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Abstract 
 

To resolve the trade-off between stability and vibration isolation performance in linear systems, vertical and horizontal quasi-

zero stiffness (QZS) vibration isolators are designed using coil springs and a slider-guide mechanism. A new type of three-

dimensional quasi-zero stiffness isolation structure is developed, consisting of one vertical isolation module combined with 

two horizontal isolation modules arranged orthogonally through connecting components. Analytical results confirm that this 

system exhibits quasi-zero stiffness characteristics along all three principal axes when maintained in static balance. The effects 

of different design parameters on the mechanical properties are analyzed, and the parameters of the three-dimensional QZS 

system are optimized to expand the QZS range and improve low-frequency isolation performance. The dynamics of the system 

under optimized parameters are studied, and the transmissibility of the three-dimensional QZS system is compared with 

traditional QZS and equivalent linear systems to evaluate the vibration isolation performance of the new device. Finally, 

shaking table tests are conducted on the three-dimensional QZS isolator to assess the effect of excitation amplitude on the 

system. The experimental transmissibility is compared with theoretical predictions, validating the dynamic behavior of the 

device and confirming its superior low-frequency vibration isolation capabilities. 
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1. Introduction 

Passive isolation technology refers to the installation of 

isolation devices between the vibration source and the isolated 

object to reduce the transmitted vibration. When the isolated 

object and the linear vibration isolation system are determined, 

the isolation range is a fixed frequency domain, and the low 

frequency vibration beyond its isolation range cannot be 

effectively isolated. Therefore, it is of great engineering 

importance to propose a nonlinear vibration device with high 

static stiffness and low dynamic stiffness compared with the 

traditional linear isolation system. Higher static stiffness 

means less deflection and larger load carrying capacity, while 

decreased dynamic stiffness leads to an expanded frequency 

range for vibration isolation. 

The stiffness characteristics of nonlinear vibration isolators 

can be achieved by combining positive and negative 

stiffnesses to create a near-zero stiffness, which is referred to 

as the QZS characteristic. Molyneux[1] was the first to create a 

quasi-zero stiffness system with two springs arranged at an 

angle to form a negative stiffness structure in 1957. In 1976, 

Eijk et al.[2] designed a plate spring type system and introduced 

a comprehensive theory of quasi-zero stiffness vibration 

isolation. In 1999, Platus[3] designed an eccentric articulated 

Eulerian compression bar as a negative stiffness structure and 

used the compression bar system to avoid structural instability. 

Since the twenty-first century, various vibration isolators with 

quasi-zero stiffness characteristics have been developed, 

which can be classified according to different negative 

stiffness structures as follows: 

(1) Tilting spring vibration isolation system: The even 

number of springs is hinged at one end at the center point and 

the other end is arranged at a fixed tilt angle, so that when the

1School of Architectural Engineering, Quzhou University, Quzhou, 

Zhejiang, 324000, China 
2Department of Civil Engineering, Southeast University, Nanjing, 

Jiangsu, 211189, China 
3School of Civil Engineering and Transportation engineering, 

Beijing University of Civil Engineering and Architecture, Beijing, 

100044, China 
*Email: lt2957327761@gmail.com (Xiansong Xie) 

https://www.espublisher.com/


Research article                                                                                                                                                                                Engineered Science 

 

2 | Eng. Sci., 2025, 37, 1700                                                                                                                                                                 Engineered Science Publisher 

 
Fig. 1: 3D model representation of the three-dimensional QZS isolator. 

 

system is subjected to a vertical load, the load gradually 

decreases as the displacement increases, resulting in a tilt 

spring type negative stiffness structure. One representative 

example is the vibration isolation system configured with 

three springs,[4-7] on which later scholars have based different 

forms of improvement, designing multi-spring QZS 

structures,[8-11] special spring QZS structures[12-14] and slider-

rod QZS structures.[15-17] 

(2) Euler flexure beam/rod vibration isolation system: 

Buckling beams generally indicate structural elements that 

bear lateral or axial forces. Their unique property of negative 

stiffness arises because, under specific loading conditions, 

these beams can experience localized or global buckling 

phenomena, depending on factors such as geometry, boundary 

constraints, and the manner in which force is applied[18-22]. 

Eulerian compression rods are long thin rods that experience 

stability failure under axial compression, and their negative 

stiffness characteristics are mainly reflected in the fact that 

after reaching the critical compression force, any small 

perturbation may lead to significant deformation of the 

structure.[23-25] Both serve as key reference models in structural 

stability research and can display negative stiffness behavior 

once a defined critical threshold is surpassed, at which point 

the structure may experience significant shape changes 

triggered by external disturbances.[26-28] 

(3) Geometrically Nonlinear Vibration Isolation Systems: 

Structures with geometrical nonlinearity leverage specific 

configurations and structural forms to generate nonlinear 

dynamic responses. Under external forces or disturbances, the 

system’s stiffness and damping behavior adjust according to 

variations in displacement or applied load, enabling enhanced 

vibration and impact mitigation. Such nonlinear features are 

introduced by carefully designing structural contours, 

optimizing material layout, or applying initial pre-load 

conditions. This design approach allows the vibration isolation 

system to exhibit excellent performance in vibration isolation, 

shock absorption and energy conversion, and is particularly 

suited to applications that require effective vibration isolation 

over a wide bandwidth, or where there are special 

requirements for specific vibration frequencies. Quasi-zero 

stiffness vibration isolators with geometrical nonlinear 

characteristics can be mainly classified into rhombic 

structures,[29-31] scissor structures[32-36] and cam structures.[37-42] 

(4) Magnetic vibration isolation system: Magnetic-based 

vibration isolation systems utilize the nonlinear characteristics 

inherent in magnetic fields to create negative stiffness 

behavior. Through deliberate configuration of magnetic 

components, forces of attraction or repulsion are introduced 

within the structure. When these magnetic forces interact with 

elements providing positive stiffness, they can counteract part 

of the positive stiffness contribution, leading to an overall 

reduction in system stiffness. By carefully tuning the position 

and distance between magnets, the combined system stiffness 

can be minimized or even approach zero under defined loading 

and displacement scenarios, thereby realizing quasi-zero 

stiffness performance. Magnetic quasi-zero stiffness vibration 

isolators are categorized into permanent magnet systems,[43–46] 

electromagnetic systems,[47–49] hybrid magnetic systems,[50–53] 

and magnetic levitation systems.[54–56] 

Considering that most of the existing quasi-zero stiffness 

vibration isolation systems focus on vertical vibration, a new 

type of QZS isolation device has not yet been proposed to meet 

the requirements of three-dimensional vibration isolation, the 

authors propose an innovative three-dimensional vibration 

isolator based on coil springs and slider-guide connecting 

mechanism with quasi-zero stiffness characteristics for 
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Fig. 2: Three-dimensional QZS device: (a) full structure, (b) horizontal isolator, (c) detail view at A. 

 

practical engineering applications. 

 

2. Three-dimensional QZS isolator description 

Building on research into multi-spring structures[8-11] and 

slider-rod structures,[15-17] this study develops vertical and 

horizontal QZS vibration isolators by combining pre-loaded 

inclined springs and a slider-guided setup to generate negative 

stiffness, together with vertically and horizontally arranged 

helical springs providing positive stiffness. Both negative and 

positive stiffness components are integrated in parallel 

through a connecting rod and motion transmission system. 

Furthermore, by vertically cross-assembling a set of vertical 

vibration isolators (Z-direction) and a pair of horizontal 

vibration isolators (X- and Y-directions) through a connecting 

plate, a three-dimensional QZS vibration device is developed, 

as shown in Fig. 1, which achieves high static stiffness with 

low dynamic stiffness under three-directional vibrations. The 

structural design and motion mechanism of the isolators in the 

X- and Y-directions are essentially identical, adopting four 

pre-compressed tilting spring elements symmetrically 

arranged horizontally as well as the slider-guide connecting 

mechanism on both sides as the components of the negative 

stiffness structure. The two sides of the negative stiffness 

structure are respectively equipped with corresponding 

horizontal coil springs as the positive stiffness structure, and 

the positive and negative stiffness structures are jointly 

assembled on the base plate to enable it to achieve QZS 

characteristics under the action of horizontal vibration. 

As shown in Fig. 2, the proposed three-dimensional quasi-

zero stiffness (QZS) structure integrates one vertical isolator 

along the Z-axis and two horizontal isolators aligned with the 

X and Y axes. The vertical isolator is constructed from a 

carrier plate (1), an upper limiting plate (4), and a lower 

limiting plate (17). Between the carrier plate and the upper 

limiting plate, four vertically positioned coil springs are 

arranged to establish the system’s vertical positive stiffness. 

The vertical negative stiffness system, located between the 

upper and lower limit plates, consists of eight sets of tilting 

shock absorbers with first pre-compressed tilting coil springs 

(11) as elastic elements. The adjustable support portion, 

comprising four support columns (9) and eight round hole 

sliders (5), limits the compression stroke, while the connecting 

rod (15) links the vertical positive and negative stiffness 

systems. A first central connecting block (13) moves along the 

rod, adjustable via two nuts (14) on a threaded section to 

modify load-bearing characteristics. The tilting shock 

absorber includes a first piston rod (10), a first piston sleeve 

(12), and a first slider (7) mounted on round hole sliders, with 
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Fig. 3: Spring characteristics and structural parameters of the three-dimensional QZS isolator; (a) vertical isolator (Z-axis), (b) 

horizontal isolators (X- and Y-axes). 

 

viscous damping fluid inside the piston sleeve to absorb 

energy and control displacement.   

The horizontal isolator consists of a connection plate (19) 

and a base plate (26), positioned up and down, with two guide 

rails (23) on the bottom surface of the connection plate and a 

drive block (29) in the middle, moving linearly along the guide 

rails. The horizontal negative stiffness system comprises a 

second central connecting block (28) and four symmetrically 

arranged sets of second pre-compressed tilting coil springs 

(27). The horizontal positive stiffness system consists of two 

baffle plates (18), four sets of horizontal coil springs (21), and 

two second slide rods (22), with each slide rod passing through 

the coil springs and baffle plates. The system further includes 

four second sliders (25), each connected to a limit slider (24) 

and a second pre-compressed tilting coil spring (27), enabling 

movement along the guide rails. A second piston rod (33), 

enclosed in a second piston sleeve (32) and connected to a 

second slider (25) via a round head bolt (30), allows for 

additional damping using a viscous damping fluid to control 

horizontal displacement. The two horizontal isolators are 

stacked, with the upper connection plate (19) in contact with 

the lower limit plate (17) and the lower base plate (26) in 

contact with the upper isolator’s connection plate.   

The first sliders (7), mounted on round hole sliders (5), face 

the center of the upper and lower limit plates and can slide 

vertically along their supporting walls. The position of each 

first slider (7) is defined by a screw (16), enabling precise 

regulation of the deformation range within the vertical 

subsystem that generates negative stiffness. This assembly 

provides adjustable load-bearing capacity, enhanced damping, 

and controlled displacement across three dimensions. To 

simplify the theoretical model, all components except the 

springs are treated as rigid bodies, focusing on the QZS 

mechanism and isolation characteristics. However, we 

acknowledge that under complex excitation conditions, 

structural flexibility and internal modal effects, particularly 

those involving coupled horizontal translation and rotation, 

may influence overall performance. This will be further 

addressed in future work. 

 

3. Static Analysis of three-dimensional QZS isolator 

The vibration isolators produce both vertical and horizontal 

compression movements through the connecting plates under 

the action of three-dimensional motion of the ground or three-

dimensional vibration of the isolated object. At the designed 

starting displacement stage, the vertical and horizontal 

positive stiffness systems can work independently to provide 

positive stiffness, and after the preset displacement is reached, 

the negative stiffness and the positive stiffness systems will 

work together. The dynamic behavior of the three-dimensional 

QZS isolator is primarily influenced by both the mechanical 

characteristics of its coil springs and the structural dimensions 

of the device, as indicated in Fig. 3(a). For modeling purposes, 

the vertical direction’s positive stiffness is represented by the 

spring constant 𝑘1𝑧 , while the tilted spring mechanism 

providing negative stiffness in the vertical direction is 
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Fig. 4: A 3D surface plot of the dimensionless stiffness 𝐾𝜆 as a function of parameters 𝜌̃𝜆 and 𝜆̃. (𝜈𝜆 = 0); (a) 𝑎̃𝜆 = 0.1, (b) 𝑎̃𝜆 = 0.2, 

(c) 𝑎̃𝜆 = 0.3, (d) 𝑎̃𝜆 = 0.4. 

 

described using two separate setups. In these setups, the 

stiffness coefficient of the inclined spring is denoted as 𝑘2𝑧, its 

pre-compression amount as 𝜌𝑧 , and the softening cubic 

stiffness coefficient as 𝑘3𝑧 . These two structural 

configurations along with their related parameters are 

identified as cases I and II in the analysis. In Fig. 3(b), the coil 

spring stiffness coefficients 𝑘1𝑥  and 𝑘1𝑦  are defined for the 

horizontal systems, and two different configurations of the 

tilting coil springs are also considered, where the stiffness 

coefficients of the tilting springs are 𝑘2𝑥  and 𝑘2𝑦 , the pre-

compression of the tilting springs are 𝜌𝑥  and 𝜌𝑦 , and the 

softening cubic stiffness coefficients of the tilting springs are 

𝑘3𝑥 and 𝑘3𝑦, and these configurations and the corresponding 

parameters are likewise labelled I and II in Fig. 3(b). 

Referring to the structural dimensions illustrated in Fig. 

3(a), the length of the pre-compressed spring in the vertical 

negative stiffness unit is denoted as 𝑙𝑧. Taking into account its 

pre-compression amount 𝜌𝑧 , the total free length of the 

inclined spring along the Z-direction becomes 𝑙𝑧 + 𝜌𝑧 . The 

displacement range available for vertical compression in this 

setup is defined as 𝑎𝑧 , which corresponds to the vertical 

projection height of the pre-compressed spring. Similarly, as 

shown in Fig. 3(b), for the horizontal negative stiffness 

mechanisms along the X- and Y-axes, the pre-compressed 

spring lengths are defined as 𝑙𝑥 and 𝑙𝑦, while their total free 

lengths, including pre-compression, are 𝑙𝑥 + 𝜌𝑥  and 𝑙𝑦 + 𝜌𝑦 , 

respectively. The maximum compression displacements along 

the X- and Y-directions are given as 𝑎𝑥 and 𝑎𝑦, representing 

the respective projection distances of the inclined pre-

compressed springs in both horizontal directions. 

In this study, the vertical and horizontal isolation 

mechanisms are treated as independent subsystems to simplify 

the theoretical model. This simplification enables focused 

analysis of the quasi-zero stiffness characteristics along each 

principal direction. It is acknowledged that in practical 

implementations, connecting plates, mounting frames, and 

other structural components possess finite stiffness, which 

may introduce coupled stiffness terms between translational 

motions along the X, Y, and Z axes. Such coupling effects may 

influence the overall isolation performance, particularly in 

cases involving large equipment or precision isolation 

requirements. The present model provides a first-order 

approximation. Coupling effects will be further analyzed and 

considered in future refined dynamic models. Further, we can 

derive the force-displacement characteristics of the three-

dimensional vibration isolators in the Z-direction, X-direction 

and Y-direction respectively. 

Within the range of −𝑎𝑧 < 𝑧 < 𝑎𝑧 , the relationship 

between the applied force 𝑓𝑧  along the Z-axis and the 

corresponding displacement 𝑧  can be described as follows 
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Fig. 5: A 2D mapping diagram of the dimensionless stiffness 𝐾𝜆 as a function of parameter 𝜆̃. (𝜈𝜆 = 0); (a) 𝑎̃𝜆 = 0.1, (b) 𝑎̃𝜆 = 0.2, 

(c) 𝑎̃𝜆 = 0.3, (d) 𝑎̃𝜆 = 0.4. 

𝑓𝑥 = 4𝑘1𝑧𝑧 + {4𝑘2𝑧

𝑎𝑧 − 𝑧

√𝑙𝑧
2 + 𝑧2 − 2𝑎𝑧𝑧

(𝑙𝑧 + 𝜌𝑧 − √𝑙𝑧
2 + 𝑧2 − 2𝑎𝑧𝑧) − 4𝑘3𝑧

𝑎𝑧 − 𝑧

√𝑙𝑧
2 + 𝑧2 − 2𝑎𝑧𝑧

(𝑙𝑧 + 𝜌𝑧

− √𝑙𝑧
2 + 𝑧2 − 2𝑎𝑧𝑧)3 − 4𝑘2𝑧

𝑎𝑧 + 𝑧

√𝑙𝑧
2 + 𝑧2 + 2𝑎𝑧𝑧

(𝑙𝑧 + 𝜌𝑧 − √𝑙𝑧
2 + 𝑧2 + 2𝑎𝑧𝑧)

+ 4𝑘3𝑧

𝑎𝑧 + 𝑧

√𝑙𝑧
2 + 𝑧2 + 2𝑎𝑧𝑧

(𝑙𝑧 + 𝜌𝑧 − √𝑙𝑧
2 + 𝑧2 + 2𝑎𝑧𝑧)3}

 

(1) 

Within the range of −𝑎𝑥 < 𝑥 < 𝑎𝑥 , the relationship between the applied force 𝑓𝑥  along the Z-axis and the corresponding 

displacement 𝑥 can be described as follows 

𝑓𝑥 = 2𝑘1𝑥𝑥 + {2𝑘2𝑥

𝑎𝑥 − 𝑥

√𝑙𝑥
2 + 𝑥2 − 2𝑎𝑥𝑥

(𝑙𝑥 + 𝜌𝑥 − √𝑙𝑥
2 + 𝑥2 − 2𝑎𝑥𝑥) − 2𝑘3𝑥

𝑎𝑥 − 𝑥

√𝑙𝑥
2 + 𝑥2 − 2𝑎𝑥𝑥

(𝑙𝑥 + 𝜌𝑥

− √𝑙𝑥
2 + 𝑥2 − 2𝑎𝑥𝑥)3 − 2𝑘2𝑥

𝑎𝑥 + 𝑥

√𝑙𝑥
2 + 𝑥2 + 2𝑎𝑥𝑥

(𝑙𝑥 + 𝜌𝑥 − √𝑙𝑥
2 + 𝑥2 + 2𝑎𝑥𝑥)

+ 2𝑘3𝑥

𝑎𝑥 + 𝑥

√𝑙𝑥
2 + 𝑥2 + 2𝑎𝑥𝑥

(𝑙𝑥 + 𝜌𝑥 − √𝑙𝑥
2 + 𝑥2 + 2𝑎𝑥𝑥)3}

 

(2) 

Within the range of −𝑎𝑦 < 𝑦 < 𝑎𝑦 , the relationship between the applied force 𝑓𝑦  along the Z-axis and the corresponding 

displacement 𝑦 can be described as follows 
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Fig. 6: A 2D mapping diagram of the dimensionless stiffness 𝐾𝜆 as a function of parameter 𝜌̃𝜆. (𝜈𝜆 = 0); (a) 𝑎̃𝜆 = 0.1, (b) 𝑎̃𝜆 = 0.2, 

(c) 𝑎̃𝜆 = 0.3, (d) 𝑎̃𝜆 = 0.4. 

 

𝑓𝑥 = 2𝑘1𝑦𝑦 + {2𝑘2𝑦

𝑎𝑦 − 𝑦

√𝑙𝑦
2 + 𝑦2 − 2𝑎𝑦𝑦

(𝑙𝑥 + 𝜌𝑥 − √𝑙𝑦
2 + 𝑦2 − 2𝑎𝑦𝑦) − 2𝑘3𝑦

𝑎𝑦 − 𝑦

√𝑙𝑦
2 + 𝑦2 − 2𝑎𝑦𝑦

(𝑙𝑥 + 𝜌𝑥

− √𝑙𝑦
2 + 𝑦2 − 2𝑎𝑦𝑦)3 − 2𝑘2𝑦

𝑎𝑦 − 𝑦

√𝑙𝑦
2 + 𝑦2 + 2𝑎𝑦𝑦

(𝑙𝑥 + 𝜌𝑥 − √𝑙𝑦
2 + 𝑦2 + 2𝑎𝑦𝑦)

+ 2𝑘3𝑦

𝑎𝑦 − 𝑦

√𝑙𝑦
2 + 𝑦2 + 2𝑎𝑦𝑦

(𝑙𝑥 + 𝜌𝑥 − √𝑙𝑦
2 + 𝑦2 + 2𝑎𝑦𝑦)3}

 

(3) 

 

The structural configuration and dynamic behavior of the QZS 

isolation units along the X-axis and Y-axis within the three-

dimensional system are identical; therefore, their 

corresponding mechanical models can be uniformly 

represented by Eq. (2) and Eq. (3). Meanwhile, since the QZS 

characteristics are designed based on the tilting pre-

compression springs as negative stiffness structure, the 

mechanical models of the three-dimensional isolator in the 

horizontal and vertical directions are also similar to a certain 

extent. Based on Eq. (1), Eq. (2) and Eq. (3), the mechanical 

model of the three-dimensional isolator can be written 

uniformly as follows  

when −𝑎𝜆 < 𝜆 < 𝑎𝜆 

𝑛𝑓𝜆 = 𝑘1𝜆𝜆 + {𝑘2𝜆

𝑎𝜆 − 𝜆

√𝑙𝜆
2 + 𝜆2 − 2𝑎𝜆𝜆

(𝑙𝜆 + 𝜌𝜆 − √𝑙𝜆
2 + 𝜆2 − 2𝑎𝜆𝜆) − 𝑘3𝜆

𝑎𝜆 − 𝜆

√𝑙𝜆
2 + 𝜆2 − 2𝑎𝜆𝜆

(𝑙𝜆 + 𝜌𝜆

− √𝑙𝜆
2 + 𝜆2 − 2𝑎𝜆𝜆)3 − 𝑘2𝜆

𝑎𝜆 + 𝜆

√𝑙𝜆
2 + 𝜆2 + 2𝑎𝜆𝜆

(𝑙𝜆 + 𝜌𝜆 − √𝑙𝜆
2 + 𝜆2 + 2𝑎𝜆𝜆)

+ 𝑘3𝜆

𝑎𝜆 + 𝜆

√𝑙𝜆
2 + 𝜆2 + 2𝑎𝜆𝜆

(𝑙𝜆 + 𝜌𝜆 − √𝑙𝜆
2 + 𝜆2 + 2𝑎𝜆𝜆)3}

 

(4) 
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Fig. 7: A 3D surface plot of the dimensionless stiffness 𝐾𝜆 as a function of parameters 𝜌̃𝜆 and 𝜆̃. (𝜈𝜆 ≠ 0); (a) 𝑎̃𝜆 = 0.1, (b) 𝑎̃𝜆 = 0.2, 

(c) 𝑎̃𝜆 = 0.3, (d) 𝑎̃𝜆 = 0.4. 

 

In the dimensionless formulation, 𝜆 = 𝑧 corresponds to the 

vertical QZS mechanism along the Z-axis within the three-

dimensional structure, where 𝑛 takes the value 1/4 in Eq. (4). 

Similarly, 𝜆 = 𝑥  or 𝜆 = 𝑦  denotes the horizontal QZS 

mechanisms along the X- and Y-axes, with 𝑛 equal to 1/2 in 

Eq. (4). By applying this unified dimensionless approach, it 

becomes possible to compare different system configurations 

and identify shared features or distinctions, thereby extending 

the general conclusions of the study. The following 

normalized parameters are introduced: 𝑓𝜆 = 𝑛𝑓𝜆/𝑘1𝜆𝑙𝜆 , 𝜆̃ =

𝜆/𝑙𝜆 , 𝑎̃𝜆 = 𝑎𝜆/𝑙𝜆 , 𝜌̃𝜆 = 𝜌𝜆/𝑙𝜆 , 𝜇𝜆 = 𝑘2𝜆/𝑘1𝜆 , 𝜈𝜆 = 𝑘3𝜆𝑙𝜆
2/

𝑘1𝜆, and further simplified Eq. (4) as follows  

when −𝑎̃𝜆 < 𝜆̃ < 𝑎̃𝜆 

𝑓𝜆 = 𝜆̃ + {𝜇𝜆𝛤1𝜆(𝛷1𝜆 − 1) − 𝜇𝜆𝛤2𝜆(𝛷2𝜆 − 1)

− 𝜈𝜆𝛤1𝜆𝛨1𝜆
2(𝛷1𝜆 − 1)3

+ 𝜈𝜆𝛤2𝜆𝛨2𝜆
2(𝛷2𝜆 − 1)3} 

(5) 

The definitions of the simplified parameters in Eq. (5) are 

as follows: 𝛤1𝜆 = 𝑎̃𝜆 − 𝜆̃ , 𝛤2𝜆 = 𝑎̃𝜆 + 𝜆̃ , 𝛨1𝜆 =

√1 + 𝜆̃2 − 2𝑎̃𝜆𝜆̃ , 𝛨2𝜆 = √1 + 𝜆̃2 + 2𝑎̃𝜆𝜆̃ , 𝛷1𝜆 = (1+𝜌̃𝜆)/
𝛨1𝜆, 𝛷2𝜆 = (1+𝜌̃𝜆)/𝛨2𝜆. The expressions for the derivatives 

of each simplified parameter are as follows: 𝛤1𝜆
′ = −1  ，

𝛤2𝜆
′ = 1 ， 𝛨1𝜆

′ = −𝛤1𝜆/𝛨1𝜆 ， 𝛨2𝜆
′ = 𝛤2𝜆/𝛨2𝜆 ， 𝛷1𝜆

′ =

−(1+𝜌̃𝜆)𝛨1𝜆
′/𝛨1𝜆

2 ，𝛷2𝜆
′ = −(1+𝜌̃𝜆)𝛨2𝜆

′/𝛨2𝜆
2. Thus, by 

differentiating the expression in Eq. (5) with respect to the 

variable 𝜆̃ , the dimensionless stiffness expression can be 

obtained as follows: 

when −𝑎̃𝜆 < 𝜆̃ < 𝑎̃𝜆 

𝐾̃𝜆 = 1 + {𝜇𝜆[1 − (1 − 𝑎̃𝜆
2)

𝛷1𝜆

𝛨1𝜆
2] − 𝜈𝜆(𝛷1𝜆

− 1)2[(1 − 𝛷1𝜆)(3𝛤1𝜆
2 + 1 − 𝑎̃𝜆

2)
+ 3𝛤1𝜆

2𝛷1𝜆] + 𝜇𝜆[1 − (1

− 𝑎̃𝜆
2)

𝛷2𝜆

𝛨2𝜆
2] − 𝜈𝜆(𝛷2𝜆 − 1)2[(1

− 𝛷2𝜆)(3𝛤2𝜆
2 + 1 − 𝑎̃𝜆

2)

+ 3𝛤2𝜆
2𝛷2𝜆]} 

(6) 

 

3.1 Linear tilting springs with pre-stress 

When 𝜈𝜆 = 0 , the mechanical properties of the device are 

further simplified as follows 

𝐾𝜆 = 1 + 𝜇𝜆(2 −
(1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)

√(1 + 𝜆̃2 − 2𝑎̃𝜆𝜆̃)
3

−
(1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)

√(1 + 𝜆̃2 + 2𝑎̃𝜆𝜆̃)
3

) 

(7) 

Setting the system's stiffness to zero at its static equilibrium 

state leads to the following result 

𝜇𝜆 = −1/2{1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)} (8) 

Substituting Eq. (8) into Eq. (7) yields 
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Fig. 8: A 2D mapping diagram of the dimensionless stiffness 𝐾𝜆 as a function of parameter 𝜆̃. (𝜈𝜆 ≠ 0); (a) 𝑎̃𝜆 = 0.1, (b) 𝑎̃𝜆 = 0.2, 

(c) 𝑎̃𝜆 = 0.3, (d) 𝑎̃𝜆 = 0.4. 

 

𝐾̃𝜆 = 1 −
1

2[1−(1−𝑎̃𝜆
2)(1+𝜌̃𝜆)]

× [2 −
(1−𝑎̃𝜆

2)(1+𝜌̃𝜆)

√(𝜆̃2−2𝑎̃𝜆𝜆̃+1)3

−

(1−𝑎̃𝜆
2)(1+𝜌̃𝜆)

√(𝜆̃2+2𝑎̃𝜆𝜆̃+1)3

]  
(9) 

From the equation given by Eq. (9), a 3D surface plot of 

𝐾̃𝜆  of parameters 𝜌̃𝜆  and 𝜆̃  for different values of 𝑎̃𝜆  can be 

drawn, as shown in Fig. 4. To better observe the mechanical 

performance of the QZS isolation system, we have also plotted 

2D mapping diagrams of the dimensionless stiffness 𝐾̃𝜆 as a 

function of parameter 𝜆̃  shown in Fig. 5, as well as the 

dimensionless stiffness 𝐾̃𝜆  as a function of parameter 𝜌̃𝜆 

shown in Fig. 6. From Fig. 4 and Fig. 5, it can be seen that the 

dimensionless stiffness of the three-dimensional vibration 

isolator at the static equilibrium position is 𝐾̃𝜆 = 0 . Along 

with the change of the dimensionless pre-compression 

coefficient 𝜌̃𝜆, the stiffness of the system is not always positive 

throughout the range of compression stroke 𝑎̃𝜆, and sometimes 

there is a negative stiffness, which is necessary to be avoided 

in the actual engineering, because the appearance of the 

negative stiffness will result in the system's unstable 

characteristics. Therefore, the design parameters of three-

dimensional vibration isolator should not only take into 

account the QZS characteristics at the static equilibrium 

position, but also ensure that the system is in positive stiffness 

throughout the compression stroke range.  

It can also be seen from Fig. 4 and Fig. 6 that for different 

values of the 𝑎̃𝜆 , the three-dimensional QZS system will 

always produce an abrupt change in the stiffness value for a 

particular value of the parameter 𝜌̃𝜆. When 𝑎̃𝜆 = 0.1, 𝐾̃𝜆 value 

forms a sudden variation near 𝜌̃𝜆 = 0.01; when 𝑎̃𝜆 = 0.2, 𝐾̃𝜆 

value forms a sudden variation near 𝜌̃𝜆 = 0.04 ; when 𝑎̃𝜆 =
0.3 , 𝐾̃𝜆  value forms a sudden variation near 𝜌̃𝜆 = 0.1 ; and 

when 𝑎̃𝜆 = 0.4, 𝐾̃𝜆 value forms a sudden variation near 𝜌̃𝜆 =
0.19. This is due to the fact that in Eq. (9), it is also necessary 

to satisfy 2[1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)] ≠ 0 , implying 𝜌̃𝜆 ≠

𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) , so the parameters selection need to pay 

attention to avoid specific parameter values, in order to avoid 

the stiffness value produces a sudden change affecting the 

vibration isolation performance of the system. 

 

3.2 Softening nonlinear tilting springs with pre-stress 

When 𝜈𝜆 ≠ 0 , Eq. (6) shows the dimensionless stiffness-

displacement equation of the three-dimensional vibration 

isolator. Utilizing the quasi-zero stiffness characteristic, we 

obtain:𝜈𝜆 = {1+2𝜇𝜆[1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)]}/{2𝜌̃𝜆

2[3𝑎̃𝜆
2 −

𝜌̃𝜆(1 − 𝑎̃𝜆
2)]}, which can be brought into Eq. (6) to get 

𝐾𝜆 = 1 + 𝜇𝜆[2 − (1 − 𝑎̃𝜆
2)

𝛷1𝜆

𝛨1𝜆
2 − (1 − 𝑎̃𝜆

2)
𝛷2𝜆

𝛨2𝜆
2]

−
1+2𝜇𝜆[1 − (1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)]

2𝜌̃𝜆
2[3𝑎̃𝜆

2 − 𝜌̃𝜆(1 − 𝑎̃𝜆
2)]

× {(𝛷1𝜆 − 1)2[3𝛤1𝜆
2 + (𝑎̃𝜆

2

− 1)(𝛷1𝜆 − 1)] + (𝛷2𝜆 − 1)2[3𝛤2𝜆
2

+ (𝑎̃𝜆
2 − 1)(𝛷2𝜆 − 1)]} 

(10) 
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Fig. 9: A 2D mapping diagram of the dimensionless stiffness 𝐾𝜆 as a function of parameter 𝜌̃𝜆. (𝜈𝜆 ≠ 0); (a) 𝑎̃𝜆 = 0.1, (b) 𝑎̃𝜆 = 0.2, 

(c) 𝑎̃𝜆 = 0.3, (d) 𝑎̃𝜆 = 0.4. 

 

From the equation given by Eq. (10), a 3D surface plot of 

𝐾̃𝜆 of the QZS system as a function of parameters 𝜌̃𝜆 and 𝜆̃ for 

different values of 𝑎̃𝜆 can be drawn, as shown in Fig. 7. To 

better observe the mechanical performance of the QZS 

isolation system, we have also plotted 2D mapping diagrams 

of the dimensionless stiffness 𝐾̃𝜆 as a function of parameter 𝜆̃ 

shown in Fig. 8, as well as the dimensionless stiffness 𝐾̃𝜆 as a 

function of parameter 𝜌̃𝜆 shown in Fig. 9. It can also be seen 

from Fig. 8 and Fig. 9 the dimensionless stiffness of the three-

dimensional vibration isolator at the static equilibrium 

position is 𝐾̃𝜆 = 0 . As the dimensionless pre-compression 

coefficient changes, the system stiffness may turn negative at 

times, which causes instability and must be avoided in practice. 

Therefore, the design of a three-dimensional vibration isolator 

should ensure positive stiffness throughout the entire 

compression stroke, in addition to considering the QZS 

characteristics at the static equilibrium position. 

Fig. 7 and Fig. 9 also show that for different values of 𝑎̃𝜆, 

the three-dimensional QZS system will always experience a 

sudden change in stiffness at a specific value of parameter 𝜌̃𝜆. 

When 𝑎̃𝜆 = 0.1 , 𝐾̃𝜆  value forms a sudden variation near 

around 𝜌̃𝜆 = 0.0303 ; when 𝑎̃𝜆 = 0.2 , 𝐾̃𝜆  value forms an 

abrupt change around 𝜌̃𝜆 = 0.1212; when 𝑎̃𝜆 = 0.3, 𝐾̃𝜆 value 

forms a sudden variation near around 𝜌̃𝜆 = 0.1 ; and when 

𝑎̃𝜆 = 0.2929, 𝐾̃𝜆 value forms a sudden variation near around 

𝜌̃𝜆 = 0.5656. This is due to the fact that in Eq. (10), it is also 

necessary to satisfy {1+2𝜇𝜆[1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)]}/

{2𝜌̃𝜆
2[3𝑎̃𝜆

2 − 𝜌̃𝜆(1 − 𝑎̃𝜆
2)]} ≠ 0 , implying 𝜌̃𝜆 ≠ 𝑎̃𝜆

2/(1 −

𝑎̃𝜆
2), so the parameters selection need to pay attention to avoid 

specific parameter values, in order to avoid the stiffness value 

produces a sudden change affecting the vibration isolation 

performance of the system. 

Considering that the stiffness ratio 𝜇𝜆 = {2𝜈𝜆𝜌̃𝜆
2[3𝑎̃𝜆

2 −

𝜌̃𝜆(1 − 𝑎̃𝜆
2)] − 1}/{2[1 − (1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)]}  needs to be 

greater than 0, it is possible to generate a 3D surface plot of 𝜇𝜆 

with respect to parameters 𝜌̃𝜆 and 𝜈𝜆 for 𝑎̃𝜆 = 0.1, along with 

the 𝜇𝜆-𝜈𝜆 and 𝜇𝜆-𝜌̃𝜆 views from various angles, as illustrated 

in Fig. 10. In Fig. 10, 𝜈𝜆 > 0 is considered because the system 

adopts a softened cubic stiffness coefficient. The abrupt 

change in stiffness ratio 𝜇𝜆 occurs at 𝜌̃𝜆 = 𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2). It 

can be observed that when 𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) < 𝜌̃𝜆 < 1 and 0 <
𝜈𝜆 < 8, the stiffness ratio 𝜇𝜆 remains constantly greater than 

0. Fig. 11 and Fig. 12 show the 𝜇𝜆-𝜈𝜆 view and 𝜇𝜆-𝜌̃𝜆 view of 

the stiffness ratio when 𝑎̃𝜆 = 0.2~0.5. It can be observed that 

𝑎̃𝜆 of the device remains constant and greater than zero when 

𝑎̃𝜆 = 0.2~0.4 , 𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) < 𝜌̃𝜆 < 1 , and 0 < 𝜈𝜆 < 8 . 

The stiffness ratio 𝑎̃𝜆  of the device is always greater than 0 

when 𝑎̃𝜆 = 0.5, 𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) < 𝜌̃𝜆 < 1, 0 < 𝜈𝜆 < 4.  

 

4. Optimized design and analysis of three-dimensional 

QZS isolator 

The vertical (Z-axis) and horizontal (X- and Y-axes) QZS 

isolator parameters are further refined to enlarge the quasi-

zero stiffness interval of the three-dimensional system, 

thereby enhancing its capability for low-frequency vibration 

attenuation. 

 

4.1 Linear tilting springs with pre-stress 
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Fig. 10: Stiffness ratio 𝜇𝜆 with respect to parameters 𝜌̃𝜆 and 𝜈𝜆; (a) 3D surface plot showing 𝜇𝜆 as a function of 𝜌̃𝜆 and 𝜈𝜆, (b) 2D 

contour map of 𝜇𝜆 versus 𝜈𝜆, (c) 2D contour map of 𝜇𝜆 versus 𝜌̃𝜆. 

 

 
Fig. 11: 2D mapping diagram of the stiffness ratio 𝜇𝜆 as a function of parameter 𝜈𝜆 under different parameters of 𝑎̃𝜆; (a) 𝑎̃𝜆 = 0.2, 

(b) 𝑎̃𝜆 = 0.3, (c) 𝑎̃𝜆 = 0.4, (d) 𝑎̃𝜆 = 0.5. 
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Fig. 12: 2D mapping diagram of the stiffness ratio 𝜇𝜆 as a function of parameter 𝜌̃𝜆 under different parameters of 𝑎̃𝜆; (a) 𝑎̃𝜆 = 0.2, 

(b) 𝑎̃𝜆 = 0.3, (c) 𝑎̃𝜆 = 0.4, (d) 𝑎̃𝜆 = 0.5. 

 

In Eq. (9), we not only need to satisfy 𝜌̃𝜆 ≠ 𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2), 

considering the stiffness ratio 𝜇𝜆  is always positive in 

engineering practice, we also need to satisfy 𝜌̃𝜆 > 𝑎̃𝜆
2/(1 −

𝑎̃𝜆
2). From this inequality, we choose the following five sets 

of parameters to satisfy the conditions: 𝑎̃𝜆 = 0.1 , 𝜌̃𝜆 ∈
[0.04,1] ; 𝑎̃𝜆 = 0.2 , 𝜌̃𝜆 ∈ [0.08,1] ; 𝑎̃𝜆 = 0.3 , 𝜌̃𝜆 ∈ [0.14,1] ; 
𝑎̃𝜆 = 0.4 , 𝜌̃𝜆 ∈ [0.22,1] ; 𝑎̃𝜆 = 0.5 , 𝜌̃𝜆 ∈ [0.34,1] . Under the 

above five sets of parameter conditions, we have made 3D 

surface visualizations of 𝐾̃𝜆 versus 𝜆̃ and 𝜌̃𝜆, two-dimensional 

mapping plots of 𝐾̃𝜆 versus 𝜆̃, and two-dimensional mapping 

plots of 𝐾̃𝜆  versus 𝜌̃𝜆  as comparative analyses to study the 

performance characteristics of the three-dimensional QZS 

system, shown in Fig. 13. 

To enhance and expand the QZS region of the system, it is 

essential to position 𝐾̃𝜆 surface as close as possible to the zero 

axis, while maintaining positive stiffness characteristics 

throughout the entire compression stroke. As seen in the 3D 

surface plot and the 𝐾̃𝜆-𝜆̃ view in Fig. 13, the dimensionless 

stiffness 𝐾̃𝜆  surface undergoes a concave-convex transition 

within the specified range. Therefore, the critical parameter ℎ̃ 

value is found by solving for 𝐾̃″(0) = 0 , the system’s 

stiffness-displacement relationship can be extended by 

calculating its higher-order derivatives as shown below. 

𝐾̃𝜆
′

= −3𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

𝛤1𝜆

𝛨1𝜆
5 −

𝛤2𝜆

𝛨2𝜆
5) (11) 

 

𝐾̃𝜆
′′

= 3𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

1

𝛨1𝜆
5 +

1

𝛨2𝜆
5 −

5𝛤1𝜆
2

𝛨1𝜆
7

−
5𝛤2𝜆

2

𝛨2𝜆
7 ) 

(12) 

𝐾̃𝜆
′′′

= 15𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

3𝛤1𝜆

𝛨1𝜆
7 −

3𝛤2𝜆

𝛨2𝜆
7

−
7𝛤1𝜆

3

𝛨1𝜆
9 +

7𝛤2𝜆
3

𝛨2𝜆
9 ) 

(13) 

 

𝐾̃𝜆
′′′′

= −45𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

1

𝛨1𝜆
7 +

1

𝛨2𝜆
7

−
14𝛤1𝜆

2

𝛨1𝜆
9 −

14𝛤2𝜆
2

𝛨2𝜆
9 +

21𝛤1𝜆
4

𝛨1𝜆
11

+
21𝛤2𝜆

4

𝛨2𝜆
11 ) 

(14) 

Eq. (11) through (14) can be further obtained and expressed 

in the following form. 

𝑓𝜆(0) = 0 , 𝐾𝜆(0) = 1 + 2𝜇𝜆[1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)] , 

𝐾𝜆
′
(0) = 0 , 𝐾𝜆

′′
(0) = 6𝜇𝜆(1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)(1 − 5𝑎̃𝜆
2) , 

𝐾𝜆
′′′

(0) = 0 , 𝐾𝜆
′′′′

(0) = −90𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(1 −

14𝑎̃𝜆
2 + 21𝑎̃𝜆

4). 
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Fig. 13: Dimensionless stiffness 𝐾𝜆 with parameters 𝜆̃ and 𝜌̃𝜆 under 𝜌̃𝜆 > 𝑎̃𝜆

2/(1 − 𝑎̃𝜆
2); (a) 3D plot of 𝐾𝜆 versus 𝜆̃ and 𝜌̃𝜆, (b) 2D 

map of 𝐾𝜆 versus 𝜆̃, (c) 2D map of 𝐾𝜆 versus 𝜌̃𝜆. 

 

When the system displacement 𝜆̃ is relatively small, Eq. (5) 

can be linearized by applying a Taylor series expansion around 

𝜆̃ = 0, leading to the following simplified expression. 

𝑓𝜆 = 𝜆̃ + 2𝜇𝜆[1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)]𝜆̃ + 𝜇𝜆(1

− 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(1 − 5𝑎̃𝜆

2)𝜆̃3

− 0.75𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(1

− 14𝑎̃𝜆
2 + 21𝑎̃𝜆

4)𝜆̃5 + 𝜊(𝜆̃5) 

(15) 

For the three-dimensional QZS isolation system, when 

𝜌̃𝜆 ≠ 𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) , 𝐾̃𝜆(0) = 0 . At this point, the Taylor 

series expansion of Eq. (15) at 𝜆̃ = 0 is as follows 

𝑓𝜆

= −
0.5(1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)(1 − 5𝑎̃𝜆
2)

1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)

𝜆̃3

+
0.375(1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)(1 − 14𝑎̃𝜆
2 + 21𝑎̃𝜆

4)

1 − (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)

𝜆̃5

+ 𝜊(𝜆̃5) 

(16) 

Eq. (16) is obtained from the Taylor expansion of Eq. (15) 

at small displacement, showing that the restoring force is 

mainly governed by the cubic and quintic terms, which reflects 

the quasi-zero stiffness property. When 𝜆̃ = 0 , 𝐾̃𝜆
′′

(0) = 0 , 

(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(1 − 5𝑎̃𝜆

2) = 0 , which leads to 𝑎̃𝜆 =
0.447 , 𝜌̃𝜆 ≠ 0.25 , 𝜇𝜆 = −2.5/(1 − 4𝜌̃𝜆) , then the Taylor 

series expansion of Eq. (15) at 𝜆̃ = 0 is 

𝑓𝜆 = −1.44
1 + 𝜌̃𝜆

1 − 4𝜌̃𝜆
𝜆̃5 + 𝜊(𝜆̃5) 

(17) 

Eq. (17) corresponds to the specific parameter case, where 

the cubic term vanishes and the quintic term dominates, 

indicating that the stiffness near equilibrium is almost zero and 

thus beneficial for vibration isolation. At this point, the 

parameter 𝑎̃𝜆 = 0.447  is solved for, and the corresponding 

sharp transition around 𝐾̃  value is at 𝛿 = 0.25 , and the pre-

compression coefficient needs to satisfy 𝛿 > 0.25 . Fig. 14 

show the 3D surface visualizations of 𝐾̃𝜆 versus 𝜆̃ and 𝜌̃𝜆, and 

also the 𝐾̃𝜆-𝜆̃ view and 𝐾̃𝜆-𝜌̃𝜆 view from different viewpoints 

when 𝑎̃𝜆 = 0.447 . It is evident that the QZS range of the 

device expands as the value of 𝜌̃𝜆 increases, and the value of 

𝐾̃𝜆 reaches its maximum value at the compression stroke limit 

of the device, and the magnitude of the peak decreases along 

with the increase of 𝜌̃𝜆. When the system parameter 𝑎̃𝜆 is fixed, 

the pre-compression coefficient 𝜌̃𝜆  of the vibration isolation 

system is inversely proportional to the stiffness ratio 𝜇𝜆 , 

meaning that as 𝜌̃𝜆  increases 𝜇𝜆  decreases accordingly. 

Therefore, in practical engineering applications, there are two 

corresponding design methods, the first is to fix the stiffness 

ratio 𝜇𝜆 , and then determine the corresponding pre-

compression coefficient 𝜌̃𝜆 of the tilting spring by the values 

of 𝑎̃𝜆 and 𝜇𝜆. 
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Fig. 14: Dimensionless stiffness 𝐾𝜆 versus 𝜆̃ and 𝜌̃𝜆 when 𝑎̃𝜆 = 0.447; (a) 3D surface plot of 𝐾𝜆 versus 𝜆̃ and 𝜌̃𝜆, (b) 2D map of 𝐾𝜆 

versus 𝜆̃, (c) 2D map of 𝐾𝜆 versus 𝜌̃𝜆. 

 

 
Fig. 15: Comparison of dimensionless force-displacement curves and Taylor series results for the 3D QZS isolator without cubic 

stiffness. 

 

In this case, it is necessary to consider whether the pre-

compression of the tilting spring is able to meet the 

requirements. The second is to fix the pre-compression 

coefficient 𝜌̃𝜆 of the tilting spring, and then to determine the 

corresponding stiffness ratio 𝜇𝜆  by the values of 𝑎̃𝜆  and 𝜌̃𝜆 . 

Considering that it is more difficult to control 𝜌̃𝜆  in 
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engineering design, and that the stiffness of tilting springs and 

vertical coil springs can be easily adjusted in processing, we 

generally consider the second design method. Therefore, when 

𝜈𝜆 = 0, four distinct sets of optimization parameters for the  

QZS isolation system can be obtained, as outlined below: 

𝜇𝜆 = 1 , 𝑎̃𝜆 = 0.447 , 𝜌̃𝜆 = 0.876 , 𝑟 = 1.0805 ; 𝜇𝜆 = 2 , 𝑎̃𝜆 =
0.447 , 𝜌̃𝜆 = 0.562 , 𝑟 = 1.8017 ; 𝜇𝜆 = 3 , 𝑎̃𝜆 = 0.447 , 𝜌̃𝜆 =
0.458 , 𝑟 = 2.5236 ; 𝜇𝜆 = 4 , 𝑎̃𝜆 = 0.447 , 𝜌̃𝜆 = 0.406 , 𝑟 =
3.2462 . Fig. 15 presents the comparison between the exact 

expression for the dimensionless force-displacement and its 

Taylor series expansion for four different sets of optimization 

parameters. Due to the large value of 𝑎̃𝜆 , the Taylor series 

expansion performs poorly at the end of the system’s 

compression travel. The error between the approximate and 

exact expressions of the dimensionless force increases as the 

system's displacement grows.  

 

4.2 Softening nonlinear tilting springs with pre-stress 

As observed from Fig. 10, Fig. 11 and Fig. 12, when 𝜌̃𝜆 >

𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) and 0 < 𝜈𝜆 < 4, the stiffness ratio 𝜇𝜆 > 0 can 

satisfy the needs of practical engineering. According to this 

parameter selection range, further made when 𝜈𝜆 =
0.05,0.25,0.5,0.75, respectively, in different parameters 𝑎̃𝜆 =
0.1 , 𝜌̃𝜆 ∈ [0.04,5] ; 𝑎̃𝜆 = 0.2 , 𝜌̃𝜆 ∈ [0.08,5] ; 𝑎̃𝜆 = 0.3 , 𝜌̃𝜆 ∈

[0.14,5]; 𝑎̃𝜆 = 0.4, 𝜌̃𝜆 ∈ [0.22,5], under 𝐾̃𝜆 and parameters 𝜆̃ 

and 𝜌̃𝜆 of the three-dimensional surface graph, as shown in Fig. 

16. As observed, for different values of 𝜈𝜆 and 𝑎̃𝜆, the three-

dimensional surfaces exhibit a transformation in concavity and 

convexity at a particular value of 𝜌̃𝜆. For small values of 𝜌̃𝜆, 

𝐾̃𝜆 is a three-dimensional concave surface, and for large values 

of 𝜌̃𝜆 , 𝐾̃𝜆  is a three-dimensional convex surface. In order to 

see this property more clearly, we take 𝜈𝜆 = 0.5 , 𝑎̃𝜆 = 0.1 , 

and 𝜌̃𝜆 ∈ [0.04,5], and make a 3D surface visualization of 𝐾̃𝜆 

with 𝜆̃  and 𝜌̃𝜆 , along with 𝐾̃𝜆 -𝜆̃  view and 𝐾̃𝜆 -𝜌̃𝜆  view from 

different viewpoints, as shown in Fig. 17. The concavity of the 

3D surface maps probably shifts around 𝜌̃𝜆 = 1.042. 

Similarly when 𝜈𝜆 ≠ 0, to enhance and broaden the QZS 

region of the vibration isolation system, it is crucial to keep 𝐾̃𝜆 

surface as close as possible to the zero axis at the static 

equilibrium position ( 𝜆̃ = 0 ), while simultaneously 

maintaining positive stiffness characteristics throughout the 

entire compression stroke. As seen in the plot of 𝐾̃𝜆 and the 

𝐾̃𝜆-𝜌̃𝜆 view in Fig. 17, the 𝐾̃𝜆 surface exhibits a shift between 

concave and convex behavior at a specific value of 𝜌̃𝜆. Thus, 

the critical value of parameter 𝜌̃𝜆 can be derived by solving for 

𝐾̃𝜆
″ = 0. 

When −𝑎̃𝜆 < 𝜆̃ < 𝑎̃𝜆 , according to Eq. (10), the 

relationship between system stiffness and displacement can be 

further obtained by calculating derivatives of different orders 

as shown below. 

𝐾̃𝜆
′

= −3𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

𝛤1𝜆

𝛨1𝜆
5 −

𝛤2𝜆

𝛨2𝜆
5) − 3𝜈𝜆{𝛤1𝜆[2𝛤1𝜆

2 𝛷1𝜆(𝛷1𝜆 − 1)

𝛨1𝜆
2 + (𝑎̃𝜆

2 − 1)
𝛷1𝜆(𝛷1𝜆 − 1)2

𝛨1𝜆
2

− 2(𝛷1𝜆 − 1)2] − 𝛤2𝜆[2𝛤2𝜆
2 𝛷2𝜆(𝛷2𝜆 − 1)

𝛨2𝜆
2 + (𝑎̃𝜆

2 − 1)
𝛷2𝜆(𝛷2𝜆 − 1)2

𝛨2𝜆
2 − 2(𝛷2𝜆 − 1)2]} 

(18) 

 
Fig. 16: Dimensionless stiffness 𝐾𝜆  versus 𝜆̃  and 𝜌̃𝜆  for four different conditions when 𝜌̃𝜆 > 𝑎̃𝜆

2/(1 − 𝑎̃𝜆
2)  is satisfied; (a) 𝜈𝜆 =

0.05, (b) 𝜈𝜆 = 0.25, (c) 𝜈𝜆 = 0.5, (c) 𝜈𝜆 = 0.75. 
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Fig. 17: Dimensionless stiffness 𝐾𝜆 versus 𝜆̃ and 𝜌̃𝜆 when 𝜈𝜆 = 0.5, 𝑎̃𝜆 = 0.1, 𝜌̃𝜆 ∈ [0.04,5]; (a) 3D surface plot of 𝐾𝜆 versus 𝜆̃ and 

𝜌̃𝜆, (b) 2D map of 𝐾𝜆 versus 𝜆̃, (c) 2D map of 𝐾𝜆 versus 𝜌̃𝜆. 

 

 
Fig. 18: The graphs of the critical parameters 𝑎̃𝜆 and 𝜌̃𝜆 when 𝜈𝜆 = 0.05. 

𝐾̃𝜆
′′

= 3𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

1

𝛨1𝜆
5 +

1

𝛨2𝜆
5 −

5𝛤1𝜆
2

𝛨1𝜆
7 −

5𝛤2𝜆
2

𝛨2𝜆
7 ) − 3𝜈𝜆{2(𝛷1𝜆 − 1)2

−
𝛷1𝜆(𝛷1𝜆 − 1)[(𝑎̃𝜆

2 − 1)(𝛷1𝜆 − 1) + 10𝛤1𝜆
2]

𝛨1𝜆
2

+
𝛤1𝜆

2𝛷1𝜆(𝛷1𝜆 − 1)[(𝑎̃𝜆
2 − 1)(5𝛷1𝜆 − 3) + 8𝛤1𝜆

2] + 2𝛤1𝜆
4𝛷1𝜆

𝛨1𝜆
4 + 2(𝛷2𝜆 − 1)2

−
𝛷2𝜆(𝛷2𝜆 − 1)[(𝑎̃𝜆

2 − 1)(𝛷2𝜆 − 1) + 10𝛤2𝜆
2]

𝛨2𝜆
2

+
𝛤2𝜆

2𝛷2𝜆(𝛷2𝜆 − 1)[(𝑎̃𝜆
2 − 1)(5𝛷2𝜆 − 3) + 8𝛤2𝜆

2] + 2𝛤2𝜆
4𝛷2𝜆

𝛨2𝜆
4 } 

(19) 
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Fig. 19: Plot of nonlinear coefficients 𝑟 versus parameters 𝑎̃𝜆 and 𝜌̃𝜆 when 𝜈𝜆 = 0.05; (a) 3D surface plot, (b) 2D mapping diagram 

𝑟 -𝜌̃𝜆, (c) 2D mapping diagram 𝑟 -𝑎̃𝜆. 

 

 
Fig. 20: Plot of nonlinear coefficients 𝑟 versus parameters 𝑎̃𝜆 and 𝜌̃𝜆 when 𝜈𝜆 = 0.25; (a) 3D surface plot, (b) 2D mapping diagram 

𝑟 -𝜌̃𝜆, (c) 2D mapping diagram 𝑟 -𝑎̃𝜆. 

 

𝜇𝜆(1 − 𝑎̃𝜆
2)(1 − 5𝑎̃𝜆

2)(1 + 𝜌̃𝜆) −
1+2𝜇𝜆[1 − (1 − 𝑎̃𝜆

2)(1 + 𝜌̃𝜆)]

2𝜌̃𝜆
2[3𝑎̃𝜆

2 − 𝜌̃𝜆(1 − 𝑎̃𝜆
2)]

× [(5𝑎̃𝜆
4 − 6𝑎̃𝜆

2 + 1)𝜌̃𝜆
3 + (15𝑎̃𝜆

4 − 18𝑎̃𝜆
2

+ 3)𝜌̃𝜆
2 + (12𝑎̃𝜆

4 − 12𝑎̃𝜆
2)𝜌̃𝜆 + 2𝑎̃𝜆

4]=0 

(20) 
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Eqs. (18) and (19) represent the first and second derivatives 

of the dimensionless stiffness. Together, they are used to 

analyze how the system stiffness varies with displacement and 

pre-compression, and to determine the critical points and 

curvature changes that define the boundaries of the quasi-zero 

stiffness region. The equation for 𝐾̃𝜆
″(0) = 0 is provided in Eq. 

(20), and the corresponding curves for the critical parameter 

𝜌̃𝜆  and 𝑎̃𝜆  values, when 𝐾̃𝜆
″(0) = 0  and 𝜈𝜆 = 0.05 , are 

illustrated in Fig. 18. These curves demonstrate that, as the 

parameter 𝑎̃𝜆 decreases, the variation in the critical parameter 

𝜌̃𝜆 becomes smaller. Conversely, as 𝑎̃𝜆 increases, the change 

in 𝜌̃𝜆  becomes more pronounced, especially when 𝑎̃𝜆 > 0.3 , 

where the variation in 𝜌̃𝜆  becomes significantly larger. In 

practical engineering applications, the compression factor of 

the spring element is constrained, and therefore, the optimal 

selection of the 𝑎̃𝜆  value should aim to be as minimal as 

possible.  

𝐾̃𝜆
′′′

(𝜆̃) = 15𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

3𝛤1𝜆

𝛨1𝜆
7 −

3𝛤2𝜆

𝛨2𝜆
7 −

7𝛤1𝜆
3

𝛨1𝜆
9 +

7𝛤2𝜆
3

𝛨2𝜆
9 ) − 3𝑣𝜆 × {𝛤1𝜆𝛷1𝜆 × [24

𝛷1𝜆 − 1

𝛨1𝜆
2

−
(𝑎̃𝜆

2 − 1)(15Φ1𝜆
2 − 24Φ1𝜆 + 9) + 2𝛤1𝜆

4(36Φ1𝜆 − 31)+8

𝛨1𝜆
4

+
𝛤1𝜆

2[(𝑎̃𝜆
2 − 1)(35𝛷1𝜆

2 − 48𝛷1𝜆 + 15) + 2𝛤1𝜆
2(24Φ1𝜆 − 15)]

𝛨1𝜆
6 ] − 𝛤2𝜆𝛷2𝜆 × [24

𝛷2𝜆 − 1

𝛨2𝜆
2

−
(𝑎̃𝜆

2 − 1)(15Φ2𝜆
2 − 24Φ2𝜆 + 9) + 2𝛤2𝜆

4(36Φ2𝜆 − 31)+8

𝛨2𝜆
4

+
𝛤2𝜆

2[(𝑎̃𝜆
2 − 1)(35𝛷2𝜆

2 − 48𝛷2𝜆 + 15) + 2𝛤2𝜆
2(24Φ2𝜆 − 15)]

𝛨2𝜆
6 ]} 

(21) 

𝐾𝜆
′′′′

(𝜆̃) = −45𝜇𝜆(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(

1

𝛨1𝜆
7 +

1

𝛨2𝜆
7 −

14Γ1𝜆
2

𝛨1𝜆
9 −

14𝛤2𝜆
2

𝛨2𝜆
9 +

21Γ1𝜆
4

𝛨1𝜆
11 +

21Γ2𝜆
4

𝛨2𝜆
11 ) − 3𝑣𝜆 × {𝛷1𝜆[

24(1 − Φ1𝜆)

𝛨1𝜆
2

+
8 + (𝑎̃𝜆

2 − 1)(15Φ1𝜆
2 − 24Φ1𝜆 + 9) + 24𝛤1𝜆

2(4𝛷1𝜆 − 3) + 10𝛤1𝜆
4(36Φ1𝜆 − 31)

𝛨1𝜆
4

−
6𝛤1𝜆

2(𝑎̃𝜆
2 − 1)(35𝛷1𝜆

2 − 48𝛷1𝜆 + 15) + 10𝛤1𝜆
4(24Φ1𝜆 − 15)+2Γ1𝜆

6(216Φ1𝜆 − 55)+40Γ1𝜆
2

𝛨1𝜆
6

+
3𝛤1𝜆

4(𝑎̃𝜆
2 − 1)(35𝛷1𝜆

2 − 32𝛷1𝜆 + 5) + 2𝛤1𝜆
6(48𝛷1𝜆 − 15)

𝛨1𝜆
8

+
6𝛤1𝜆

4(𝑎̃𝜆
2 − 1)(35Φ1𝜆

2 − 48Φ1𝜆 + 15) + 12Γ1𝜆
6(24Φ1𝜆 − 15)

𝛨1𝜆
10

] + 𝛷2𝜆[
24(1 − Φ2𝜆)

𝛨2𝜆
2

+
8 + (𝑎̃𝜆

2 − 1)(15Φ2𝜆
2 − 24Φ2𝜆 + 9) + 24𝛤2𝜆

2(4𝛷2𝜆 − 3) + 10𝛤2𝜆
4(36Φ2𝜆 − 31)

𝛨2𝜆
4

−
6𝛤2𝜆

2(𝑎̃𝜆
2 − 1)(35𝛷2𝜆

2 − 48𝛷2𝜆 + 15) + 10𝛤2𝜆
4(24Φ2𝜆 − 15)+2Γ2𝜆

6(216Φ2𝜆 − 55)+40Γ2𝜆
2

𝛨2𝜆
6

+
3𝛤2𝜆

4(𝑎̃𝜆
2 − 1)(35𝛷2𝜆

2 − 32𝛷2𝜆 + 5) + 2𝛤2𝜆
6(48𝛷2𝜆 − 15)

𝛨2𝜆
8

+
6𝛤2𝜆

4(𝑎̃𝜆
2 − 1)(35Φ2𝜆

2 − 48Φ2𝜆 + 15) + 12Γ2𝜆
6(24Φ2𝜆 − 15)

𝛨2𝜆
10

]} 

(22) 

𝐾̃𝜆
′′′′

(0) = −90𝜇𝜆 × (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(1 − 14𝑎̃𝜆

2 + 21𝑎̃𝜆
4) − 6𝑣𝜆 × (1 + 𝜌̃𝜆)[(315𝑎̃𝜆

6 − 525𝑎̃𝜆
4 + 225𝑎̃𝜆

2

− 15)𝜌̃𝜆
2 + (198𝑎̃𝜆

6 − 258𝑎̃𝜆
4 + 234𝑎̃𝜆

2 − 30)𝜌̃𝜆 − 112𝑎̃𝜆
6 − 88𝑎̃𝜆

4 − 4𝑎̃𝜆
2 + 8] 

(23) 

Eqs. (21) and (22) are the higher-order derivatives of the 

dimensionless stiffness. They are mainly used to analyze the 

nonlinear variation of stiffness and to locate the critical 

parameter conditions of the QZS system. In short, they help 

determine where the system exhibits quasi-zero stiffness 

behavior and define the stability boundaries. When 𝐾̃𝜆
″(0) =

0, in order to further get the Taylor series approximation of 𝑓𝜆 

in the QZS isolation system, it is necessary to further derive 

Eq. (19), which in turn yields the Taylor series expansion of 

the isolation system. In the quasi-zero stiffness isolation 

system, the variable or coefficient refers to: 𝜈𝜆 = {1+2𝜇𝜆[1 −

(1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)]}/{2𝜌̃𝜆

2[3𝑎̃𝜆
2 − 𝜌̃𝜆(1 − 𝑎̃𝜆

2)]} , while 

satisfying 𝐾̃𝜆(0) = 0  when 𝜌̃𝜆 ≠ 3𝑎̃𝜆
2/(1 − 𝑎̃𝜆

2) . Further 

combining Eq. (20) and Eq. (23), the 𝑓𝜆 of the system at 𝜆̃ = 0 

can be obtained as follows Eq. (24). 
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𝑓 = {−0.75𝜇𝜆 × (1 − 𝑎̃𝜆
2)(1 + 𝜌̃𝜆)(1 − 14𝑎̃𝜆

2 + 21𝑎̃𝜆
4) − 0.05𝑣𝜆 × (1 + 𝜌̃𝜆)[(315𝑎̃𝜆

6 − 525𝑎̃𝜆
4 + 225𝑎̃𝜆

2

− 15)𝜌̃𝜆
2 + (198𝑎̃𝜆

6 − 258𝑎̃𝜆
4 + 234𝑎̃𝜆

2 − 30)𝜌̃𝜆 − 112𝑎̃𝜆
6 − 88𝑎̃𝜆

4 − 4𝑎̃𝜆
2 + 8]}𝜆̃5 + 𝜊(𝜆̃5) 

(24) 

 
Fig. 21: Plot of nonlinear coefficients 𝑟 versus parameters 𝑎̃𝜆 and 𝜌̃𝜆 when 𝜈𝜆 = 0.5; (a) 3D surface plot, (b) 2D mapping diagram 𝑟 

-𝜌̃𝜆, (c) 2D mapping diagram 𝑟 -𝑎̃𝜆. 

 

According to the corresponding relationship curves of 

critical parameter 𝑎̃𝜆 value and 𝜌̃𝜆 value in Fig. 18, combined 

with Eq. (23), we can further make the relationship between 

nonlinear coefficients 𝑟  of the fifth-order Taylor series 

expansion and critical parameter 𝑎̃𝜆  value and 𝜌̃𝜆  value as 

shown in Fig. 19 to 22. As shown in Fig. 19 to 22, for varying 

values of 𝜈𝜆  and the critical parameters 𝑎̃𝜆  and 𝜌̃𝜆 , the 

nonlinear coefficient 𝑟  of the vibration isolation system 

initially increases and then decreases. When the values of 𝑎̃𝜆 

and 𝜌̃𝜆 are large, the nonlinear coefficient 𝑟 becomes negative, 

which is undesirable in practical applications, as this indicates 

that the device is in an unstable state. 

In practical engineering applications, the pre-compression 

coefficient of the spring is constrained, meaning that the 

critical parameter 𝜌̃𝜆 cannot be excessively large. Therefore, 

during parameter selection, it is preferable to choose smaller 

values for 𝜌̃𝜆 and the corresponding 𝑎̃𝜆 as much as possible. 

Hence, by considering various softening cubic stiffness 

coefficients 𝜈𝜆  four distinct sets of optimization parameters 

for the QZS isolation system can be obtained, as outlined 

below: 𝜈𝜆 = 0.05 , 𝜇𝜆 = 0.542 , 𝑎̃𝜆 = 0.108 , 𝜌̃𝜆 = 2.66 , 𝑟 =
0.1640 ; 𝜈𝜆 = 0.25 , 𝜇𝜆 = 0.826 , 𝑎̃𝜆 = 0.099 , 𝜌̃𝜆 = 1.35 , 

𝑟 = 0.3076 ; 𝜈𝜆 = 0.5 , 𝜇𝜆 = 1.015 , 𝑎̃𝜆 = 0.109 , 𝜌̃𝜆 = 1.03 , 

𝑟 = 0.4120 ; 𝜈𝜆 = 0.75 , 𝜇𝜆 = 1.148 , 𝑎̃𝜆 = 0.107 , 𝜌̃𝜆 = 0.88 , 

𝑟 = 0.4714. 

Fig. 23 presents the comparison between the exact 

dimensionless force-displacement expression and the fifth-

order Taylor series expansion for the QZS vibration isolation 

system, considering the four different sets of optimization 

parameters. It is observed that the fifth-order Taylor series 

expansion provides a poor fit at the end of the system's 

compression stroke, with the discrepancy between the 

approximate and exact expressions increasing as the system’s 

displacement grows. When 𝜈𝜆 = 0.05, the fifth-order Taylor 

series expansion provides the best fit. However, as the value 

increases, the fit gradually worsens. Notably, for 

dimensionless displacements of the system below 0.05, the 

approximation is quite accurate across different values of 𝜈𝜆. 

 

5. Dynamic analysis of the three-dimensional device with 

optimized parameters 

In the modeling process, it is considered that the QZS system 

includes damping elements characterized by damping 

coefficients 𝐶𝜆 . Specifically, 𝜆 = 𝑧  refers to the vertical 

vibration isolation branch with damping coefficient 𝐶𝑧, while 

𝜆 = 𝑥  or 𝜆 = 𝑦  corresponds to the horizontal isolation 

branches with damping coefficients 𝐶𝑥  and 𝐶𝑦 , respectively. 

When an external excitation such as 𝐹 𝑐𝑜𝑠 𝜔 𝑡  acts on the 

isolated object or 𝐷 𝑐𝑜𝑠 𝜔 𝑡  is applied through the base, the 

dynamic behavior of the system is governed by the following 
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differential equations. 

𝑚𝜆𝜆″(𝑡) + 𝐶𝜆 𝜆ʹ(𝑡) + 𝑓𝜆 = 𝐹𝑐𝑜𝑠𝜔𝑡 (25) 

𝑚𝜆𝜆𝑑
′′(𝑡) + 𝐶𝜆𝜆𝑑

′(𝑡) + 𝑓𝜆 = 𝑚𝜆𝜔2𝐷 𝑐𝑜𝑠 𝜔 𝑡 (26) 

In Eq. (25), 𝐹  represents the force excitation amplitude, 

while 𝐷  in Eq. (26) indicates the amplitude of the imposed 

displacement excitation 𝜆𝑎 . The relative displacement 

between the mass and the excitation is expressed as 𝜆𝑑 = 𝜆 −
𝜆𝑎 . To express the system in a dimensionless form, the 

following parameters are introduced: 𝑓𝜆 = 𝑛𝑓𝜆/𝑘1𝜆𝑙𝜆 , 𝜆̃ =
𝜆/𝑙𝜆 , 𝐹̃ = 𝐹/𝑘1𝜆𝑙𝜆 , 𝑚𝜆𝜔𝜆

2 = 𝑘1𝜆 , 𝛺𝜆 = 𝜔/𝜔𝜆 , 𝜉𝜆 = 𝐶𝜆𝜔𝜆/
2𝑘1𝜆 , 𝜆̃𝑑 = 𝜆𝑑/𝑙𝜆 , 𝐷̃ = 𝐷/𝑘1𝜆𝑙𝜆 . By substituting these 

parameters, the motion equations from Eq. (25) and Eq. (26) 

can be rewritten in a dimensionless form using 𝜏𝜆 = 𝜔𝜆𝑡. 

𝜆̃″𝜏𝜆) + 2𝜉𝜆𝜆ʹ̃(𝜏𝜆) + 𝐹̃𝜆/𝑛 = 𝐹̃cos (Ω𝜆𝜏𝜆 (27) 

𝜆̃𝑑
′′

(𝜏𝜆) + 2𝜉𝜆𝜆̃𝑑
′
(𝜏𝜆) + 𝑓𝜆𝑑

/𝑛 =

𝛺𝜆
2𝐷̃ 𝑐𝑜𝑠( 𝛺𝜆𝜏𝜆)  

(28) 

Let 𝑓𝜆/𝑛 = 𝑟𝜆̃5/𝑛, 𝑓𝜆𝑑
/𝑛 = 𝑟𝜆̃𝑑

5
/𝑛, then Eq. (27) and Eq. 

(28) can be further deduced as 

𝜆″(̃𝜏𝜆) + 2𝜉
𝜆
𝜆ʹ̃(𝜏𝜆) +

𝑟𝜆̃
5

𝑛
= 𝐹̃𝜆cos (Ω𝜆𝜏𝜆 (29) 

 

𝜆̃𝑑
′′

(𝜏𝜆) + 2𝜉𝜆𝜆̃𝑑
′
(𝜏𝜆) + 𝑟𝜆̃𝑑

5
/𝑛 =

𝛺𝜆
2𝐷̃𝜆 𝑐𝑜𝑠( 𝛺𝜆𝜏𝜆)  

(30) 

When 𝜆 = 𝑧 , it indicates the vertical QZS subsystem 

within the three-dimensional isolator, corresponding to 𝑛 =
1/4 in Eq. (29) and Eq. (30). Similarly, 𝜆 = 𝑥 or 𝜆 = 𝑦 refers 

to the horizontal QZS subsystem along the X- and Y-axes, 

where 𝑛  takes the value 1/2 in Eq. (29) and Eq. (30). Let 

𝜆̃(𝜏𝜆) = 𝐴 𝑐𝑜𝑠( 𝛺𝜆𝜏𝜆 + 𝜃) , 𝜆̃𝑑(𝜏𝜆) = 𝐷̃ 𝑐𝑜𝑠( 𝛺𝜆𝜏𝜆 + 𝜃) , 

using the harmonic balance method to simplify the equations 

of motion, the following equations can be obtained 

(−𝛺𝜆
2𝐴 +

5

8𝑛
𝑟𝐴5)2 + (−2𝜉𝜆𝐴𝛺𝜆)2 = 𝐹̃𝜆

2
 

(31) 

(−𝛺𝜆
2𝐷̃ +

5

8𝑛
𝑟𝐷̃5)2 + (−2𝜉𝜆𝐷̃𝛺𝜆)2 = 𝛺𝜆

4𝐷̃𝜆
2
 

(32) 

From Eq. (29), the dimensionless force experienced by the 

isolated object due to the QZS vibration isolation system is 

given by: 𝑓𝑡 = 2𝜉𝜆𝜆̃′(𝜏𝜆) + 𝑟𝜆̃5(𝜏𝜆)/𝑛 , assuming 𝑓𝑡 =
𝐹̃𝑡 𝑐𝑜𝑠( 𝛺𝜆𝜏𝜆 + 𝜃), 𝜆̃(𝜏𝜆) = 𝐴 𝑐𝑜𝑠( 𝛺𝜆𝜏𝜆 + 𝜃), and expanding 

𝑟𝜆̃5(𝜏𝜆)/𝑛 into Fourier series, we obtain: 𝐹̃𝑡
2

= (
5

8𝑛
𝑟𝐴5)2 +

(2𝜉𝜆𝐴𝛺𝜆)2. Defining the force transmissibility as the ratio of 

the response amplitude 𝐹̃𝑡 to the excitation amplitude 𝐹̃𝜆, and 

combining it with Eq. (31), the subsequent conclusions can be 

drawn. 

𝑇𝐹 =
𝐹̃𝑡

𝐹̃𝜆

=
|𝐴|√(

5
8𝑛 𝑟𝐴4)2 + (2𝜉𝜆𝛺𝜆)2

𝐹̃𝜆

 
(33) 

The 𝑇𝑍 is defined as the ratio of the displacement response 

amplitude 𝐷̃  to the displacement excitation amplitude 𝐷̃𝜆 . 

Combined with Eq. (32), the equation can be further derived 

as follows 

(−𝛺𝜆
2𝑇𝑍 +

5

8𝑛
𝑟𝐷̃𝜆

4
𝑇𝑍

5)2 + (−2𝜉𝜆𝑇𝑍𝛺𝜆)2 = 𝛺𝜆
4 (34) 

In order to better study the vibration isolation performance 

of the QZS isolator, a comparative analysis between the 

optimized system and the traditional three-spring QZS 

isolation system can be conducted. A conventional three-

spring QZS isolation system consisting of a pair of inclined 

springs and a vertical spring.[6] The optimal configuration 

parameters of the traditional three-spring QZS isolation 

system for 𝜈𝜆 = 0  and 𝜈𝜆 ≠ 0  can be obtained from the 

published paper,[4-5] as summarized in Table 1. It is worth 

noting that five sets of optimization parameters for the three-

dimensional QZS isolation system are also listed in Table 1, 

where Case I is the case where the softened cubic stiffness 

coefficient 𝜈𝜆 is not taken into account (𝜈𝜆 = 0); Case II, Case 

III, Case IV, and Case V are four sets of optimized parameter 

values considering the softening cubic stiffness coefficient 

(𝜈𝜆 ≠ 0).  

 

5.1 Dynamic analysis of vertical QZS system with 

optimized parameters 

Based on the above formulas, the force transmissibility 

comparison curves of the Z-direction QZS system, the 

traditional three-spring QZS system, and equivalent linear 

Table 1: Optimization parameters of three-dimensional and conventional three-spring QZS isolation system. 

Conventional QZS system（𝜈𝜆 = 0） 𝑎̃ = (2/3)1/2, 𝜇𝜆 = 0.5973, 𝜌̃𝜆=0.5, 𝑟 = 1.6459  

Conventional QZS system（𝜈𝜆 ≠ 0） 𝑎̃ = 0.5, 𝜈𝜆=0.1709, 𝜇𝜆 = 0.51, 𝜌̃𝜆=0.89  

Three-dimensional QZS system（Case I） 𝜇𝜆 = 1, 𝑎̃𝜆 = 0.447, 𝜌̃𝜆 = 0.876, 𝑟=1.0805 

Three-dimensional QZS system（Case II） 𝜈𝜆 = 0.05, 𝜇𝜆 = 0.542, 𝑎̃𝜆 = 0.108, 𝜌̃𝜆 = 2.66 

Three-dimensional QZS system（Case III） 𝜈𝜆 = 0.25, 𝜇𝜆 = 0.826, 𝑎̃𝜆 = 0.099, 𝜌̃𝜆 = 1.35 

Three-dimensional QZS system（Case IV)） 𝜈𝜆 = 0.5, 𝜇𝜆 = 1.015, 𝑎̃𝜆 = 0.109, 𝜌̃𝜆 = 1.03 

Three-dimensional QZS system（Case V)） 𝜈𝜆 = 0.75, 𝜇𝜆 = 1.148, 𝑎̃𝜆 = 0.107, 𝜌̃𝜆 = 0.88 
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system under optimized parameters in Table 1 can be plotted, 

as shown in Fig. 24. From Fig. 24(a) and Fig. 24(b), it can be 

seen that for the excitation amplitude 𝐹̃𝑧 = 0.01 and damping 

ratio 𝜉𝑧 = 0.05 , vibration isolation occurs in the equivalent 

linear system at a frequency ratio of 𝛺𝑧 > √2 ≈ 1.414, and 

the conventional three-spring QZS system has vibration 

isolation at 𝛺𝑧 > 0.295 , implying that the isolation starting 

frequency of the conventional three-spring QZS system is 

approximately 
1

5
 of that of the equivalent linear system. The Z-

direction QZS systems under five sets of optimization 

 
Fig. 22: Plot of nonlinear coefficients 𝑟 versus parameters 𝑎̃𝜆 and 𝜌̃𝜆 when 𝜈𝜆 = 0.75; (a) 3D surface plot, (b) 2D mapping diagram 

𝑟 -𝜌̃𝜆, (c) 2D mapping diagram 𝑟 -𝑎̃𝜆. 

 

 
Fig. 23: Dimensionless force–displacement comparison plots and Taylor series approximations for the QZS isolator under four sets 

of optimized parameter configurations. 
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Fig. 24: The comparison of force transmissibility between the Z-direction QZS system under optimized parameters, the traditional 

three-spring QZS system, and the equivalent linear system; (a) analysis of the three systems under the same force excitation amplitude 

(𝐹̃𝑧 = 0.01), (b) detailed enlarged view. 

 

parameters (Case I, Case II, Case III, Case IV, and Case V) 

exhibit vibration isolation effects when 𝛺𝑧 > 0.220 , 𝛺𝑧 >
0.172 , 𝛺𝑧 > 0.187 , 𝛺𝑧 > 0.194 , and 𝛺𝑧 > 0.197 , 

respectively. This means that under the optimized parameters, 

the isolation starting frequencies of the Z-direction QZS 

systems (Case I, Case II, Case III, Case IV, and Case V) are 

approximately 
7

12
 to 

3

4
 of the isolation starting frequency of the 

traditional three-spring QZS system and 
3

19
 to 

1

8
 of the isolation 

starting frequency of the equivalent linear system.  

It can be further seen from Fig. 24 that the equivalent linear 

system has a force transmissibility amplitude of 20 at the 

resonance frequency, and the conventional three-spring QZS 

system has a force transmissibility amplitude of 10.95 at the 

resonance frequency, implying that the maximum response 

amplitude of the conventional three-spring QZS system is 

approximately 
1

2
  of the maximum response amplitude of the 

equivalent linear system. The force transmissibility 

amplitudes at the resonance frequency for the Z-direction QZS 

systems are as follows: Case I: 8.88, Case II: 6.80, Case III: 

7.37, Case IV: 7.75, and Case V: 7.97. This means that the 

maximum response amplitude of the Z-direction QZS systems 

under the five sets of optimized parameters (Case I, Case II, 

Case III, Case IV, and Case V) is approximately 
3

5
 to 

4

5
 of the 

maximum response amplitude, and approximately 
7

20
  to 

3

7
  of 

the maximum response amplitude of the equivalent linear 

system. It is worth noting that the isolation starting frequency 

and the maximum response amplitude of the Z-direction QZS 

systems with optimized parameters, considering the nonlinear 

coefficient of the inclined spring (Case II, Case III, Case IV, 

and Case V), is lower than that of the system without 

considering the nonlinear coefficient (Case I).  

From Fig. 25(a) and Fig. 25(b), it can be seen that the 

optimized QZS system exhibits a broader isolation frequency 

range and reduced vibration amplitudes compared to both the 

equivalent linear system and the conventional QZS system, 

enabling it to effectively isolate vibrations at lower  

Fig. 25: Comparison of Z-direction QZS system (Case II), Conventional system (𝜈𝜆 = 0) and Equivalent linear system at different 

excitation amplitudes；(a) analysis of the three systems under the different force excitation amplitude, (b) detailed enlarged view. 
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Fig. 26: Comparison of Z-direction QZS system and conventional system without considering the nonlinear coefficient of tilting 

springs (𝜈𝜆 = 0，𝜉𝑧 = 0.05)；(a) analysis of the two systems under the different force excitation amplitude, (b) detailed enlarged 

view. 

 

frequencies. Additionally, for the Z-direction QZS system, as 

the excitation amplitude 𝐹̃𝑧  decreases, both the peak force 

transmissibility and the corresponding resonance frequency 

reduce, resulting in improved vibration isolation performance 

compared to the conventional QZS system. 

When 𝜈𝜆 = 0  and 𝜉𝑧 = 0.05 , the comparison curves of 

force transmissibility between the Z-direction QZS system and 

the conventional system with optimized parameters are shown 

in Fig. 26. From Fig. 26(a) and Fig. 26(b), it can be observed 

that under the conditions of excitation amplitude 𝐹̃𝑧 = 0.01 

and damping ratio 𝜉𝑧 = 0.05, the conventional system shows 

vibration isolation when 𝛺𝑧 > 0.295 , indicating that the 

vibration isolation starting frequency of the conventional 

system is approximately 
1

5
 that of the equivalent linear system.  

The optimized system shows vibration isolation when 

𝛺𝑧 > 0.220, which means that the vibration isolation starting 

frequency of optimized Z-direction system is approximately 
3

4
  

that of the conventional system and 
3

20
 that of the equivalent 

linear system. Under the conditions of excitation amplitude 

𝐹̃𝑧 = 0.001  and damping ratio 𝜉𝑧 = 0.05 , the conventional 

QZS system shows vibration isolation when 𝛺𝑧 > 0.117 , 

indicating that the vibration isolation starting frequency of the 

conventional QZS system is approximately 
1

12
  that of the 

equivalent linear system. The optimized Z-direction system 

shows vibration isolation when 𝛺𝑧 > 0.059, which means that 

the vibration isolation starting frequency of optimized Z-

direction system is approximately 
1

2
  that of the conventional 

QZS system and 
1

24
 that of the equivalent linear system. 

From Fig. 26, it can be further observed that under the 

conditions of excitation amplitude 𝐹̃𝑧 = 0.01  and damping 

ratio 𝜉𝑧 = 0.05, the amplitude of the equivalent linear system 

at resonance frequency reaches 20. The force transmissibility 

amplitude of the conventional QZS system at resonance 

frequency is 10.9, indicating that the maximum response 

amplitude of the conventional QZS system is approximately 
1

2
 

of the maximum response amplitude of the equivalent linear 

system. The force transmissibility amplitude of the optimized 

Z-direction QZS system at resonance frequency is 8.9, 

meaning that the maximum response amplitude of optimized 

Z-direction QZS system is approximately 
5

6
 of the maximum 

response amplitude of the conventional QZS system, and 

approximately 
5

12
 of the maximum response amplitude of the 

equivalent linear system. Under the conditions of excitation 

amplitude 𝐹̃𝑧 = 0.001 and damping ratio 𝜉𝑧 = 0.05, the force 

transmissibility amplitude of the conventional QZS system at 

resonance frequency is 4.1, indicating that the maximum 

response amplitude of the conventional QZS system is 

approximately 
1

5
  of the maximum response amplitude of the 

equivalent linear system. The amplitude of the optimized Z-

direction QZS system at resonance frequency is 1.7, meaning 

that the maximum response amplitude of the optimized Z-

direction QZS system is approximately 
2

5
  of the maximum 

response amplitude of the conventional QZS system, and 

approximately 
2

25
 of the maximum response amplitude of the 

equivalent linear system. It is worth noting that the vibration 

isolation starting frequency of the optimized Z-direction QZS 

system decreases as 𝐹̃𝑧 decreases. At the same time, the peak 

response amplitude at resonance frequency also decreases as 

the force excitation amplitude 𝐹̃𝑧 decreases. 

Based on the comparative analysis of the force 

transmissibility of various vibration isolation systems shown 

in Fig. 24, Fig. 25 and Fig. 26, the results demonstrate that the 

Z-direction QZS isolation system with optimized parameters 

offers superior low-frequency vibration isolation performance 

compared to both the equivalent linear and conventional QZS 

systems. It features a lower isolation onset frequency, a wider  
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Fig. 27: Relative displacement transmissibility of different QZS systems; (a) optimized vs. non-optimized Z-direction QZS, (b) 

optimized Z-direction QZS vs. conventional QZS. 

 

 
Fig. 28: The comparison of force transmissibility between the X-direction QZS system under optimized parameters, the traditional 

three-spring QZS system, and the equivalent linear system; (a) analysis of three systems under the same force excitation amplitude 

(𝐹̃𝑧 = 0.005), (b) detailed enlarged view. 

 

frequency bandwidth for isolation, and a reduced maximum 

response amplitude at the resonance frequency. Furthermore, 

as the force excitation amplitude decreases, the enhancement 

in vibration isolation performance becomes increasingly 

pronounced. Notably, the rate at which the maximum response 

amplitude of the Z-direction QZS system decreases with 

reduced force excitation amplitude is significantly higher than 

that of the equivalent linear system under identical conditions. 

This indicates that as the force excitation amplitude 𝐹̃𝑧 

decreases, the vibration isolation performance of the Z-

direction QZS system with optimized parameters improves 

considerably. 

The comparison of relative displacement transmissibility for 

the Z-direction QZS system with optimized parameters, the 

equivalent linear system, and the conventional QZS system is 

presented in Fig. 27, based on Eq. (32) and (34). Fig. 27(a) 

compares relative displacement transmissibility of the 

optimized and non-optimized Z-direction QZS systems and 

the equivalent linear system, considering softening cubic 

stiffness (𝜈𝜆 ≠ 0 ). Fig. 27(b) presents a comparison of the 

absolute displacement transmissibility between the Z-

direction QZS system and the conventional QZS system under 

identical damping and excitation conditions, excluding the 

influence of the softening cubic stiffness coefficient (𝜈𝜆 = 0).  

From Fig. 27(a) and Fig. 27(b), it can be observed that 

when the damping coefficient (𝜉𝑧 = 0.05), the peak relative 

transmissibility under harmonic excitation vanishes. This 

further indicates that the Z-direction QZS system with 

optimized parameters provides superior low-frequency 

vibration isolation performance when compared to both the 

conventional QZS system and the equivalent linear system, 

which do not account for the nonlinear coefficients. 

 

5.2 Dynamic analysis of horizontal QZS system with 

optimized parameters 

Considering that the construction of the X-direction QZS 
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Fig. 29: Comparison of X-direction QZS system (Case III), Conventional system (𝜈𝜆 = 0) and Equivalent linear system at different 

excitation amplitudes；(a) analysis of three systems under the different force excitation amplitude, (b) detailed enlarged view. 

 
Fig. 30: Comparison of X-direction and conventional QZS system without considering nonlinear coefficient of tilting springs (𝜈𝜆 =

0，𝜉𝑥 = 0.05)；(a) analysis of the two systems under the different force excitation amplitude, (b) detailed enlarged view. 

 

system and the Y-direction QZS system is essentially the same, 

we will focus on the dynamic analysis of the X-direction QZS 

system under optimized parameters. The Y-direction QZS 

system can be referenced similarly. Based on the above 

formulas, the force transmissibility comparison curves of the 

X-direction QZS system, the traditional and the equivalent 

linear system under the optimized parameters in Table 1 can 

be plotted, as shown in Fig. 28. From Fig. 28(a) and Fig. 28(b), 

it can be seen that for the excitation amplitude 𝐹̃𝑧 = 0.005 and 

damping ratio 𝜉𝑥 = 0.05 , and the conventional QZS system 

has vibration isolation at 𝛺𝑧 > 0.226 , implying that the 

isolation starting frequency of the conventional QZS system is 

approximately 
1

6
 of that of the equivalent linear system. The X-

direction QZS systems under five sets of optimization 

parameters (Case I, Case II, Case III, Case IV, and Case V) 

exhibit vibration isolation effects when 𝛺𝑧 > 0.140 , 𝛺𝑧 >
0.107 , 𝛺𝑧 > 0.117 , 𝛺𝑧 > 0.122 , and 𝛺𝑧 > 0.125 , 

respectively. This means that under the optimized parameters, 

the isolation starting frequencies of the X-direction QZS 

systems (Case I, Case II, Case III, Case IV, and Case V) are 

approximately 
5

11
 to 

5

8
 of the isolation starting frequency of the 

conventional QZS system and 
1

13
 to 

1

10
 of the isolation starting 

frequency of the equivalent linear system.  

It can be further seen from Fig. 28 that the equivalent linear 

system has a force transmissibility amplitude of 20 at the 

resonance frequency, and the conventional QZS system has a 

force transmissibility amplitude of 8.35 at the resonance 

frequency, implying that the maximum response amplitude of 

the conventional QZS system is approximately 
5

12
  of the 

maximum response amplitude of the equivalent linear system. 

The force transmissibility amplitudes at the resonance 

frequency for the X-direction QZS systems are as follows: 

Case I: 5.27, Case II: 3.77, Case III: 4.25, Case IV: 4.46, and  

https://www.espublisher.com/


Research article                                                                                                                                                                                Engineered Science 

 

26 | Eng. Sci., 2025, 37, 1700                                                                                                                                                                 Engineered Science Publisher 

 
Fig. 31: Relative displacement transmissibility comparison of different QZS systems; (a) Case I with optimized parameters vs. 

conventional system (𝜉𝑥 = 0.05), (b) Case III with optimized parameters vs. conventional system (𝜉𝑥 = 0.045). 

 

Case V: 4.55. This means that the maximum response 

amplitude of the X-direction QZS systems under the five sets 

of optimized parameters (Case I, Case II, Case III, Case IV, 

and Case V) is approximately 
9

20
  to 

5

8
  of the maximum 

response amplitude of the conventional QZS system, and 

approximately 
3

16
 to 

1

4
 of the maximum response amplitude of 

the equivalent linear system. Note that the isolation starting 

frequency and the maximum response amplitude of the X-

direction QZS systems with optimized parameters, 

considering the nonlinear coefficient of the inclined spring 

(Case II, Case III, Case IV, and Case V), is lower than that of 

the system without considering the nonlinear coefficient (Case 

I).  

From Fig. 29(a) and Fig. 29(b), it is evident that the 

optimized QZS system offers a broader frequency isolation 

range and reduced vibration amplitudes compared to both the 

equivalent linear and conventional QZS systems, effectively 

isolating vibrations at lower frequencies. Furthermore, for the 

X-direction QZS system, as the excitation amplitude 𝐹̃𝑥 

decreases, both the peak force transmissibility and the 

corresponding resonance frequency diminish, resulting in 

improved vibration isolation performance when compared to 

the conventional QZS system. 

From Fig. 30, it can be further observed that under the 

conditions of excitation amplitude 𝐹̃𝑥 = 0.002  and damping 

ratio 𝜉𝑥 = 0.05 , the force transmissibility amplitude of the 

equivalent linear system at resonance frequency reaches 20. 

The amplitude of the conventional QZS system at resonance 

frequency is 5.46, indicating that the maximum response 

amplitude of the conventional QZS system is approximately 
3

11
 of the maximum response amplitude of the equivalent linear 

system. The amplitude of the optimized X-direction QZS 

system at resonance frequency is 2.67, meaning that the 

maximum response amplitude of the optimized X-direction 

QZS system is approximately 
1

2
  of the maximum response 

amplitude of the conventional QZS system, and approximately 
1

8
 of the maximum response amplitude of the equivalent linear 

system. Under the conditions of excitation amplitude 𝐹̃𝑧 =
0.005 and damping ratio 𝜉𝑥 = 0.05, the force transmissibility 

amplitude of the conventional QZS system at resonance 

frequency is 8.35, indicating that the maximum response 

amplitude of the conventional QZS system is approximately 
5

12
 of the maximum response amplitude of the equivalent linear 

system. 

The amplitude of the optimized X-direction QZS system at 

resonance frequency is 5.27, meaning that the maximum 

response amplitude of the optimized X-direction QZS system 

is approximately 
5

8
 of the maximum response amplitude of the 

conventional QZS system, and approximately 
1

4
  of the 

maximum response amplitude of the equivalent linear system. 

Under the conditions of excitation amplitude 𝐹̃𝑧 = 0.008 and 

damping ratio 𝜉𝑥 = 0.05, the force transmissibility amplitude 

of the conventional QZS system at resonance frequency is 

10.07, indicating that the maximum response amplitude of the 

conventional QZS system is approximately 
1

2
 of the maximum 

response amplitude of the equivalent linear system. The 

amplitude of the optimized X-direction QZS system at 

resonance frequency is 7.12, meaning that the maximum 

response amplitude of the optimized X-direction QZS system 

is approximately 
7

10
  of the maximum response amplitude of 

the conventional QZS system, and approximately 
7

20
  of the 

maximum response amplitude of the equivalent linear system. 

It is worth noting that the vibration isolation starting frequency 

of the optimized X-direction QZS system decreases as 𝐹̃𝑥 

decreases. At the same time, the peak response amplitude at 

resonance frequency also decreases as the force excitation  
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Fig. 32: Dynamic test setup for 3D QZS system: (a) structure diagram; (b) shaking table layout: (1) dual-axis table, (2) X-direction 

unit, (3) Y-direction unit, (4) Z-direction unit, (5) isolation mass, (6) sensors, (7) signal system, (8) computer. 

 

amplitude 𝐹̃𝑥 decreases. 

From the comparative analysis of force transmissibility 

across various vibration isolation systems presented in Figs. 

28, 29, and 30, the results show that the X-direction QZS 

isolation system with optimized parameters demonstrates 

superior low-frequency vibration isolation performance when 

compared to both the equivalent linear and conventional QZS 

systems. Furthermore, as the force excitation amplitude 

decreases, the enhancement in vibration isolation performance 

becomes more pronounced. Notably, the rate at which the 

maximum response amplitude of the X-direction QZS system 

decreases with reduced force excitation amplitude is 

significantly higher than that of the equivalent linear system 

under the same conditions. This indicates that as the force 

excitation amplitude 𝐹̃𝑥  decreases, the vibration isolation 

performance of the optimized X-direction QZS system 

improves substantially. 

Fig. 31 presents the comparison of relative displacement 

transmissibility for the X-direction QZS system with 

optimized parameters, the equivalent linear system, and the 

conventional QZS system, based on Eq. (32) and (34). In Fig. 

31(a), the comparison is made between the X-direction QZS 

system with optimized parameters (Case I) and the 

conventional QZS system, considering the softening cubic 

stiffness coefficient. Fig. 31(b) compares the relative 

displacement transmissibility between the X-direction QZS 

system with optimized parameters (Case III) and the 

conventional QZS system (𝜉𝑥 = 0.045), without considering 

the softening cubic stiffness coefficient. From Fig. 31(a) and 

Fig. 31(b), it is evident that the peak value of relative 

transmissibility for the X-direction QZS system under 

harmonic excitation conditions is absent. This indicates that 

the X-direction QZS system with optimized parameters 

demonstrates superior low-frequency vibration isolation 

performance compared to both the conventional QZS system 

and the equivalent linear system. 

 

6. Dynamics Experiment of the Three-Dimensional QZS 

device 

The experiments were divided into three categories: vertical, 

horizontal, and combined three-dimensional configurations. 

Each test employed a single-degree-of-freedom excitation 

strategy to independently evaluate the dynamic characteristics 

of the respective components. The vibration platform was 

composed of three main subsystems as shown in Fig. 32: (1) 

an excitation system, (2) the QZS isolation system under study, 

and (3) a signal acquisition and processing system. The 

excitation system included a signal controller, a power 

amplifier, and a four-degree-of-freedom (4-DOF) 

bidirectional hydraulic shaking table. Harmonic excitation 

signals of discrete frequencies (3 Hz to 25 Hz for vertical, and 

3 Hz to 15 Hz for horizontal direction) were generated and 

amplified before being transmitted to the vibration table. 

The QZS isolation device, including its vertical and 

horizontal modules, was rigidly mounted to the shaking table 

using steel base plates and bolted connections to prevent 

unwanted motion. The isolated mass block was affixed to the 

top bearing plate of the isolator. Accelerometers (Endevco-

7264A, sensitivity 0.8 mV/g, bandwidth 0-3000 Hz) were 

installed at multiple locations: the base platform, the top 

surface of the isolator, and the isolated object. These sensors 

captured both the input excitation and the system's dynamic 

response. The signal acquisition system utilized the INV-

3602A acquisition unit, interfaced with the Coinv DASP V10 

software for real-time data logging and analysis. The time-

domain signals from the accelerometers were sampled at 1024 

Hz and processed to extract displacement information.  

In the vertical experiment, the system adopted a stiffness 

value of 11213 N/m with a 7.5 kg load, resulting in a natural 

frequency close to 6.15 Hz. The maximum measured  
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Fig. 33: Z-direction displacement transmissibility; (a) experimental results, (b) experimental vs. theoretical comparison. 

 

 
Fig. 34: X-direction displacement transmissibility; (a) experimental results, (b) comparison with theoretical values. 

 

displacement transmissibility was 18.62 dB, corresponding 

to a damping ratio of 0.045. For the QZS isolator, the 

theoretical transmissibility curve was derived from the fitted 

restoring force equation: 𝑓𝑧 = 1.972𝑧̃3 . The dimensionless 

displacement amplitude was set as 𝐷̃𝑧 = 0.001 . Both 

experimental and theoretical results showed high consistency 

as shown in Fig. 33, confirming the improved low-frequency 

performance of the QZS system, which exhibited no peak 

transmissibility and a broader isolation range. For the 

horizontal (X-direction) test as shown in Fig. 34, a similar 

methodology was applied. The system’s equivalent linear 

stiffness was set to 18784 N/m with a load of 20 kg, producing 

a resonant frequency of 4.88 Hz. The damping ratio was 

calculated as 0.048 based on a peak transmissibility of 19.43 

dB. The QZS isolation system in the horizontal direction 

demonstrated superior vibration attenuation with no resonance 

peak, as validated by experimental data and theoretical 

predictions based on the fitted restoring force: 𝑓𝑥 = 1.87𝑥̃3. 

The dimensionless excitation amplitude was 𝐷̃𝑥 = 0.00244 . 

Separate excitation signals were applied in the Z- and X-

directions while monitoring coupling effects. Although minor 

deviations were observed between the single-axis and full-

system transmissibility curves, the overall performance 

remained consistent with theoretical expectations. This 

suggests that, in practice, the vertical and horizontal 

components can be analyzed independently due to minimal 

dynamic coupling. Additionally, it was noted that the 

resonance peak of the X-direction equivalent linear system in 

the full assembly appeared at a slightly lower frequency as 

shown in Fig. 34. This shift was attributed to the added mass 

of the vertical isolator module, which affected the total system 

inertia. Nonetheless, the QZS device maintained its superior 

isolation performance, making it a promising solution for 

multi-directional low-frequency vibration attenuation in 

engineering applications. 

In the present study, damping is modeled as linear viscous 

damping for simplification. It is recognized that in practical 

systems, nonlinear damping mechanisms such as Coulomb 
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friction, material hysteresis, and contact damping are present, 

which may lead to observable discrepancies between 

theoretical and experimental transmissibility, particularly in 

the high-frequency range as shown in Fig. 33 and Fig. 34. The 

influence of these nonlinear damping effects will be 

investigated in future work by establishing refined dynamic 

models incorporating velocity- and displacement-dependent 

damping terms, as well as through parameter identification 

based on experimental data. 

 

7. Conclusion 

This paper proposes an innovative vibration isolator, designed 

with vertical and horizontal isolators, investigates its 

theoretical model, optimizes parameters for enhanced low-

frequency isolation, and verifies its performance through 

shaking table tests, demonstrating superior vibration isolation 

capabilities compared to traditional systems.  

(1) The three-dimensional system combines vertical (Z-

axis) and horizontal (X- and Y-axis) quasi-zero stiffness 

isolators, arranged orthogonally using connecting components. 

Since each isolator operates independently, coupling effects 

can be reasonably ignored when analyzing vibration behavior 

in complex environments. 

(2) Based on the developed three-dimensional quasi-zero 

stiffness isolator, mechanical models for both vertical (Z-axis) 

and horizontal (X- and Y-axis) isolation systems were further 

explored. Through parameter configuration, quasi-zero 

stiffness behavior at static equilibrium was achieved in all 

three directions, and the influence of key design parameters on 

the isolator’s mechanical performance was systematically 

examined. 

(3) Based on the geometric parameters of the three-

dimensional device and the physical parameters of the spring 

components, the parameters of the vertical (Z-direction) and 

horizontal (X, Y-direction) quasi-zero stiffness isolation 

systems were optimized to expand the quasi-zero stiffness 

range and enhance the low-frequency isolation performance. 

Comparative analysis with traditional and equivalent linear 

isolation systems showed that the proposed system offers a 

broader isolation bandwidth and lower response amplitude, 

validating the excellent low-frequency isolation performance 

of the optimized device under three-dimensional vibration 

conditions. 

(4) Prototypes of Z-axis, X-axis, and Y-axis quasi-zero 

stiffness isolators were developed and manufactured. These 

isolators were then combined into a complete three-

dimensional quasi-zero stiffness vibration isolation system 

through the use of hinged fasteners and connection plates. The 

impact of excitation amplitude on the system's isolation 

performance was studied, and the displacement 

transmissibility obtained from the experiments was compared 

with the theoretical transmissibility characteristics derived 

from the dynamic analysis, validating the accuracy of the 

dynamic model and the excellent low-frequency isolation 

performance of the device. 
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