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Abstract

The sensor placement problem is a complex combinatorial optimization challenge, where greedy selection provides
performance guarantees for submodular objective functions, yielding suboptimal yet efficient solutions. Multi-objective
optimization addresses the trade-offs among individual objectives, often requiring solutions on the Pareto Front. This paper
introduces two multi-objective optimization functions based on optimal experimental design, incorporating normalization
and weight update strategies. Leveraging the definition of submodularity, we revalidate that the non-negative linear
combination of submodular functions preserves submodularity, applicable to one of the proposed functions. The
effectiveness of the methods is validated across four datasets, demonstrating superior performance in sensor placement
tasks. Notably, for bi-objective optimization involving A-optimality and D-optimality, adaptive-weight greedy solutions not
only provide performance guarantees but also dominate most fixed-weight greedy solutions and lie on the Pareto Front.
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1. Introduction

Optimal Sensor Placement (OSP) has become a key research
area for optimizing data collection efficiency, enhancing
system performance, and reducing costs. It finds important
applications in fields such as flow fields,!'*! structural health
monitoring,*! and actuator control,!'>!'l among others. Recent
advances in structural health monitoring have introduced
novel approaches such as sub-clustering strategies to address
sensor redundancy issues and load-dependent placement

maximizing information entropy.® 6171

The OSP problem can be described as selecting p sensors

from a pool of n candidate sensors to minimize some cost
function. It is a combinatorial optimization problem and is

known to be NP-hard, involving a total of (n] possible
p

combinations.!'$! While global optimal solutions can be found

methods for model updating under uncertainty.['>"3 The
primary goal of OSP is to extract valuable global insights from
limited data generated by sensors.

In the early days of sensor placement problems, simple
fixed sensing radii were often used,!'*! or sensors were placed
at the edges of measurement areas, such as in CT scanning.['”]
The latter approaches are considered to follow the principle of
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through brute force search and branch-and-bound method,”!
the computational cost is often prohibitive. Evolutionary
algorithms have shown remarkable success in addressing such
complex optimization challenges. Recent developments
include real-valued encoding strategies for large-scale feature
selection,?%l and improved grey wolf optimization with guided
mutation strategies,?!) demonstrating superior performance in
escaping local optima while maintaining solution diversity.
Researchers have turned to seek suboptimal solutions for
OSP problem. Convex optimization employs convex
relaxation technique to find suboptimal solutions,??! but the
performance gap between suboptimal and optimal solutions is
not clear. Additionally, convex optimization techniques are
computationally expensive, particularly for high-dimensional
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problems. Greedy methods are a popular approach for solving
combinatorial optimization problems, and they have proven to
be effective in numerous applications, including OSP. Greedy
methods provide suboptimal solutions to the OSP problem
from the perspective of information theory.l'!'”l However,
information-theoretic approaches often require statistical
analysis, which can be computationally burdensome for large-
scale problems.

Modeling the OSP problem as a linear measurement
system and greedily selecting sensors to maximize a proxy
function associated with the model is a recent and popular
approach.i?2 This proxy function is typically based on the
Fisher information matrix,>! which is closely related to
optimal experimental design.[?22327281  This
approach is now commonly data-driven, where the original
high-dimensional signal is low-rank approximated through
Proper Orthogonal Decomposition (POD),?”
optimization is performed based on proxy functions related to
parameter estimation or the reconstruction error of the original
signal. Recent innovations in sensor number determination
strategies have further enhanced these approaches by
integrating clustering avoidance mechanisms with interval
uncertainty modeling.

Researchers like Ucinski,?” and Yamada et al.,”"! have

model-based

and then

extended the OSP problem to scenarios with correlated noise.
Saito et al.P%
undersampling from oversampling. Inoue et al.** (2023) and
Guo et al.l! have redefined the OSP problem from a machine

and Nakai et al.33! have extended it to

learning perspective and provided corresponding cost
functions. Nair and Gozahas extended the linear inverse
problem to the case of nonlinear mappings.?! Farazmand and
Saibaba,!" and Saito et al.’> process the input data from tensor
and vector perspectives, respectively. Li ef al.*% directly use
the reconstruction error of the signal as the cost function for
sensor placement. Group greedy!®’ and convex optimization.??
have studied improvements to greedy algorithm solutions
from the input and output perspectives, respectively. In
parallel, bio-inspired techniques
demonstrated significant potential, with improved whale
algorithms enhanced
optimization in sensor networks and deep learning approaches

optimization have

optimization showing coverage
enabling predictive modeling of complex systems.?”*¥ An
exception is QR Pivoting (QRP),"%?7 which requires only one
matrix decomposition through the QR factorization with
column pivoting of the low-rank representation's basis. Clark
et al.® introduced the cost of sensor placement into the row-
norm ordering of QRP, leading to OSP algorithms with cost
constraints. Zhang et al.’l used information entropy as weights

and then implemented weighted column pivoting in QR

2| Eng. Sci., 2025, 38, 1734

factorization.

Benefiting from extensive research in the submodularity
field,"'40-431  greedy selection can provide performance
guarantees when facing certain proxy functions. Nemhauser et
al® has demonstrated that the performance of greedy
methods is within 1-1/e of optimal performance. Kohara et
al
approximate performance guarantees for non-submodular
functions. Different forms of objective functions focus on

has leveraged weak submodularity to provide

various aspects in the optimization task, such as various
reconstruction quality metrics based on information theory,
the number of sensors, and the placement cost of sensors.
Therefore, in the field of OSP, to balance the performance of
various metrics, multi-objective optimization tasks have also
been studied.>>7233441 Nakai et al.** proposed a Pareto-
optimal front based on the non-dominated solution perspective.
Yang transformed multi-objective tasks into single-objective
optimizations using weight factors, " avoiding the problem of
analyzing the Pareto front. For multi-objective scenarios,
interval Pareto front-based approaches and two-step non-
probabilistic optimization strategies have shown particular
promise handling competing objectives
uncertainty.[*#1  Currently, multi-objective
placement research, the focus is on how to combine it with
other metaheuristic algorithms to achieve the Pareto-optimal

in under

in sensor

solution.

This paper focuses on the multi-objective optimization
problem of three objective functions related to optimal
experimental design. Existing research has proven that mean
squared error (MSE) and volume of the confidence ellipsoid
(VCE) are submodular functions and has provided fast
computation algorithms for these objective functions.l?>*11 The
worst case error variance (WCEV) is not submodular. The set
of submodular functions is closed under both linear
combinations and multiplication by positive scalars, similar to
the properties of convex functions.*”l Building on the
submodularity perspective, this paper revisits the definition
and reaffirms that the non-negative linear combination of
submodular functions preserves submodularity. Subsequently,
we formulate a multi-objective optimization problem by
combining submodular objective functions and implement an
adaptive weighting strategy. Unlike traditional multi-objective
optimization approaches that rely on optimization algorithms
to explore the Pareto front, our method leverages the
submodularity of the objective functions and employs a
greedy algorithm to iteratively select sensor locations.

The key contributions of this work are fourfold. First, we
that
combinations of A- and D-optimality criteria preserve

provide a theoretical guarantee non-negative
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submodularity, thereby enabling a provable 1—1/e
o . =Cx+wrCO,a+w==Pa+ 3
approximation bound for the proposed MFADG algorithm. y=txTw v v )
S d introd dapti ighti trat that .
econd, we miroduce an adaptive Welghting strategy at - ypere yeR? represents sensor observations,

dynamically balances multiple objectives, achieving almost
Pareto dominance over fixed-weight approaches. Finally, we
conduct extensive validation on both synthetic and real-world
datasets, demonstrating consistent
baselines such as QRP and Convex Relaxation.

improvements over

The remaining content of this paper is organized as follows.

In Section 2, we first introduce the mathematical formulation
of the OSP problem and the concept of submodularity.
Building on the definition of submodularity, we then provide
a lemma and its proof, reaffirming that the non-negative linear
of preserves
submodularity. Finally, the mathematical
formulations of two multi-objective optimization algorithms
proposed in this paper, including efficient implementation
strategies for A-, D-, and E-optimality objectives. In Section 3,
we validate the effectiveness of the proposed methods on two
simulation datasets and two real-world datasets. Sections 4

combination submodular functions

we present

and 5 will be dedicated to discussion and summarization.

If not otherwise specified, this document will use
uppercase bold letters X to represent matrices, lowercase
bold letters @ to represent vectors, uppercase calligraphic

letters S to denote sets, and regular lowercase letters ¢, to

represent variables. Text with subscripts and superscripts like

S is used for annotations.

text

2. Materials and methods
2.1 The mathematical description of OSP

We consider a high-dimensional physical field x e R” that
can be approximated using a reduced-order model as shown in

Eq. (1):
(M

where @, € R™ is a known basis matrix with orthonormal
derived from the truncated singular
decomposition (SVD) of the data matrix X € R as shown in

Eq. (2):

Xz(l)r(l

columns value

X=0oxV’ )

and @, consists of the first » columns of ®. Each column
of X is a snapshot of the physical field at a given time, and
rows correspond to spatial locations.

To reconstruct using sparse measurements, we introduce a
linear measurement model as shown in Eq. (3):
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w~ N(0,6°T) is Gaussian noise, and CeR”" is the
selection matrix consisting of p row vectors from the identity

matrix that select sensing locations S = {s,s,,...,s,} , with

p =>r . The measurement matrix ® =C®, € R”” contains

the observation vectors corresponding to the selected sensor
positions.

Given the linear model and noise assumption, the
minimum variance unbiased estimator of @ is given by the
least-squares solution as shown in Eq. (4):

o=@ ®)'dy )

The estimator's covariance is Cov(a') = o (® ®) "' . To
assess reconstruction quality, we introduce three classical
optimality criteria based on the Fisher information matrix
I(0)=1/c"® ®:

A-optimality: Minimizes the mean squared error (MSE) of
the estimator as shown in Eq. (5):

argmin tr(((I>T(I))’1 ) =argmin ) !

2T

where A (®'®) represents the eigenvalues of the matrix
D

D-optimality: Maximizes the log-determinant of the
information matrix, related to the volume of the confidence
ellipsoid as shown in Eq. (6):

arg max | det(®' @) |= argmax | | 4, (®" ®) (6)
E-optimality: Minimizes the worst-case estimation variance
as shown in Eq. (7):

(@' @) (7

First, formalize the optimization problems corresponding
to Eq. (5)-(7) as a maximization problem in subset selection as
shown in Eq. (8):

argmin || (@' ®) ' ||,= argmax A,

‘min

max f(S)

8
8K p R

subject to

where S represents the selected set of sensors, |-| denotes
the cardinality of the set, and p corresponds to the maximum

Eng. Sci., 2025, 38, 1734 | 3


https://www.espublisher.com/

Research article

Engineered Science

allowable number of sensors. The objective functions f(S)
corresponding to Egs. (5)-(7) are defined as Eqs. (9)-(11):

fo=B-tr((@ ®)") ©)
f;, =logdet | @' @ | (10)
i = Ay (@ D) (11)

where [ is a constant. Before solving the subset selection

problem using a greedy algorithm, of
submodularity is introduced.
Definition 1: A set function f:2” - R is said to be

nondecreasing if VP < Q < V as shown in Eq. (12),4]

the concept

f(P)< f(Q) (12)

Definition 2: A set function f:2” - R is said to be
submodular if V is a finite set, VP cOcV and jeV\Q
as shown in Eq. (13),

JP+D-r(P)2fQ+{H-1(Q (13)

If f(S) is a non-decreasing submodular function, a
greedy algorithm can be used to obtain an approximate
solution for Eq. (8) in Algorithm 1.

If S, ima 1S the optimal solution to the combinatorial

optimization problem in Eq. (9) and satisfies f(J) =0, then
they satisfy the bound in Eq. (14):40
S (Syecay) 1

>21—-

f(Soptimal ) e ( 1 4)

The greedy algorithm has two advantages. Firstly, as seen

from Algorithm 1, it reduces the search space from [nj
p

P
possibilities to Z(N —i+1) , reducing the algorithm's

i=1
complexity from O(n”) to O(p*). Secondly, if the objective

function is submodular, the greedy solution provides
performance guarantees. However, in the case of a single
objective function, such as Egs. (5)-(7), which often focuses
on optimizing a specific aspect of the problem, and
considering that the greedy algorithm's solution is suboptimal,
a single-objective greedy solution may not meet practical
needs. This is where multi-objective optimization becomes
important.

This study focuses on A-optimality, D-optimality, and E-
optimality. The literature also provides three fast algorithms
for optimal experimental design criteria, replacing the
objective function in step five of Algorithm 1 with equivalent

forms. Rewriting the basis ® as a combination of 7 -
dimensional column vectors (I)=[¢1,¢2,...,¢N]T , the

equivalent fast implementations are as shown in Egs. (15)-
(17):[23,41]

SU{j}) = 7 ¥s9, 15
g.4( U{j})_W (15)
2,(SU{j)=¢/¥9, (16)
g SV =(v, (¥5)) (17)

Here, ¥, =® ® +¢l , where ¢ is a sufficiently small

positive value. This is done to prevent singular matrices when
selecting the i-th(i <r) sensor in Algorithm algorithml.

rrrrrr

smallest eigenvalue A

‘min

of ¥,.

Algorithm 1: General greedy algorithm for solving sensor placement problems.

A

Input: ®, e R, p

Output: S,

greedy
1: Initialization: S« &, V «{1,2,...,n}
cfori<—1to p do

2
3. while sensor number satisfies constraint do
4

V«V\S

b

J" <argmax ., f(SU{j})
S« Su{j"}

end while
: end for

S,

greedy

R A

«~S
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Joai PO — Lo (P) =, (PO D+, (PO +...+a [, (PU{j})

—(a/[(P)+a, f/,(P)+...+, f,(P))

19
= (KH(PYUD = A(P)+ar (PO = L(P)+... (4
+a, ([, (PO = 1(P)
Joui (PO = foai (P) = e (/[ (P O3 = L(P) + oy ([ (P Y /1) = /,(P)
ot (L (POUD =P+ A (f (PO = £ (P) 22)

2o (£ QU N~ Q)+, (L(QUH -~ () +...
+a, ([, QU{J} - /(Q)

2.2 Multi-target sensor placement and submodularity
Before introducing multi-objective optimization, we first
introduce a lemma.™”

Lemma: Let f,f,,....f, be a set of submodular set
functions, and let «,,a,,...,a, be positive numbers. The

function combination f, .=, f, +a,f, +...+ ¢, f, remains

ulti
submodular.
Proof: According to Definition 2, for all P < Q <V and

jeV\Q:

S POGH-L(P)2 LU - (), i=12,....k (18)

Following the same logic as in Definition 2, we have Eq.

(19):
Since ¢, >0 and by Inequality Eq. (18), we can see that:

a(fi(POD~fi(P)2a(fi( QU -/(Q), i=1...k

(20)

By Definition 1, the submodular functions f,, f,,..., f,

are non-decreasing, i.e., f,(PuU{j})— f,(P)=0. Combining
this with &, >0, we have, for Eq. (19):

St (PO = [ (P) 20 €2y

Inequality Eq. (21) shows that f_

Using the multiplication inequality and multiplying both sides
of Inequality Eq. (20) for all i, we can derive:

. 18 non-decreasing.

By Eq. (19), the right side of Inequality Eq. (22) simplifies
o (HQVUN -~ M)+, (/LLQWI - L(Q)+...

+o, (f(QUUD = [ ( Q) = [ (QUUD ~ fous (@) 5 50
Inequality Eq. (22) is, in fact:

S (PO = froai (P) 2 [ (QUATT) = frui (@) (23)

to

Returning to Definition 2, Inequality Eq. (23) implies that
Sowi 18 submodular. Therefore, we can conclude that a non-
negative linear combination of submodular functions remains
submodular. Furthermore, since it is also non-decreasing, the
performance guarantee in Inequality Eq. (14) holds.

Engineered Science Publisher

Combining Egs. (15)-(17), we can define two types of
objective functions for the multi-objective optimization tasks
that we will use later. The first type is a combination of the
three model-based single objective functions, without
involving the concept of submodularity, as shown in Eq. (24):

FADE

multi

=0 8p TOp8p T A&k (24)
The second type is a multi-objective function with

submodularity, as shown in Eq. (25):
FAD

multi

=084 T8 (25)

2.3 Normalization and weight update

Considering potential differences in the magnitudes of
objective functions for different single-objective optimization
problems, normalization becomes necessary. Eq. (26)
illustrates the normalization process:

normalize gSin e g:nm e . . .
feed = H, for single € {A-, D-, E-optimality}

single
single gsing]c

(26)
Here, g, represents the vector of objective function
values corresponding to all possible sensor positions j during

min
single

max
single

the i -th greedy iteration. g and g denote the

maximum and minimum values of g , respectively. We

normalized
single

substitute g into Egs. (24) and (25) for the single

objective function values.
For weight coefficients, we have two options. We can use
uniform weights, where o, =a, =1/2 for Eq. (25) and

a, =a, =a, =1/3 for Eq. (24). Alternatively, given that the

objective  functions for  different  single-objective
optimizations may have varying scales and to ensure that
different single-objective functions have distinct weights in
multi-objective optimization, we can employ an adaptive
weight update strategy, as described in Eq. (27).

Here, g;;lgle represents the single objective function value

when selecting the (i—1) -th sensor, indicating the
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contribution of a single objective function value g to the

overall performance in the multi-objective sensor placement

best z 1
multi * smgle

configuration f;
(i-1) -th

gSlngle / Z gSlrlgle becomes close to zero, making the single

is the weight coefficient used in the

selection to prevent situations where

objective function value ineffective in the i -th selection. The

weight coefficients should satisfy Za =1. The recursive

single
weight update process follows an exponentially weighted
moving average. As the number of iterations increases, the
influence of the initial value gradually vanishes, and the
weights converge to a narrow interval around the final value.
This behavior underscores the robustness of the method and
its insensitivity to the choice of initial settings.

The specific implementation steps of the multi-target
sensor placement algorithm are shown in Algorithm 2.

We also incorporated a algorithmic flowchart following
Algorithm 2, which visually summarizes the proposed multi-
objective greedy framework, as shown in Fig. 1.

2.4 Evaluation metrics

The choice of evaluation metrics is closely related to the
quality of the solution @ and the Fisher information matrix.
Specifically, we consider the following metrics: MSE, VCE,
WCEYV, and CN, as shown in Egs. (28)-(31):

(1) MSE:
MSE = tr((®'®) ) (28)
(2) VCE:
VCE = logdet | (@' ®) | (29)
(3) WCEV:
WCEV = m (30)
(4) Condition Number (CN):
_ e (@ ®) 1)
4. (O D)

To analyze the performance of the linear estimator in the
reconstruction process of the original signal X under

1/z
gsm},le / ngmg,le

i —
single —

(2

qmgle

! https://web.stanford.edu/~boyd/papers/sensor_selection.html
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different scenarios, we define the reconstruction error as
follows as shown in Eq. (32):
(5) Reconstruction Error:

[X-@.a||,
X1l

[ X-®,.0'CX ||,
I X1

E(Syeeay) = (32)

Here, ®' represents the Moore-Penrose pseudoinverse of
®,and ||-||, denotes the Frobenius norm of a matrix. ®'C is

determined by the sensor positions from the training set X

train *
We can calculate the reconstruction error on the training set
and test set as Eqgs. (33) and (34) below:

Reconstruction Error on the Training Set:

P @, P'CX

Il
train ( greedy) - i

train

X

(33)

train ||
Reconstruction Error on the Test Set:

—®,.®'CX
X

X

test test ‘ |

(34)

Iest ( greedy)
test ||

2.5 Comparison Settings
(1) RS (Random Selection): Randomly selects p sensors

from the candidate sensor set | V|=n

(2) Convex:? Utilizes convex relaxation to solve the D-
optimality problem and assesses the performance gap between
suboptimal and optimal solutions. The implementation of
convex optimization can be found in the code’.

(3) QRP:?7 The objective function of QR with column
pivoting is based on D-optimality, aiming to maximize the
volume of a matrix. QRP is a data-driven sensor placement
strategy, and most popular programming software integrates
implementations, such as the qr function in MATLAB.

(4) REG:P° REG is based on reconstruction error and is a
greedy sensor selection method. It directly assumes a linear
estimator X =TY . The specific implementation of REG is
available online?.

(5) MFADG: A fast implementation algorithm based on A-
and D-optimality, balancing the performance metrics of the
two single-objective optimizations while providing optimality
guarantees for greedy solutions, as defined in Eq. (25).

ifi=1(z=2or3)

for single € {A-,D-, E-optimality} 27)

ifi=2,3,4,..p

2 https://github.com/sjtulbj/REG_RELO
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Algorithm 2: Greedy algorithm for multi-objective sensor placement optimization.

Input: (i)r =[d.¢,....4,]eR™, p

Output: Sgreedy

1: Initialization: S «— &,V «{1,2,...,n}, Y5 =¢l, and e =1 /z,z=2o0r3,
2: for single € {A, D} or {A, D, E}

3: fori<1to p do

4: while sensor number satisfies constraint do

5: V<V \S

6: for jel do

gsingle (S (% {.]}) - gsr;:;le (8 % {.]})

Gingte (S YD) — Zinge (S U

7: gsingle(Su{j}) =

8:  end for
9: j* A arg max jrmulli (S o {.]}) = Zasinglegsingle (8 U {J})
10: S-SV LY =¥s+4.4.

gsingle (S) / Z gsingle (8) + asingle

single

11: asinglc = 2
12:  end while

13: end for

14: S,

greedy <~ N

Input: 6,., p

Initialize: S=0,V={1,2,...,n},¥Y;,a

Calculate and normalize: g (Sw{j})

l

Compute:j’ =arg max .. Xa*g (Su{j})

\

update: S« Su{j'}, ¥, a

o

T T
<’::\| S | >p? ;T';

| Yeg

— -
- A

I
(Output: Syeeny )

Fig. 1: The flowchart of multi-objective sensor placement optimization.
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(6) MFADEG: An extension of MFADG based on A-, D-, and
E-optimality, which also considers the impact of WCEV as
described in Eq. (24). However, it sacrifices the performance
guarantee of MFADG.

As shown in Algorithm 2 and Egs. (15)-(17), the
computational cost of the proposed MFADG algorithm mainly
comes from matrix-vector multiplications and inverse matrix
updates. By employing the Sherman—Morrison formula, the
inverse matrix update in each iteration requires only O(r*)
operations. Therefore, the overall computational complexity
of MFADG is O(pnr*). For MFADEG, the additional cost

arises from computing the minimal eigenvector required for
the metric, which incurs a cost of O(7°) . As a result, the total

complexity of MFADEG is O(p(r* + nr?)) . We summarize

the computational costs of the proposed algorithms and
several baseline methods introduced in this section in Table 1
below.

Here, i is the number of iterations, typicallyi = Jr, and
m is the number of samples used in the SVD operation, which
is generally large in practice. Therefore, MFADG achieves
lower computational cost compared to Convex and REG
methods, and is only slightly more expensive than QRP, which
only requires a single QR factorization.

Before proceeding with the method validation, two details
are noteworthy. Firstly, the evaluation metrics introduced
above are obtained through several Monte-Carlo simulations
on the dataset. What we present is the statistical mean of these
metrics, as shown in Eq. (35):

MonteCarlo number
Z o Index,
i=

MonteCarlo number

Mean Index =

(35)

Secondly, in Eq. (4), to use the least squares method to
estimate the parameters «, it is necessary to satisfy p>r.

We follow the same setting as QRP in all datasets, i.e., we set
p =2r. To ensure reproducibility, a fixed random seed was

used across all four datasets for 100 Monte Carlo simulations.
These datasets include two simulated matrices: Gaussian
random matrix and Bernoulli random matrix, as well as two
real-world datasets: the Yale Face Database B (Yala B) and
the Sea Surface Temperature (SST) dataset.

In each Monte-Carlo simulation run, the greedy
determination of sensor locations was implemented on a
randomly sampled 70% of the dataset, followed by testing on
the remaining 30% of the dataset. The computations were
performed on a personal computer with an Intel (R) Core (TM)
15-9300H CPU @ 2.40GHz and 16GB of RAM.

3. Results

3.1 Gaussian random matrix

The dataset X is a 100 x100 matrix, where X € R'*'®_ The
elements in X are randomly generated from a standard
normal distribution. We conducted 100 Monte-Carlo
simulations using various methods listed in the section 2.5 to
compare performance metrics related to the model: MSE,
VCE, WCEV, CN and Error, as shown in Fig. 2.

The experiment examined the variation in these metrics as
the number of sensors increased from 20 to 50 in increments
of 2. With Fig. 2a, the Convex Relaxation method performed
slightly better than MFADG and MFADEG in the VCE index.
However, in the other four performance metrics, MSE, WCEV,
CN, and Error, the proposed multi-objective optimization
methods outperformed the previous methods. The objective
function of the Convex Relaxation method is related to D-
optimality, which may explain its slightly better performance
in VCE. It's important to note that the VCE index is the only
evaluation metric in the section 2.4 that needs to be maximized,
so a higher VCE value indicates a better sensor configuration.
The QRP method's performance on the random matrix was as
expected, as its advantage lies in performing a single matrix
decomposition. As the number of selected sensors increased,
only the trend in Figs. 2c and e perfectly matched the
expectations for greedy methods, where the corresponding
WCEYV and Error indices improved as the number of sensors
increased. Figs. 2a, b, and d, as more sensors were added by
the greedy algorithm, the corresponding index may worsen
compared to configurations with fewer sensors. This also
highlights the limitation of greedy algorithms, as they aim for
local optimization when selecting the current sensor but may
not result in a globally optimal sensor configuration.

The two proposed model-based multi-objective
optimization strategies perform similarly in terms of
performance. Regarding VCE, MSE, and Error indices,
MFADG is slightly better, while for WCEV and CN,
MFADEG yields better results. The two proposed model-
based multi-objective optimization strategies exhibit
comparable overall performance. In terms of VCE, MSE, and
Error indices, the MFADG method demonstrates slightly
better results, indicating superior signal reconstruction quality.
Conversely, MFADEG performs better in terms of WCEV and
CN, suggesting a stronger emphasis on system stability.

The MFADG sensor placement algorithm achieves the best
reconstruction performance while simultaneously ensuring
excellent system stability and solution reliability. To ensure
transparency, complete statistical test results and have been
added as Supplementary information.

Table 1: Computational effort comparison of sensor placement methods.

Algorithm MFADG MFADEG

Convex QRP REG

Cost O(pnr?) O(p(r* +nr?))

O(i(r2 +n ) on’) O(mpnz)

8| Eng. Sci., 2025, 38, 1734
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Fig. 2: Comparison of Model Performance between MFADG, MFADG, and State-of-the-Art Methods for Gaussian Random Matrix
Input. a) VCE Comparison, b) MSE Comparison, c) WCEV Comparison, d) CN Comparison, €) Error Comparison.

One of the main characteristics of multi-objective
optimization is the ability to produce a Pareto front, which
comprises a set of equally suitable solutions, also known as
Pareto optimal solutions. For multi-objective optimization
problems, scalarization transforms them into single-objective
optimization problems, where the solutions obtained through
greedy algorithms should lie on the Pareto front. In this study,
50 sets of evenly spaced weights (w,1—w) were generated.

Using a greedy algorithm, optimal solutions were computed
for fixed weights, along with greedy solutions obtained
through the adaptive weights of MFADG. The results are
illustrated in Fig. 3.

Fig. 3 provides a detailed comparison of solutions for 16
different sensor placement problems shown in Fig. 2. In each
subplot, the red points represent the solutions obtained by the
proposed MFADG algorithm, while the black points
correspond to the greedy optimal solutions under 50 different
fixed weights for multi-objective optimization. These include

Engineered Science Publisher

the single-objective greedy solutions derived with weights
(1,0) and (0,1) . To facilitate a direct comparison of the

relative positions between the fixed-weight solutions and the
adaptive-weight solutions, the Pareto front is not explicitly
extracted in the figure. However, it can be easily observed
based on the definition of the Pareto front. It can be visually
observed from the figure that in 14 out of the 16 subplots, the
red points representing the adaptive weight solutions are
located on the Pareto front. Additionally, the solution quality
shows significant improvement compared to the black points
representing fixed-weight strategy solutions. For the cases
where the number of sensors is S =22 and S =44, although
the adaptive weight solutions are dominated by the Pareto
optimal solutions of the fixed-weight strategy, they are still
positioned near the Pareto front and demonstrate better quality
compared to most solutions derived from fixed-weight
combinations.
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Fig. 3: Fixed-weight and adaptive-weight greedy solutions for the bi-objective optimization problem of A and D under different

numbers of sensors in Gaussian random matrices.

3.2 Bernoulli random matrix
Another simulated dataset is generated from a Bernoulli
distribution. Each binary matrix X in this dataset is of size
100x100 , where Xe{0,1}'*%

independently sampled with a success probability of 0.5. A
total of 100 binary matrices are produced through Monte Carlo
simulations, providing a comprehensive testbed for evaluating
sensor placement strategies.

This dataset was used to compare the performance of the
proposed method against several state-of-the-art greedy
algorithms. Similarly, the performance metrics comparison
among various sensor methods is visualized in Fig. 4.

Similarly, the performance of various metrics on Bernoulli
random matrices in Fig. 4 is comparable to that in Fig. 2. It is

The elements are

10| Eng. Sci., 2025, 38, 1734

evident that, apart from the convex relaxation method slightly
outperforming in the VCE metric, the proposed method
demonstrates superior performance in terms of reconstruction
accuracy and stability.

This study also investigated the placement of 16 different
numbers of sensors, comparing the positions of fixed-weight
greedy solutions across 50 different combinations and
adaptive-weight greedy solutions, as shown in Fig. 5.

In the placement problems involving 16 different numbers
of sensors, the adaptive-weight strategy produced greedy
solutions located on the Pareto front in 14 cases. For the
remaining two cases, S =42 and S =50, the adaptive-weight
solutions still dominated the majority of the fixed-weight
solutions.
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Table 2: Statistical comparison of MFADG and MFADEG on Gaussian random matrices (Mann-Whitney U test).

VCE MSE WCEV CN Erro
20 0.0016 0.0081 0.0004 0.0027 0.0288
22 0.0073 0.0299 0 0.001 0.2829
24 0.0011 0.0047 0 0.0025 0.0787
26 0.0011 0.03 0 0 0.0434
28 0.0001 0.0009 0 0.0001 0.2384
30 0 0.0004 0 0 0.0063
32 0.0015 0.0064 0 0 0.1228
34 0.0009 0.0047 0 0 0.0065
36 0.0001 0.0054 0 0 0.0727
38 0.0002 0.0012 0 0 0.0328
40 0.0001 0.0013 0 0 0.0027
42 0.0002 0.0018 0 0 0.0568
44 0 0.0031 0 0 0.0419
46 0 0.0013 0 0 0.0201
48 0 0.0005 0 0 0.0432
50 0 0.001 0 0 0.0604
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Table 3: Statistical comparison of MFADG and MFADEG on Bernoulli random matrices (Mann-Whitney U test).

VCE MSE WCEV CN Erro

20 0.0001 0.0014 0.0046 0.0247 0.0221
22 0 0 0.0004 0.0493 0.0048
24 0 0 0 0.0197 0.0075
26 0 0 0.0442 0.0920 0.0012
28 0 0 0 0.0028 0.0022
30 0 0 0.0001 0.0034 0.0007
32 0 0 0 0.0014 0.0069
34 0 0 0.0004 0.0017 0.0013
36 0 0 0.0009 0.0159 0

38 0 0 0.0005 0.0044 0.0009
40 0 0 0 0.0002 0.0983
42 0 0 0 0.0002 0.0029
44 0 0 0 0 0.0735
46 0 0 0 0 0.0213
48 0 0 0 0.0006 0.1582
50 0 0 0 0 0.0800

To further assess the performance differences between
MFADG and its variant MFADEG, we conducted Mann—
Whitney U tests on both Gaussian and Bernoulli random
matrices, based on 100 Monte Carlo trials. The test results
across various sensor configurations (from 20 to 50) are
summarized in Tables 2 and 3.

For Gaussian matrices (Table 2), MFADEG achieves
significantly better performance in WCEV and CN ( p <
0.001), indicating improved numerical stability and robustness
against ill-conditioning. Meanwhile, MFADG consistently
outperforms MFADEG in VCE and MSE ( p < 0.01),
reflecting better data-fitting performance under idealized
assumptions. In both cases, no statistically significant
difference is observed in the Erro metric ( p > 0.05),
suggesting similar reconstruction accuracy under varied
settings. Furthermore, to quantitatively assess the degree of
(non-)submodularity in practice, we estimated the
submodularity ratio y for both MFADG and MFADEG. The

submodularity ratio is defined as shown in Eq. (36):
F(PU{jH)-F(P)
FQU{j)-F(Q)

y = minPgQgV, (3 6)

VEANY

We conducted evaluations 100 Monte Carlo trials and

computed y across different numbers of sensors. The results

are presented in Fig. 6, illustrating the empirical behavior of
submodularity under varying conditions for both algorithms.

For MFADG, we consistently observed  >1 across all

trials and sensor numbers. This aligns well with its theoretical

submodularity. For MFADEG, the estimated submodularity
ratio ¥ is slightly below 1 in the majority of settings. While

the inclusion of the E-optimality criterion leads to mild non-

12| Eng. Sci., 2025, 38, 1734

submodular behavior in some cases, the overall performance
degradation is marginal. The E-optimality term complements
A- and D-optimality by improving worst-case error bounds,
albeit at the cost of violating strict submodular structure.

3.3 YaleB dataset

The Extended Yale B dataset is an extension of the original
Yale Face Database B (Yale B) and is commonly used for
experiments and research in face recognition algorithms.**
The Yale B dataset has dimensions X € R'?**!"  with each
snapshot having 1024 features. We applied the proposed
MFAD and MFADE to the Yale B facial dataset, as illustrated
in Figs. 7 and 8.

Observing Fig. 7, it is evident that in terms of MSE, WCEV,
and CN metrics, both MFADG and MFADEG outperform
other methods. In WCEV and CN, MFADE performs slightly
better than MFADG. In VCE and MSE, MFADG outperforms
MFADEG slightly. However, the performance of MFADG
and MFADEG in VCE is slightly worse, and they perform
worse than Convex Relaxation in most sensors. But in VCE
metric, the performances of Convex Relaxation, QRP, REG,
MFADG, and MFADEG are very close, unlike in other
metrics where there are more noticeable differences. This
behavior also aligns with the expectations for multi-objective
optimization tasks, as it is unlikely to achieve perfection in all
aspects. This can be viewed from the perspective of Pareto
Optimal Solutions; if we want to optimize one of the
objectives, such as the MSE metric in subfigure b) of Fig. 7, it
is difficult to simultaneously optimize VCE as well. The
multi-objective methods proposed in this study did not aim to
find the Pareto Front, as it generally requires tools such as
genetic  algorithms or particle swarm optimization,
accompanied by considerable computational costs.

Engineered Science Publisher


https://www.espublisher.com/

Engineered Science

Research article

Sensors=20 Sensors=22

431
—8— Fix Weighted . a4.6 .
43.01 @ Adapt Weighted
44.5
429
128 44.4
w w 44,3
% 42.7 . E !
-
42.6 P 4.2 f
4254 @ L] 441
[ s
4241 8 / 44.01®
-»
w~ Ol
423 ; L 439 ! I
138 13.9 14.0 145 146 14.7
VCE VCE
Sensors=28 Sensors=30
L] -
487
19,8
486
485 196
w w
9 484 @ ./
a9.4
483 j
- .. o
4821 % - f.!’
. M 49,2 ot
8.1 L0 v
. .. ®
16.2 16.3 16.4 16.5 167 168 169  17.0
- VCE - VCE
Sensors=36 Sensors=38
52.4 . 53.1 *
523 53.0
52.2 52.9
52.1 52.8
[ @ .f
5 520 S 527
.
51.9 52.6
51.8 o
. 5254 @
Se (L Tl
517 ~» 52.4 .
® [ ]
51.6 : ! : : : ! : : -
175 176 177 178 179 177 178 179 180 181
- VCE - VCE
Sensors=44 Sensors=46
545
. 54.9 *
54.4
54.8
54.3
54.7
B 54.2 ) w
= o Z 546 .
54.1 {
54.5 .
54.0 3 ® D g
[ ) - e
2% o (0l
530 4¢ 54.4
' L] [
178 179 180 181 182 17.8 179 180 181 182
- VCE -VCE

Sensors=24 Sensors=26

. 47.4 - »
46.1
47.3 1
46.0
47.2 4
45.9
" w 471
4458 2

1 J
BT . J 16.9 14
45.6 - “" 16 | :
..'~ '..
o

45.57 46.7 °
15.1 15.2 15.3 15.4 15.7 15.8 15.9 16.0
VCE VCE
Sensors=32 Sensors=34
50.8 - 51.7 -
5L1.6
50.7 -
5L.5 -
77
50.6 L)
5141 <
/ B /
= 513 -
50.5 - -
5 ._‘M *
» . 51.2 1
. &
50.4 . 1.’
- 51.1 A .Ih '
.
.“ ~.
50.3 [ 51.0 4 ®
171 17.2 17.3 173 174 175 1786 177
- VCE -WCE
Sensors=40 Sensors=42
. 54.2 o
935 54.1
53.4 54.0 4
53.9 4
E 53.3 * % .
! F) 53.8 - ”
532  Po rd
53.7 4
L .
53.1 0w Ri. 536 q'-' .‘
| o | | sasd—N2 L
17.8 17.9 18.0 18.1 179 180 181 18.2
- VCE - VCE
Sensors=48 Sensors=50
55.5
L ] L]
55.1
55.4 1
55.0
55.3 4
.
w w
54,
gy K4 %550 A
5481 % s . f
F1 e 2% "’ 5511w w
% -.’ ’..
54.7 55.0 4 -%
L ]
17.7 17.8 17.8 18.0 17.6 17.7 17.8 17.9
-VCE -VCE

Fig. 5: Fixed-weight and adaptive-weight greedy solutions for the Bi-objective optimization problem of A and D under different

numbers of sensors in Bernoulli random matrices.

Fig. 8 illustrates the training and testing errors of the
original signals in the Yale B dataset. The testing set exhibits
a similar trend in reconstruction errors as the training set. In
the testing set, MFADG and MFADEG demonstrate
reconstruction errors very close to REG, a greedy method
based on reconstruction error, and significantly outperform the
Convex Relaxation and QRP methods. When a smaller
number of sensors are selected, REG slightly outperforms the
MFADG and MFADEG algorithms. However, when n >160,
MFADEG's reconstruction performance surpasses that of the
REG method. Furthermore, when n>180 , MFADG's

reconstruction performance also overtakes the REG method.

Engineered Science Publisher

To gain a more intuitive understanding of the specific
implementation of the MFADG and MFADEG methods, we
selected a snapshot from the testing set and plotted the
reconstruction results and the specific sensor locations when
p =170, as shown in Fig. 9.

Fig. 9 illustrates the reconstruction performance of
MFADG and MFADEG on specific facial images. Subfigures
b) and c¢) of Fig. 9 show that the proposed MFADG and
MFADEG methods reconstruct the main contours of the facial
images quite well. Subfigure a) shows that there is a
significant overlap in the recommended image sampling
points between the two methods. Some sensor locations differ
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Fig. 7: Comparison of model performance between MFADG and MFADEG and state-of-the-art methods on the Yale B dataset. a)
VCE comparison. b) MSE comparison. ¢) WCEV comparison. d) CN comparison.
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Fig. 9: a) Original image along with sensor locations determined by MFADG and MFADEG algorithms. Red crosses represent
sensor locations placed by MFADEG blue circles represent sensor locations placed by MFADG. b) Reconstructed face image using
the MFADEG method. c) Reconstructed face image using the MFADG method.

slightly, but both methods perform well in restoring the high-
frequency edge portions and low-frequency flat areas of the
images. The optimal rank 7 for Frobenius norm in Equation
2 for the Yale B dataset, obtained using the hard thresholding
method,?” is »=166 . The recommended methods use
= p/2 =85, and they can achieve high-probability recovery

of the original signal's maximum information with relatively

Engineered Science Publisher

fewer sampling points through data-driven MFADG and
MFADEG greedy sampling of data points in facial images.
The advantage of data-driven MFADG and MFADEG
methods lies in their ability to guide the sampling point
positions using the features of training set images to obtain the
maximum information content of the original image with
fewer sampling points.
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3.4 SST Dataset

The NOAA OISST V2 global ocean surface temperature
dataset, spanning the period from 1990 to 2023 in weeks, is
publicly available online®. The original dataset consists of
snapshots with a spatial grid size of 360x180 . Due to
computational limitations, this study follows the settings of the
REG method, reducing the spatial resolution of the dataset.
The grid density at this stage is 108 x 54, resulting in 5832
features per snapshot. This corresponds to reshaping the
matrix to X e R while simultaneously zero-centering
the data. The model performance of all methods on the SST
dataset is shown in Fig.10.

Fig. 10 illustrates that the model performance of the sensor
configurations recommended by MFADG and MFADEG on
the SST dataset is similar to that observed in the Yale B dataset,
with both methods performing exceptionally well. In the SST
dataset, the performance metrics for VCE are even better than
those in the Yale B dataset, approaching the level of convex
relaxation while outperforming the other two methods. In
terms of MSE, WCEV, and CN, MFAD and MFADE
consistently outperform the other three methods across
different numbers of sensors. REG approaches the
performance of MFAD when a large number of sensors are
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used in WCEV and CN. In contrast, convex relaxation and
QRP perform poorly in terms of the condition number,
possibly due to numerical instability when solving the linear
measurement system derived from these methods. The
performance of all methods in terms of reconstruction error on
the SST dataset is illustrated in Fig. 11.

On the SST dataset, Fig. 11 shows that training and testing
errors are roughly the same. Moreover, compared to the
reconstruction performance on the Yale B dataset, the
reconstruction errors of MFADG and MFADEG are closer to
those of REG when a large number of sensors are selected. In
contrast, when fewer sensors are chosen, the reconstruction
performance of MFADG and MFADEG is better than that of
REG. Furthermore, in the SST dataset, with a much higher
feature dimension than Yale B, when selecting p>130

sensors, the reconstruction error is less than 0.2, indicating
better adaptability of data-driven sensor methods on the SST
dataset.

4. Discussion

In all three datasets, concerning the model performance of
linear estimators, except for the slight advantage of Convex
Relaxation over MFADG and MFADEG on the VCE index,
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Fig. 10: Comparison of model performance among MFADG, MFADEG, and state-of-the-art methods using the SST dataset. a) VCE
comparison, b) MSE comparison, c) WCEV comparison, d) CN comparison.

3 https://psl.noaa.gov/data/gridded/data.noaa.oisst.v2.html
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Fig. 11: Comparison of reconstruction errors among MFADG, MFADEG, and state-of-the-art methods using the SST dataset. a)

Training error, b) Test error.

MFAD and MFADE outperform the other two methods on the
other three metrics, namely MSE, WCEV, and CN. The
comparison of algorithm performance here is for the same
number of selected sensors p , where VCE is the objective

function to be maximized, while MSE, WCEV, and CN are
functions to be minimized. However, as the number of selected

sensors increases, all these model performance metrics do not
improve with the increase in p . The expected behavior is that

VCE increases with p , while MSE, WCEV, and CN decrease
with p .

One reason for this discrepancy is that greedy solving
methods can only identify the next best sensor location ;* for

the current sensor configuration S in the linear estimation
guarantee that the sensor
configuration S U j* is also optimal. This suboptimality of

system, but they cannot

greedy sensors can be addressed either at the input stage
through group greedy methods or at the output stage through
local optimization techniques. For specific approaches, please
refer to Joshi and Boyd and Jiang et al.?>?* Another reason is
that in several examples, the rank 7 of the basis changes with
the number of selected sensors, i.e., p=2r, leading to trends
in certain metrics that deviate from expectations. A possible
solution is to determine the optimal rank » , such as using a
hard thresholding method, and maintain a fixed basis size r
to study the oversampling effects as the number of sensors
increases.
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From the perspective of reconstruction error, MFADG and
MFADEG's performance is very close to the REG method,
which is specifically designed for minimizing reconstruction
error. They even outperform this sensor placement method
designed for minimizing reconstruction error on real datasets
Yale B and SST. For all greedy methods, the reconstruction
error aligns with our intuition; as the number of selected
sensors increases, the reconstruction error decreases.

Although MFADEG and MFADG are fast
implementations of multi-objective methods for A-, D-, and
E-optimality, the fast implementation of E-optimality in Eq.
(17) still requires solving the eigenvector v, (¥s) of the

which has

complexities ranging from O(n’) to O(n') for an n -

minimum eigenvalue A algorithmic

‘min s

dimensional matrix, and the inversion of the matrix also has a
complexity of O(n’) . However, based on the results of

solving the sensor placement problem with the MFADG and
MFADERQG algorithms on the three datasets, MFADEG is only
slightly better than MFADG in WCEV and CN. Therefore,
one can choose one of the two methods based on the actual
performance requirements for the linear estimator.

Furthermore, according to Lemma, Eq. (25) corresponding
to the MFAD method has performance guarantees as given in
Eq. (14). This is something that Convex Relaxation, QRP,
REG, and MFADEG methods do not possess. At the same
time, the MFADG method exhibits excellent performance
metrics.
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challenging combinatorial optimization problem. One
possible solution is to guide the selection of sensor locations
through data-driven greedy sensor placement strategies,
especially when the objective functions exhibit submodularity,
as these greedy methods can provide guarantees on the
performance of the selected sensor set.

This study first reiterates that the combination of non-
negative linear combinations of single-objective functions
with submodularity results in a multi-objective function that
also retains submodularity. This property is revalidated from
the perspective of the definition of submodular functions.
Subsequently, we propose two sensor placement strategies,
MFADG and MFADEG, tailored for three objective functions
related to optimal experimental design. By introducing a
weight update strategy, these multi-objective problems are
transformed into single-objective optimization problems,
circumventing the need to solve the Pareto front of the multi-
objective problem. Among these, the MFADG method is
equipped with submodularity guarantees.

We validate our proposed methods on two simulated
datasets and two real-world datasets, demonstrating their
effectiveness. Experimental results show that MFADG and
MFADEG outperform classical sensor placement methods
across most of the five performance metrics. If computational
complexity is not a primary concern, the MFADEG method
can be chosen based on specific requirements. Meanwhile, the
MFADG method is recommended as a robust and potentially
widely applicable greedy sensor placement strategy with
submodularity guarantees. This approach not only allows for
real-time updates of sensor location sets based on simulation
and measurement data but also avoids the complexity of
searching for Pareto-optimal solutions. Furthermore, the
solutions obtained by the MFADG algorithm are almost
always located on the Pareto front and dominate the majority
of fixed-weight solutions.
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