON 1.70  5954.37  911.50  223.11  

OSi 1.54  5955.37  905.75  181.87  

ON-OSi 1.47  6122.35  933.31  181.93  

ON-VSi 1.54  5628.00  856.99  154.73  

OSi-VN 1.39  6088.27  924.38  159.88  

ScSi 1.67  5957.30  909.32  215.15  

YSi 1.83   61595.51 839.22 205.32 

LaSi 1.62  5847.48  890.09  200.28  

CeSi 1.91  5108.28  781.99  184.19  

PrSi 1.87  5208.83  796.90  187.24  

NdSi 1.73  5615.59  856.90  201.82  

PmSi 1.68  5752.66  877.11  205.73  

SmSi 1.71  5712.60  871.56  208.87  

EuSi 1.72  5702.73  870.36  209.36  

GdSi 1.72  5699.24  870.02  210.93  

TbSi 1.85  5383.19  823.93  204.22  

DySi 1.84  5390.25  824.97  203.94  

HoSi 1.84  5419.77  829.46  206.10  

ErSi 1.81  5461.21  835.50  205.28  

TmSi 1.79  5521.99  844.46  208.05  

YbSi 1.75  5568.29  850.96  205.09  

LuSi 1.72  5689.08  868.80  210.21  

 

The Debye temperature 𝜃D  plays an important role in 

thermodynamics. A higher 𝜃D  usually directly reflect the 

better ability of heat conduction.[72,73] It can be calculated as 

following[73] Eq. (24): 

𝛩𝐷 = 𝑓𝜈

ℎ

2𝜋𝜅𝐵

(48𝜋5)
1
6√

𝑟0𝐵

𝑀
 (24) 

where the 𝑀  is the atomic weight, the r0 is the equilibrium 

Wigner–Seitz radius.  

𝑓𝜈 = {
1

3
[[

1 + 𝜈

3(1 − 𝜈)
]

3
2

] + 2 [[
2(1 + 𝜈)

3(1 − 2𝜈)
]

3
2

]}

−
1
3

 (25) 

We have firstly calculated Grüneisen parameter γ, 

transverse wave speed νs, Debye temperature 𝜃D and TC 𝜅 of 

β-Si3N4 containing impurities, and the results at room 

temperature are listed in Table 4. One can see that the 

calculated value of 272.84 Wm-1K-1 for perfect β-Si3N4 is 

lower than other theoretical predictions and experimental 

values[10,16,39] of ~325.06 Wm-1K-1.The reason may be that Eq. 

(22)-(25) ignore the influence the longitudinal sound velocity 

and doesn’t consider the anharmonic effect. The data from 

Table 4 reveals that all defects lead to a reduction in the 𝜅 of 

β-Si3N4. Notably, among these defects, the presence of ON-VSi 

in β-Si3N4 results in the lowest 𝜅  value recorded at 154.73 

W/(mꞏK). For intrinsic defects, the order of impact of defects 

on the 𝜅  of β-Si3N4 is VN < NSi < SiN < VSi. Clearly, the 

intrinsic defects VN, NSi, SiN, and substitutional defects (H, C, 

O)N, and (Sc, Y, La, Nd-Lu)Si have the minimal impact on 

reducing the 𝜅 of β-Si3N4 and can maintain it up to 200 

W/(mꞏK). 

To demonstrate the temperature-dependent TC 𝜅 of all 

defect-β-Si3N4 compounds, we present in Fig. 3(a) a graphical 

representation of 𝜅 as a function of temperature (~1000 K). 

The results show that the 𝜅 firstly decreases rapidly when the 

temperature smaller than 300 K, and then it decreases slowly 

with increasing temperature to 1000 K. The detailed 𝜅 of β-

Si3N4 containing NMN and RESi as a function of atomic 

number at both 300 and 600 K is given in Fig. 3(b). We can 

find that the 𝜅  of β-Si3N4 containing NMN slowly increases 

from CN to ON. For β-Si3N4 containing RESi defects, the 𝜅 

initially decreases from ScSi to CeSi, then increases to NdSi and 

finally stabilizes around 210.93 W/(mꞏK). 

To probe the underlying mechanism, we have investigated the 

phonon dispersion properties for β-Si3N4 containing OSi and 

ScSi defects in Fig. 4(b-d) along the path Г-M-K-Г-A-L-H-A 

of high symmetric points with Г (0, 0, 0), M (0.5, 0, 0), K (0.3, 

0.3, 0), A (0, 0, 0.5), L (0.5, 0, 0.5), H (0.3, 0.3 0.5),[74] as 

illustrated in Fig. 4(a). The results of phonon dispersion for β-

Si3N4 show a good agreement with values of Zhou et al.[75] To 

analyze the potential effect of defects on TC, we plotted 

corresponding to the density of states (DOS) curves in the 

rights of Fig. 4(c-d). In the range of 35 THZ), OSi has a more 

concentrated energy range, while the fluctuations of DOS for 

ScSi are more decentralize and smooth, meaning that the 

stronger anharmonic vibrations lead to a lower TC exhibited 

in ScSi. 
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Fig. 3: The calculated thermal conductivity 𝜅 as functions of (a) temperature (~1000 K) and (b)atomic atoms, respectively. The 

reference values of [a] ref.,[16] [b] ref.[10] and ref.[39] are respectively from the experiment, molecular dynamics and first-principles 

calculations combining with the phonon Boltzmann euqation (BTE). 

 

 
Fig. 4: (a) Brillouin zone of hcp lattice. (b-d) Phonon dispersion cures for β-Si3N4, OSi and ScSi. 
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3.4 Thermodynamic properties 

At present, the first-principles calculations only simulate the 

properties of materials under the 0 K condition. But properties 

at finite temperature, such as thermodynamic properties, can 

be calculated through the first-principles calculations in 

combination with thermodynamic models. A simple and 

popular method is often used to obtain thermodynamic 

parameters by the 𝜃D . And the entropy S, heat capacity CV 

Gibbs free energy G and thermal expansion coefficient  are 

calculated as:[68,76-78] 

𝑆 = −3𝑛𝜅𝐵 𝑙𝑛 (1 − 𝑒−
𝛩𝐷
𝑇 ) + 4𝑛𝜅𝐵𝐷(

𝛩𝐷

𝑇
) (26) 

𝐶𝑉 = 3𝜅𝐵[4𝐷 (
𝛩𝐷

𝑇
) −

3 (
𝛩𝐷
𝑇 )

𝑒
𝛩𝐷
𝑇 − 1

 (27) 

Eg = Esta +
9

8
nκBΘD + 3n3nκBT ln (1 − e−

ΘD
T )

− nκBTD (
ΘD

T
) 

(28) 

𝛼 =
1

𝑉
∙

𝑑𝑉

𝑑𝑇
 (29) 

where 𝐸sta , 𝑉  and 𝐷  parameters are the static energy from 

first-principles calculations, volume and Debye function, 

𝐷(𝑦) =
3

𝑦3 ∫
𝑥3

𝑒𝑥−1
𝑑𝑥

𝑦

0
 respectively. 

The 𝑆, 𝐶V, 𝐸g and  of all cases have been calculated using 

Eq. (26)-(29), and the results are drawn in Fig. 5(a-d) as a 

function of temperature (0~1000 K). It is seen that the entropy 

S increases sharply with the temperature increasing to 300K, 

and then the increasing velocity slows down. Similarly, the 𝐶V, 

 
Fig. 5: (a) The entropy S, (b) heat capacity CV, (c) Gibbs free energy G and (d) thermal expansion coefficient  as a function of 

temperature; (e) The S, CV, G and  as a function of atomic number. The values of [a] ref.,[79] [c] ref.[64] and [b] ref.,[80] [d] ref.[81] are 

respectively the experiment and first-principles. 
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increases rapidly from 0 to 300 K, and then increases slowly 

to 1000 K with approaching approximately the Dulong–Petit 

limit of 25 J/(molꞏK). The reason is that the larger value of 

entropy implies more vibration modes are inspired by the heat, 

and would provide larger 𝐶V ,. Furthermore, the 𝐸g  and  

respectively show the opposite and same trend compared to 𝑆 

and 𝐶V ,. Clearly, defects would not cause significant 

difference in 𝑆, 𝐶V,, and , except for 𝐸g. The 𝐸g of perfect β-

Si3N4 is larger than that of β-Si3N4 containing defects in the 

whole temperature range. 

Thus, we plot the 𝐸g of β-Si3N4 containing NMN and RESi 

as a function of atomic number in Fig. 5(e). It can be found 

that the 𝐸g of β-Si3N4 containing NMN decreases from HN to 

CN, and then increases to ON at both 300 and 600 K. Whereas 

the 𝐸g of β-Si3N4, which contains RESi, exhibits an increasing 

trend from ScSi to CeSi, and subsequently decreases linearly 

until LuSi. 

 

4. Conclusion  

Herein, the effects of impurities on the mechanical property 

and thermal conductivity of β-Si3N4 based on the first-

principles calculations have been investigated. Clearly, all 

calculated stability, mechanical, and thermodynamic 

parameters of NMN and RESi exhibit a regular variation with 

the increasing atomic number. Based on the comprehensive 

computational results, the incorporation of Sc, Y, and Pm-Lu 

oxides as sintering aids is expected to preserve the high 

thermal conductivity of Si3N4 while ensuring excellent 

mechanical properties. The main finding points are as 

following: 

(1) For intrinsic defects, the order of defective formation 

energy Ef is VN < NSi < VSi < SiN in the N-rich side, while in 

the N-poor side the formation of antisite SiN becomes facile 

than the two types before it.  

(2) The presence of defects inevitably leads to a reduction in 

the mechanical modulus (B, G, E) to a certain degree. 

Interestingly, the Pugh’s ratio G/B of pristine β-Si3N4 is higher 

than that of YSi-, (Ce-Pr)Si-, and (Tb-Ho)Si defects containing 

samples, suggesting that the incorporation of YSi, (Ce-Pr)Si, 

and (Tb-Ho)Si enhances the ductility of β-Si3N4. Moreover, the 

group defect ON-VSi significantly diminishes both the modulus 

G and E values of β-Si3N4. 

(3) All defects would lead to a decrease in the thermal 

conductivity 𝜅 of β-Si3N4, and among them, intrinsic defects 

VN, NSi, SiN and substitutional defects of (H, C, O)N, (Sc, Y, 

La, Nd-Lu)Si have the minimal impact on reducing the 𝜅 of β-

Si3N4 and can maintain it up to 200 W/(mꞏK). 

(4) The defects would not cause significant difference in S, CV, 

and , except for Eg. The Eg of perfect β-Si3N4 possesses the 

largest values in the whole temperature range. 
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