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Abstract 
 

The gas centrifuge is modeled as a rigid rotor supported by two magnetic bearings with eight-pole structures. To describe the 
system dynamics, the coupled nonlinear ordinary differential equations (ODE) of the second order are derived, to solve which 
the Fourier method (FM) is used, i.e. the solution to the system of differential equations of motion is obtained in the form of 
a trigonometric series. The use of FM provides the possibility of representing a harmonic semi-analytical solution. The 
dynamics of forced vibrations and self-excited vibrations under the action of harmonic forces is studied, and free oscillations 
are analyzed. Various parameters influencing the vibration behavior of the rotor are studied. The dependence of the 
amplitudes and phases of vibrations on the excitation frequency is analysed. Ultraharmonic and subharmonic vibrations, as 
well as self-exсited vibrations of the gas centrifuge on magnetic bearings (GCMB or a rotor) are studied. 

Keywords: Gas centrifuge; Magnetic bearings; Nonlinear vibrations; Rotor system. 

Received: 13 June 2025; Revised: 13 July 2025; Accepted: 01 August 2025 
Article type: Original research. 

 

1. Introduction 

Magnetic bearings (MB) are one of the most innovative 

developments in turbomachinery and, therefore, they are 

widely used in various rotary machines[1–2] including turbo 

compressors, turboexpanders, generators, turbines, pumps,[3–4] 

electric motors, gas centrifuges, machine tools,[5] as well as in 

medical devices, robotics, space equipment, contactless drives, 

vibration isolation and flywheel energy storage devices. For 

numerical study of rotor dynamics in magnetic bearings, 

specialists use mathematical models, similar to the 

corresponding models of rotors in elastic supports, but taking 

into account the specific features manifested in the interaction 

of magnetic, electromagnetic and electric fields, and the forces 

caused by this interaction. A rotor system with a magnetic 

bearing is a nonlinear system as all components in the structure 

of the magnetic bearings of various types, namely, permanent 

magnets or electromagnets, power amplifiers, controllers and 

even position sensors are characterized by nonlinear 

dependencies of various parameters. A mathematical 

description of the dynamic behavior of a rotor in magnetic 

bearings makes it possible to adequately reflect the nonlinear 

relationship of electrical, magnetic and mechanical processes 

in such a system, and will also allow a more accurate recording 

and analysis of the equations of system vibrations.[6] Recently, 

a large number of works have been devoted to the study of 

dynamics of rotors in magnetic bearings, where nonlinear 

forces of influence are considered.[7–38] An analysis of models 

with one or two degrees of freedom, which are usually used to 

describe the dynamics of rotors in magnetic bearings, makes it 

possible to trace the qualitative characteristics of the system 

and conduct fundamental research. Mohamed and Emad[7] 

investigated nonlinear vibrations of a rigid rotor in a magnetic 

field taking into account the gyroscopic moment and showed 

that Hopf bifurcations and instability of periodic motion can 

be present in the system. Laier[8] showed the possibility of 

transitions from one stable branch of the resonance curve to 

another using numerical integration of a system of differential 

equations. Springer[9] modeled non-stationary nonlinear 

vibrations of a rotor taking into account the nonlinearity of the 

magnetic force and the saturation of the core material of radial 

magnetic fields. Steinschaden et al.[10] studied the influence of 

nonlinear forces on active magnetic rotors and their periodic 

responses using numerical integration. Ji et al.[11] presented the 

magnetic force as a Taylor series expansion with preservation 

of the third-order nonlinear terms. Using the normal form 

method, they showed that the system can exhibit saddle-node 
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bifurcations and Hopf bifurcations. They also investigated a 

periodically forced system with one degree of freedom with 

feedback and saturation constraint. It was shown[12] that the 

nonlinearities taken into account can lead to the appearance of 

an asymmetric, subharmonic and chaotic response. For this 

mathematical model, Ji and Hansen proposed a method of 

analysis using the asymptotic method. The approximate 

solutions obtained using this method were in close agreement 

with the reference results of numerical integration. To analyze 

the dynamic behavior the authors[13–14] used the Lyapunov 

exponents, bifurcation diagrams, phase portraits, basins of 

attraction and Poincaré maps. To analyze the same 

mathematical model they used two methods to approximate the 

super harmonic resonant response of a piecewise nonlinear 

oscillator: the modified averaging method and the matching 

method. Both methods[15] are in good agreement with direct 

numerical simulation, but the matching method is more 

accurate. Virgin et al.,[16] studying the nonlinear dynamics of a 

rotor with two degrees of freedom, showed the influence of the 

geometric relationship between two pairs of electromagnet 

poles creating forces in mutually perpendicular directions.  

Chinta et al. investigated the nonlinear periodic responses 

of a rotor with geometrically coupled magnetic bearings using 

the trigonometric collocation method and numerical 

integration. They showed the occurrence of a cyclic 

bifurcation, which leads to a stepwise change in frequency.[17] 

Ji et al. investigated the motion of a rotor with active magnetic 

bearings under fundamental resonance conditions, taking into 

account the nonlinear dependence of the force, current and 

displacement in the electromagnets. Using the multiscale 

method to reduce the system to four averaged equations, they 

showed the presence of saddle-node bifurcations and Hopf 

bifurcations in the system.[18–19] A study of the same rotor-

magnetic bearing system under super harmonic motions shows 

the possibility of stability loss.[20] In systems with magnetic 

bearings, the equilibrium can become unstable due to Hopf 

bifurcations both without external excitation effects and under 

the action of loads on the rotor caused by the imbalance.[21–22] 

Ho and Liu showed that the influence of a thrust active 

magnetic bearing on radial vibrations can lead to a decrease in 

the limiting stability speed and the occurrence of Hopf 

bifurcations during processional motion along the first form of 

transverse oscillations.[23] Zhang et al. studied the nonlinear 

dynamics of a rotor on active magnetic bearings taking into 

account the periodically changing stiffness caused by the 

operation of a PD controller. The application of the asymptotic 

perturbation method shows the possibility of the occurrence of 

periodic, quasi-periodic and chaotic vibrations with modulated 

amplitude.[24] It is shown that in a system with periodically 

changing rigidity and nonlinear electromagnetic force, jumps 

from one mode to another are possible. [25] Inayat-Hussain 

considered a rigid rotor on active magnetic bearings taking 

into account the nonlinear dependence of electromagnetic 

forces, current and air gap. He showed the possibility of 

nonlinear phenomena appearing in the system, such as duality 

of stable modes, breakdowns and jumps of amplitudes, 

synchronous, subsynchronous, quasi-periodic and chaotic 

oscillations.[26] Heydari et al. showed that the homotopy 

perturbation method has the second order of accuracy in the 

context of studying a rotor on two eight-pole active magnetic 

bearings (hereinafter MB), and the system itself is stably 

maintained due to the MB.[27] To study stability of a rotor on 

16-pole magnetic bearings, Zhang et al. applied the asymptotic 

perturbation method.[28] The multiple scales method is widely 

used to analyze the stability and dynamics of rotor systems, 

including systems with magnetic bearings.[29–33]  Shaw et al. 

presented an algorithm for applying the normal forms 

dimensionality reduction method to rotor systems. [34] This 

method was also applied by Ji in his work to determine the 

direction and stability of Hopf bifurcations.[35] Yektanezhad 

applied the renormalization group method directly to the 

equations describing a flexible rotor on a magnetic bearing to 

analyze the fundamental resonance.[36] The harmonic balance 

method is also often used to analyze the resonant modes of 

rotors on magnetic bearings.[37,38] Saeed et al. investigate the 

nonlinear dynamics of a rotor–active magnetic bearing (AMB) 

system, taking into account the effects of contact and friction 

between the rotor and the stator poles. When contact occurs, 

the system exhibits the possibility of periodic, quasi-periodic, 

and chaotic oscillations.[39] Li considers a method for dynamic 

balancing of a rotor supported by magnetic bearings. In this 

approach, rotor position and bearing current signals are 

utilized in active vibration control to identify the residual 

unbalance.[40] S. M. El-Shourbagy et al. conducted a stability 

analysis, determined stability boundaries, and demonstrated 

the emergence of bifurcations in a rotor system equipped with 

a 12-pole magnetic bearing. Such a configuration was shown 

to possess improved stability under vibratory conditions.[41] 

Trentini examines a dynamic model of an eight-pole magnetic 

bearing, represented by equations of motion that incorporate 

gyroscopic and magnetic forces. The model also accounts for 

the influence of pole area, bias current, and air gap.[ 42] To 

reduce vibrations in rotor–AMB systems, Zhang et al. 

employed a base acceleration feedforward compensation 

algorithm. Experimental implementation of this algorithm 

significantly reduced rotor vibrations under both harmonic and 

random base excitations.[43] To further suppress rotor vibrations 

in active magnetic bearing systems, a controller is proposed 

that enables a smoother control signal.[44] In the case of eight-

pole magnetic bearings, the influence of pole arrangement on 

rotor vibrations is studied. The model is based on linear 

displacement theory and assumes that the rotor undergoes 

transverse oscillations.[45] Ma et al. investigate a rotor–AMB 

system model with 12 poles and variable stiffness. The 

dynamic behavior is analyzed using averaged equations of 

motion derived via the method of multiple scales, considering 

primary parametric and subharmonic resonances. Numerical 

simulations are carried out using MATLAB. It is shown that 

depending on the amplitude of the parametric excitation, the 

system may exhibit period-one, period-two, and chaotic 
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oscillations.[46] In contrast to the aforementioned studies, the 

present work provides a comprehensive investigation of the 

motion of a rotor system supported by magnetic bearings, 

considering forced, ultraharmonic, and subharmonic 

oscillations, as well as self-excited vibrations. The conditions 

under which the rotor performs precessional motion are 

determined. In addition, the conditions under which the 

centrifuge exhibits circular and elliptical precessional motions 

are identified. Using the describing function method, the 

amplitudes and frequencies of the system's oscillations are 

determined in cases where subharmonic and ultraharmonic 

components are superimposed on the forced vibrations. 

2. Materials and methods 

2.1 Problem statement and equations of motion 

The rotor system is a vertical hollow unbalanced cylinder, the 

length of which is much greater than its width, supported by 

two active magnetic bearings with eight pole structures. The 

basic equations of the system dynamics are derived as two 

coupled nonlinear ordinary differential equations of the second 

order. The proportional-differential (PD) controllers are used 

to control the rotor movements that cause imbalance in the 

system. A model of the rotor system is shown in Fig. 1. 

The stator has eight pairs of poles. For simplicity, 

saturation and hysteresis of the magnetic core material, eddy

 

 
Fig. 1: а) Vertical rotor system on magnetic bearings. b) Dimensions of the prototype installation. c) Dynamic model of the rotor 

system. d) Electromagnetic forces directed from the bearing to the rotor.  

 

current losses and all other secondary factors are neglected 

here. It is assumed that all magnets have the same design and 

the same number of windings. According to the theory of 

electromagnetism, the electromagnetic force fi generated by 

each pair of electromagnets, can be expressed as follows:[6] 

𝑓𝑖 = −
𝜇0𝐴0𝑁2𝐼𝑖

2 cos 𝜑

4𝛿𝑖
2 , (𝑖 = 1,8) (1) 

Here 𝜇0  is permeability (a magnetic constant); 𝑁  is the 

number of turns around the core; 𝐴0  is the effective cross-

sectional area of one electromagnet; 𝛿𝑖 is the distance between 

the bearing and rotor cores when the rotor is displaced from 

the equilibrium position; 𝐼𝑖 is the current in the coils. It is seen 

that the force varies non-linearly with the coil current and the 

distance between the bearing and rotor cores. When the rotor 

deviates from the center of the bearings, the radial clearance is 

expressed as  

𝛿𝑖 = 𝑐0 ± 𝑥 sin 𝛼 ∓ 𝑦 cos 𝛼 , 𝑖 = 1,5 

𝛿𝑖 = 𝑐0 ± 𝑥 sin 𝛼 ± 𝑦 cos 𝛼 , 𝑖 = 4,8 

𝛿𝑖 = 𝑐0 ± 𝑥 sin 𝛼 ∓ 𝑦 cos 𝛼 , 𝑖 = 2,6 
𝛿𝑖 = 𝑐0 ± 𝑥 sin 𝛼 ± 𝑦 cos 𝛼 , 𝑖 = 3,7 

(2) 

where 𝑐0 is the steady-state air gap, α is the angle defined in 

Fig. 1, and 𝑥,𝑦 is the rotor offset from the bearing center. For 

magnetically suspended rotors, various control methods have 

been used to achieve different goals. Here, only the PD 

controller is considered:[6] 

𝑖𝑥 = 𝑘𝑝𝑥 + 𝑘𝑑𝑥̇, 

𝑖𝑥 = 𝑘𝑝𝑦 + 𝑘𝑑𝑦̇, 
(3) 

where 𝑘𝑝 is a proportional gain coefficient; 𝑘𝑑 is the constant 

of the derivative control. The coil current is determined by the 

formulas 
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𝐼1 = 𝐼8 = 𝐼0 − 𝑖𝑦 

𝐼4 = 𝐼5 = 𝐼0 + 𝑖𝑦 

𝐼6 = 𝐼7 = 𝐼0 − 𝑖𝑥 
𝐼2 = 𝐼3 = 𝐼0 + 𝑖𝑥 

(4) 

where 𝐼0  is the pre-magnetization current. The pre-

magnetization current is used to reduce the nonlinearity of the 

magnetic force and the currents arising near the equilibrium 

state. The total electromagnetic forces in the directions of the 

Ox and Oy axes are expressed as 

𝐹𝑥 = (𝑓6 + 𝑓7 − 𝑓2 − 𝑓3) cos 𝛼
+ (𝑓5 + 𝑓8 − 𝑓1 − 𝑓4) sin 𝛼 , 

𝐹𝑦 = (𝑓1 + 𝑓8 − 𝑓4 − 𝑓5) cos 𝛼

+ (𝑓2 + 𝑓7 − 𝑓3 − 𝑓6) sin 𝛼. 

(5) 

Then the equations of motion of an unbalanced rotor (GCMB) 

will be written as 

𝑚𝑥̈ + 𝑐𝑥̇ = 𝐹𝑥 + 𝑚𝑒𝜔2 cos 𝜔 𝑡, 
𝑚𝑦̈ + 𝑐𝑦̇ = 𝐹𝑦 + 𝑚𝑒𝜔2 sin 𝜔 𝑡, 

(6) 

where m is the mass, e is the eccentricity, ω is the angular 

velocity of the rotor; c is the damping coefficient. Substituting 

Eq. (2)-(4) into Eq. (1), we obtain the force as a nonlinear 

function of the control current and the distance between the 

rotor and the bearing in the x and y directions. The force fi is 

expanded in a Taylor series in the vicinity of the point x = y = 

0, and then the higher-order nonlinear terms are omitted. As a 

result, we obtain the equations of motion of an unbalanced 

rotor (GCMB) in the form 

𝑥̈ + 2ℎ𝑥̇ + 𝜔0
2𝑥 − 𝑘1𝑥3 − 𝑘2𝑥𝑦2 − 𝑘3𝑥̇𝑥2 −

𝑘4𝑥̇𝑦2 − 𝑘5𝑥𝑦̇2 − 𝑘6𝑥𝑥̇2 − 𝑘7𝑥𝑦𝑦̇ =
2𝑓 cos 𝜔 𝑡,  
𝑦̈ + 2ℎ𝑦̇ + 𝜔0

2𝑦 − 𝑘1𝑦3 − 𝑘2𝑦𝑥2 − 𝑘3𝑦̇𝑦2 −
𝑘4𝑦̇𝑥2 − 𝑘5𝑦𝑥̇2 − 𝑘6𝑦𝑦̇2 − 𝑘7𝑥𝑦𝑥̇ =
2𝑓 sin 𝜔 𝑡.  

(7) 

Here 

𝐹𝑥 = 𝑚𝑒𝜔2(−𝜔0
2𝑥 + 𝑘1𝑥3 + 𝑘2𝑥𝑦2 + 𝑘3𝑥̇𝑥2 +

𝑘4𝑥̇𝑦2 + 𝑘5𝑥𝑦̇2 + 𝑘6𝑥𝑥̇2 + 𝑘7𝑥𝑦𝑦̇),  
𝐹𝑦 = 𝑚𝑒𝜔2(−𝜔0

2𝑦 + 𝑘1𝑦3 + 𝑘2𝑦𝑥2 + 𝑘3𝑦̇𝑦2 +

𝑘4𝑦̇𝑥2 + 𝑘5𝑦𝑥̇2 + 𝑘6𝑦𝑦̇2 + 𝑘7𝑥𝑦𝑥̇)  

(8) 

are the components of electromagnetic forces. 

The coefficients of Eq. (7) and (8) are written as 

2ℎ = 8𝑑 𝑐𝑜𝑠 𝛼 + 𝑐1, 𝛺2 = 8(𝑝 𝑐𝑜𝑠 𝛼 − 1), 
𝑘1 = 16(𝑐𝑜𝑠4 𝛼 + 𝑠𝑖𝑛4 𝛼) − 24𝑝 𝑐𝑜𝑠3 𝛼 +
8𝑝2 𝑐𝑜𝑠2 𝛼,  
𝑘2 = 96 𝑐𝑜𝑠2 𝛼 𝑠𝑖𝑛2 𝛼 − 72𝑝 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛2 𝛼 +
8𝑝2 𝑠𝑖𝑛2 𝛼,  
𝑘3 = −8𝑑 𝑐𝑜𝑠2 𝛼 (3 𝑐𝑜𝑠 𝛼 − 2𝑝), 
𝑘4 = −24𝑑 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛2 𝛼 , 
𝑘5 = 8𝑑2 𝑠𝑖𝑛2 𝛼 , 
𝑘6 = 8𝑑2 𝑐𝑜𝑠2 𝛼 , 
𝑘7 = 16𝑝𝑑 𝑠𝑖𝑛2 𝛼 − 48𝑑 𝑠𝑖𝑛2 𝛼 𝑐𝑜𝑠 𝛼.  

(9) 

where  

𝑝 =
𝑘𝑝𝑐0

𝐼0
, 𝑑 =

𝑘𝑑𝑐0

𝐼0𝐵2 , 𝐵2 =
4𝑚𝑐0

3

𝜇0𝑁2𝐴0𝐼0
2 , 𝑐1 =

𝑐𝑐0

𝐵
, 𝑐2 =

𝑒𝜔2𝐼0, 2𝑓 =
𝐵2𝑐2

𝑐𝑜𝑠 𝛼
,  

p – stiffness coefficient of the system, d – damping coefficient, 

c1 – damping parameter, f – dimensionless eccentricity, B is a 

dimensionless parameter of the time variable. 

 

2.2 Solution of the equations of motion  

2.2.1 Free vibrations 

Let us consider free vibrations of the rotor, i.e. the case when 

there is no disturbing force. We will assume that the rotor 

without imbalance performs free vibrations with the frequency 

Ω and amplitude a. Then the solution of the system of Eq. (7) 

is written as 

𝑥 = 𝑎 cos 𝛺 𝑡 
𝑦 = 𝑎 sin 𝛺 𝑡 (10) 

On the complex plane this solution has the form 

𝑧 = 𝑥 + 𝑖𝑦 = 𝑎𝑒𝑖𝛺𝑡. (11) 

Substituting Eq. (11) into system (7), and including the 

phase angle φ in the expression for the disturbing force and 

then equating the coefficients of the functions cos Ω𝑡  and 

sin Ω𝑡, we get 

4(𝜔0
2 − 𝛺2) = 𝑎2[3𝑘1 + 𝑘2 + 𝛺2(3𝑘5 + 𝑘6)] 

𝑎2(𝑘3 + 3𝑘4 − 𝑘7) = 2ℎ 
(12) 

From system (12) we determine the amplitude a and frequency 

Ω of free vibrations of the rotor 

𝑎 = √((4(𝜔_0^2 − 𝛺_^2))/([𝑒_2 +

𝛺_^2 𝑒_3)]), ) Ω = √((4𝜔_0^2 − 𝑒_2 𝑒_4)/
(4 + 𝑒_3 𝑒_4 )).  

(13) 

were 

𝑒0 = 4(𝜔0
2 − 𝛺2), 𝑒1 = (𝑘3 + 3 𝑘4 − 𝑘7), 𝑒2 = 3𝑘1 +

𝑘2, 𝑒3 = 3𝑘5 + 𝑘6, 𝑒4 =
2ℎ

𝑒1
.  

Let us consider the general case of free vibrations of the 

rotor, i.e., when its axis moves along an ellipse. In this case, 

the system of Eq. (7) will take the form 

4(𝜔0
2 − 𝛺2) − (3𝑘1 + 𝛺2𝑘6)𝑎2 − (𝑘2 +

3𝛺2𝑘5)𝑏2 = 0  

𝑘3𝑎2 + (3𝑘4 − 𝑘7)𝑏2 = 8ℎ 
4(𝜔0

2 − 𝛺2) − (3𝑘1 + 𝛺2𝑘6)𝑏2 − (𝑘2 +
3𝛺2𝑘5)𝑎2 = 0  

𝑘3𝑏2 + (3𝑘4 − 𝑘7)𝑎2 = 8ℎ 

(14) 

Hence 

𝑎 = √𝜂0 −
𝜂1(𝑑1𝜂0 − 𝑒0)

𝑑1𝜂1 − 𝑑2
, 𝑏 = √

𝑑1𝜂0 − 𝑒0

𝑑1𝜂1 − 𝑑2
 (15) 

where 
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𝜂0 =
8ℎ

𝑘3
, 𝜂1 =

3𝑘4−𝑘7

𝑘3
, 𝑒0 = 4(𝜔0

2 − 𝛺2), 𝑑1 = (3𝑘1 +

𝛺2𝑘6), 𝑑2 = (𝑘2 + 3𝛺2𝑘5).   
 

2.2.2 Forced vibrations 

To solve the problem of vibrations of the GCMB, we use the 

harmonic balance method. Let us consider the simplest case, 

i.e. when the shaft center makes a circular precession motion 

around the equilibrium position. We find the conditions under 

which such a motion of the GCMB can exist. In this case, we 

will represent the solution of the system of Eq. (7) in the form 

𝑥 = 𝑎 cos 𝜔 𝑡, 
𝑦 = 𝑎 sin 𝜔 𝑡. 

(16) 

On the complex plane this solution is written as 

𝑧 = 𝑥 + 𝑖𝑦 = 𝑎𝑒𝑖𝜔𝑡. (17) 

Substituting Eq. (16) into system (7), including the phase 

angle φ in the expression for the disturbing force and equating 

the coefficients of the functions cos ω𝑡 and sin ω𝑡 we get 

𝑎 (𝜔0
2 − 𝜔2 −

𝑎2

4
(3𝑘1 + 𝑘2 + 𝜔2(3𝑘5 +

𝑘6))) = 2𝑓 cos 𝜑, 𝜔𝑎 (
𝑎2

4
(𝑘3 + 3𝑘4 −

𝑘7) − 2ℎ) = 2𝑓 sin 𝜑. 

(18) 

From system (18) we find an algebraic equation of the 6-th 

degree with respect to a. By denoting 𝑎2 = 𝑣 and substituting 

𝑢 = 𝑣 +
𝑟

3
 we obtain a cubic equation, from which the square 

of the amplitude of forced vibrations of the rotor a and the 

expression for the phase angle of displacement φ are 

determined. 

𝑢3 + 𝑝0𝑢 + 𝑞0 = 0, (19) 

where 

𝑝0 =
3𝑠−𝑟2

3
, 𝑞0 =

2𝑟3

27
−

𝑟𝑠

3
+ 𝑡, 𝑟 = −2

𝑒0𝑑0+𝑑1𝑑2

𝑑0
2+𝑑1

2 , 𝑠 =

𝑒0
2+𝑑2

2

𝑑0
2+𝑑1

2 , 𝑡 = −
𝑑3

𝑑0
2+𝑑1

2,  

𝑒0 = 4(𝜔0
2 − 𝜔2), 𝑑0 = 3𝑘1 + 𝑘2 + 𝜔2(3𝑘5 +

𝑘6), 𝑑1 = 𝜔(𝑘3 + 3𝑘4 − 𝑘7), 𝑑2 = 8ℎ𝜔, 𝑑3 = 8𝑓.  

The roots of Eq. (19) are determined by Cardano's 

formulas 

𝑢1 = 𝜉 + 𝜁, 𝑢2 = 𝜀1𝜉 + 𝜀2𝜁, 𝑢3 = 𝜀2𝜉 + 𝜀1𝜁,  (20) 

where 

𝜉 = (−
𝑞1

2
+ √𝐷)

1

3
, 𝜁 = (−

𝑞1

2
− √𝐷)

1

3
, 𝐷 = (

𝑝1

3
)

3
+

(
𝑞1

2
)

2
, 𝜀1,2 =

−1±𝑖√3

2
.  

Smoothly changing the rotor speed ω over a wide range at 

various fixed values of the rotor parameters (GCMB) and 

magnetic bearings, we find the amplitudes of forced vibrations 

of the rotor a. Based on these values, we can plot the curves of 

the amplitude-frequency and phase-frequency responses 

(hereinafter AFR and PFR) in the plane (𝜔, 𝑎) . They are 

shown in Figs. 3-7.  

Let us consider the general case, when the rotor performs a 

synchronous precession with a frequency ω and its axis of 

rotation moves along an ellipse, that is: 

𝑥 = 𝑎 cos 𝜔 𝑡 
𝑦 = 𝑏 sin 𝜔 𝑡 

(21) 

Substituting (19) into (8) we obtain expressions for the 

components of electromagnetic forces 

𝐹𝑥 = 𝑚𝑎 (−𝜔0
2 +

1

4
(3𝑘1𝑎2 + 𝑘2𝑏2 +

𝜔2(3𝑘5𝑏2 + 𝑘6𝑎2))) cos 𝜔 𝑡 −
𝑚𝑎

4
𝜔(𝑘3𝑎2 +

3𝑘4𝑏2 − 𝑘7𝑏2) sin 𝜔 𝑡  

𝐹𝑦 = 𝑚𝑏 (−𝜔0
2 +

1

4
(3𝑘1𝑏2 + 𝑘2𝑎2 +

𝜔2(3𝑘5𝑎2 + 𝑘6𝑏2))) sin 𝜔 𝑡 +
𝑚𝑏

4
𝜔(𝑘3𝑏2 +

3𝑘4𝑎2 − 𝑘7𝑎2) cos 𝜔 𝑡  

(22) 

Now, substituting (21) and (22) into the equations of rotor 

motion (7) and writing them in the complex form, we obtain 

𝑎{4(𝜔0
2 − 𝜔2) − [3𝑘1𝑎2 + 𝑘2𝑏2 +

𝜔2(3𝑘5𝑏2 + 𝑘6𝑎2)] − 𝑖𝜔(𝑘3𝑎2 + 3𝑘4𝑏2 −
𝑘7𝑏2 − 8ℎ)}𝑒𝑖𝜔𝑡 = 8𝑓𝑒𝑖𝜔𝑡  

𝑏{−4𝑖(𝜔0
2 − 𝜔2) + 𝑖[3𝑘1𝑏2 + 𝑘2𝑎2 +

𝜔2(3𝑘5𝑎2 + 𝑘6𝑏2)] − 𝜔(𝑘3𝑏2 + 3𝑘4𝑎2 −
𝑘7𝑎2 − 8ℎ)}𝑒𝑖𝜔𝑡 = −𝑖8𝑓𝑒𝑖𝜔𝑡  

(23) 

From the system of Eq. (23), including the phase angle of 

displacement 𝜑1 in the expression of the disturbing force and 

equating the coefficients of the functions cos 𝜔𝑡  and sin 𝜔𝑡, 

we can find the amplitudes of the forced vibrations of the rotor 

a and b in the form 

4(𝜔0
2 − 𝜔2)𝑎 − [3𝑘1𝑎2 + 𝑘2𝑏2 +

𝜔2(3𝑘5𝑏2 + 𝑘6𝑎2)]𝑎 = 8𝑓 𝑐𝑜𝑠 𝜑1 

𝜔𝑎(𝑘3𝑎2 + 3𝑘4𝑏2 − 𝑘7𝑏2 − 8ℎ) = 8𝑓 𝑠𝑖𝑛 𝜑1 

(24) 

4(𝜔0
2 − 𝜔2)𝑏 − [3𝑘1𝑏2 + 𝑘2𝑎2 +

𝜔2(3𝑘5𝑎2 + 𝑘6𝑏2)]𝑏 = 8𝑓 𝑐𝑜𝑠 𝜑1 𝜔𝑏(𝑘3𝑏2 +
3𝑘4𝑎2 − 𝑘7𝑎2 − 8ℎ) = 8𝑓 𝑠𝑖𝑛 𝜑1 

(25) 

where 

𝜑1 = 𝑎𝑟𝑐𝑡𝑔 (
𝜔(𝑘3𝑎2+3𝑘4𝑏2−𝑘7𝑏2−8ℎ)

4(𝜔0
2−𝜔2)−[3𝑘1𝑎2+𝑘2𝑏2+𝜔2(3𝑘5𝑏2+𝑘6𝑎2)]

)  

As the first and second equations of the systems (24) 

and (25) are equal, we obtain 

𝑒0 + [𝑘2 + 3𝜔2𝑘5 − (3𝑘1 + 𝜔2𝑘6)]𝑎𝑏 =
(3𝑘1 + 𝜔2𝑘6)(𝑎2 + 𝑏2)  

𝑘3(𝑎2 + 𝑏2) + (𝑘3 − 3𝑘4 + 𝑘7)𝑎𝑏 = 8ℎ 

(26) 

After some mathematical transformations, from system (26) 

we obtain the following cubic equation  

𝛿3 + 𝑝1𝛿 + 𝑞1 = 0 (27) 
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where 

𝑝1 =
3𝑠1−𝑟1

2

3
, 𝑞1 =

2𝑟1
3

27
−

𝑟1𝑠1

3
+ 𝑡1, 𝜆 = 𝛿 −

𝑟

3
, 𝑎 = √𝜆,  

𝜇5 =
𝜇3

𝜇4
, 𝜇3 = 𝜇2𝑒0 + 8ℎ𝜇0, 𝜇4 = 𝜇1𝜇2 + 𝑘3𝜇0, 𝜇2 =

𝑘3 − 3𝑘4 + 𝑘7, 𝜇1 = 3𝑘1 + 𝜔2𝑘6,  
𝜇0 = 𝑘2 + 3𝜔2𝑘5 − 3𝑘1 − 𝜔2𝑘6. 

𝑟1 =
𝜈1

𝜈0
, 𝑠1 =

𝜈2

𝜈0
, 𝑡1 = −

𝑓0
2

𝜈0
, 𝜈0 = 𝜇0

2 + 𝜇7
2, 𝜈1 =

2(𝜇0𝜇6 + 𝜇7𝜇8), 𝜈2 = 𝜇6
2 + 𝜇8

2,  
𝑓_0 = 64𝑓^2, 𝜇_6 = 𝑒_0 − 𝜇_9 𝜇_5, 𝜇_7 =
𝜔𝜇_2, 𝜇_8 = 𝜔[(𝜇_5 (3𝑘_4 − 𝑘_7) − 8ℎ], 𝜇_9 = 𝑘_2 +
3𝜔^2 𝑘_5.  

The system of Eq. (6) or expressions (7), as well as the 

system of nonlinear algebraic Eq. (23), has symmetric 

terms, possesses a certain degree of symmetry and always 

has a pair of symmetric solutions. Thus, we have 

determined the values of the amplitude of forced vibrations 

a and b (also symmetric to them) in the directions of the Ox 

and Oy axes. Smoothly changing the rotor rotation 

frequency ω over a wide range at various fixed values of 

parameters of the rotor (GCMB) and magnetic bearings, we 

find the amplitudes of forced rotor vibrations a and b. Based 

on these values, it is possible to construct the curves (AFR) 

in the planes (ω, а), (ω, b). The amplitude graphs for 

synchronous precession when the rotor rotation axis moves 

along an ellipse with variations in the values of ω0, d, c1 and 

f are shown in Figs. 8-13. 

 

2.2.3 Super harmonic vibrations 

Let us consider the case when the rotor performs forced 

vibrations under the action of a disturbing force and ultra 

harmonic vibrations. We will solve this problem using the 

small parameter method, assuming that the rotor axis 

displacements from the equilibrium position and their speeds 

are small quantities. As a matter of fact, they are small 

quantities. In this regard, the solution to the problem using the 

small parameter method is quite justified. We suppose that the 

rotor deviations from the vertical and their speeds are second-

order small quantities. Then we will suppose that the rotor 

displacement from the equilibrium position can be described 

as  

𝑥 = 𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2 + ⋯ 
𝑦 = 𝑦0 + 𝜀𝑦1 + 𝜀2𝑦2 + ⋯ 

(28) 

where 𝜀 is a small parameter. In this case, we can write the 

equations of rotor motion in the form  

𝑥̈ + 2ℎ𝑥̇ + 𝜔0
2𝑥 − 𝜀(𝑘1𝑥3 + 𝑘2𝑥𝑦2 + 𝑘3𝑥̇𝑥2 +

𝑘4𝑥̇𝑦2 + 𝑘5𝑥𝑦̇2 + 𝑘6𝑥𝑥̇2 + 𝑘7𝑥𝑦𝑦̇) =
2𝑓𝑐 os 𝜔 𝑡  

𝑦̈ + 2ℎ𝑦̇ + 𝜔0
2𝑦 − 𝜀(𝑘1𝑦3 + 𝑘2𝑦𝑥2 +

𝑘3𝑦̇𝑦2 + 𝑘4𝑦̇𝑥2 + 𝑘5𝑦𝑥̇2 + 𝑘6𝑦𝑦̇2 +
𝑘7𝑥𝑦𝑥̇) = 2𝑓 sin 𝜔 𝑡  

(29) 

Substituting (57) into (58) and equating the expressions for 

the same powers of ε, we obtain the equations of the first, 

second, and higher approximations. Let us write the equations 

of the first approximation 

𝑥̈0 + 2ℎ𝑥̇0 + 𝜔0
2𝑥0 = 2𝑓 cos 𝜔 𝑡 

𝑦̈0 + 2ℎ𝑦̇0 + 𝜔0
2𝑦0 = 2𝑓 sin 𝜔 𝑡 (30) 

Eq. (59) can be solved using the method of complex 

amplitudes. For this purpose, we introduce the complex 

quantity 

𝑧0 = 𝑥0 + 𝑖𝑦0 (31) 

Taking into account (60), Eq. (59) can be written as  

𝑧̈0 + 2ℎ𝑧̇ + 𝜔0
2𝑧0 = 2𝑓𝑒𝑖𝜔𝑡 (32) 

Let us use the notation 

𝑧0 = 𝐴0𝑒𝑖𝜔𝑡 (33) 

Substituting (33) into (32) we get 

𝐴0 =
2𝑓

√(𝜔0
2 − 𝜔2)2 + 4ℎ2𝜔2

, (34) 

𝜑0 = arctg (
2ℎ𝜔

𝜔0
2 − 𝜔2

) (35) 

When the amplitude (64) and the phase (65) of vibrations 

in the first-order approximation are known, then the law of 

rotor motion has the form 

𝑥0 = 𝐴0 cos(𝜔𝑡 − 𝜑0) 
𝑦0 = 𝐴0 sin( 𝜔𝑡 − 𝜑0) 

(36) 

By equating the expressions at a small parameter ε, we 

obtain the equations of the second-order approximation 

𝑥̈1 + 2ℎ𝑥̇1 + 𝜔0
2𝑥1 = 𝑘1𝑥0

3 + 𝑘2𝑥0𝑦0
2 +

𝑘3𝑥̇0𝑥0
2 + 𝑘4𝑥̇0𝑦0

2 + 𝑘5𝑥0𝑦̇0
2 + 𝑘6𝑥0𝑥̇0

2 +

𝑘7𝑥0𝑦0𝑦̇0  

𝑦̈1 + 2ℎ𝑦̇1 + 𝜔0
2𝑦1 = 𝑘1𝑦0

3 + 𝑘2𝑦0𝑥0
2 +

𝑘3𝑦̇0𝑦0
2 + 𝑘4𝑦̇0𝑥0

2 + 𝑘5𝑦0𝑥̇0
2 + 𝑘6𝑦0𝑦̇0

2 +

𝑘7𝑥0𝑦0𝑥̇0  

(37) 

Substituting expressions (36) into the right-hand sides of 

the equations of system (37) and representing the solution in 

the form 

𝑥1 = 𝐴1 cos(𝜔𝑡 − 𝜑1) + 𝐴2 cos(3𝜔𝑡 − 𝜑3)  

𝑦1 = 𝐵1 sin( 𝜔𝑡 − 𝜑1) 𝐵2 sin( 3𝜔𝑡 − 𝜑3)  
(38) 

we get  

𝐴1(𝜔0
2 − 𝜔2)cos (𝜔𝑡 − 𝜑1) − 2ℎ𝜔𝐴1 sin( 𝜔𝑡 −

𝜑1) + 𝐴2(𝜔0
2 − 9𝜔2)cos (3𝜔𝑡 − 𝜑3) −

6ℎ𝜔𝐴2 sin( 3𝜔𝑡 − 𝜑3)  

=
𝐴0

3

4
[𝑑0cos (𝜔𝑡 − 𝜑0) − 𝑑1 sin( 𝜔𝑡 − 𝜑0) +

𝑑2cos3(𝜔𝑡 − 𝜑0) − 𝑑3 sin 3 (𝜔𝑡 − 𝜑0)] 
𝐵1(𝜔0

2 − 𝜔2) sin( 𝜔𝑡 − 𝜑1) +
2ℎ𝜔𝐵1cos (𝜔𝑡 − 𝜑1) + 𝐵2(𝜔0

2 −
9𝜔2) sin( 3𝜔𝑡 − 𝜑3) +  

+6ℎ𝜔𝐵2cos (3𝜔𝑡 − 𝜑3) =
𝐴0

3

4
[𝑑0 sin( 𝜔𝑡 −

𝜑0) + 𝑑1cos (𝜔𝑡 − 𝜑0) + 𝑑2 sin 3 (𝜔𝑡 −

(39) 
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𝜑0) + 𝑑3cos3(𝜔𝑡 − 𝜑0)]  

where 

𝑒0 = 𝜔0
2 − 𝜔2, 𝑑0 = 3(𝑘1 + 𝜔2𝑘5) + 𝑘2 + 𝜔2𝑘6, 𝑑1 =

𝜔(𝑘3 + 3𝑘4 − 𝑘7),  
𝑑2 = 𝑘1 + 𝜔2𝑘5 − (𝑘2 + 𝜔2𝑘6), 𝑑3 = 𝜔(𝑘3 + 𝑘4 − 𝑘7).  

It is convenient to solve the system of Eq. (39) using the 

method of complex amplitudes. Then the system of Eq. (39) 

will take the form 

𝐴_1 [(𝜔_0^2 − 𝜔^2) + 2𝑖ℎ𝜔]𝑒^(𝑖(𝜔𝑡 −
𝜑_1)) + 𝐴_2 [(𝜔_0^2 − 9𝜔^2)) +
6𝑖ℎ𝜔]𝑒^(𝑖(3𝜔𝑡 − 𝜑_3)) =  

=
𝐴0

3

4[(𝑑0+𝑖𝑑1)𝑒𝑖(𝜔𝑡−𝜑0)+(𝑑2+𝑖𝑑3)𝑒3𝑖(𝜔𝑡−𝜑0)]
 

𝐵1[−𝑖(𝜔0
2 − 𝜔2) + 2ℎ𝜔]𝑒𝑖(𝜔𝑡−𝜑1) +

𝐵2[−𝑖(𝜔0
2 − 9𝜔2) + 6ℎ𝜔]𝑒𝑖(3𝜔𝑡−𝜑3) =  

=
𝐴0

3

4[(−𝑖𝑑0+𝑑1)𝑒𝑖(𝜔𝑡−𝜑0)+(−𝑖𝑑2+𝑑3)𝑒3𝑖(𝜔𝑡−𝜑0)]
  

(40) 

Equating the coefficients of the functions 𝑒𝑖𝜔𝑡 and 𝑒3𝑖𝜔𝑡, 

after some calculations, we find the amplitude and the phase 

of the vibrations А1  

𝐴1 =
𝐴0

3√𝑑0
2+𝑑1

2

4√(𝜔0
2−𝜔2)2+4ℎ2𝜔2

  

𝑡𝑔(𝜑1 − 𝜑0) =
2ℎ𝜔𝑑0−𝑒0𝑑1

𝑒0𝑑0+2ℎ𝜔𝑑1
, 𝜑1 =

𝑎𝑟𝑐𝑡𝑔 (
2𝜔ℎ

𝑒0
) + 𝑎𝑟𝑐𝑡𝑔 (

2ℎ𝜔𝑑0−𝑒0𝑑1

𝑒0𝑑0+2ℎ𝜔𝑑1
).  

(41) 

Similarly, solving Eq. (39), we find the amplitude А2 and 

phase 𝜑3 of the rotor vibrations. 

𝐴2 =
𝐴0

3√𝑑22+𝑑3
2

4√(𝜔0
2−9𝜔2)2+36ℎ2𝜔2

 ,  

𝑡𝑔(𝜑3 − 3𝜑0) =
6ℎ𝜔𝑑2−𝑒1𝑑3

𝑒1𝑑2+6ℎ𝜔𝑑3
, 𝜑3 =

3𝑎𝑟𝑐𝑡𝑔 (
2𝜔ℎ

𝑒0
) + 𝑎𝑟𝑐𝑡𝑔 (

6ℎ𝜔𝑑2−𝑒1𝑑3

𝑒1𝑑2+6ℎ𝜔𝑑3
),  

(42) 

Where 𝑒1 = 𝜔0
2 − 9𝜔2. Thus, the approximate law of 

rotor vibrations in the case of ultraharmonic vibrations is 

written as 

𝑥 = 𝐴0 cos(𝜔𝑡 − 𝜑0) + 𝐴1 cos(𝜔𝑡 − 𝜑1) +
𝐴2 cos(3𝜔𝑡 − 𝜑3),  
𝑦 = 𝐴0 𝑠𝑖𝑛( 𝜔𝑡 − 𝜑0) + 𝐴1 𝑠𝑖𝑛( 𝜔𝑡 − 𝜑1) +
𝐴2 𝑠𝑖𝑛( 3𝜔𝑡 − 𝜑3).  

(43) 

The amplitude graphs for ultraharmonic vibrations with 

varying values of ω0, d, c1 and f are shown in Figs. 14-17. 

 

2.2.4 Subharmonic vibrations 

Let us consider the case when the rotor performs forced and 

subharmonic vibrations. This is the case as the nonlinear 

differential equations of motion (7) contain a cubic nonlinear 

term proportional to 𝑘1𝑥3, 𝑘1𝑦3,  i.e. the Duffing-type 

equations. Therefore, it can be assumed that in the considered 

rotor system, subharmonic vibrations may arise, the frequency 

of which is two, three and more times less than the frequency 

of the disturbing force and ultra harmonic vibrations, the 

frequency of which is two, three and more times greater than 

the frequency of the disturbing force. We will assume that the 

forced vibrations of the rotor are superimposed by 

subharmonic vibrations with a frequency of 𝜔 2⁄ . Let us 

consider the use of the method of the imaging function in the 

study of forced and subharmonic vibrations of the rotor. Then 

the rotor motion can be represented as 

𝑥 = 𝑎1 cos(𝜔𝑡 − 𝜑1) + 𝑎2cos (
1

2
𝜔𝑡 − 𝜑2) , 

𝑦 = 𝑎1 sin( 𝜔𝑡 − 𝜑1) + 𝑎2 sin (
1

2
𝜔𝑡 − 𝜑2). 

(44) 

Substituting expressions (44) into the left side of the 

equation of rotor motion (7), we obtain 

𝑎1 {4(𝜔0
2 − 𝜔2) − [3𝑘1(𝑎1

2 + 2𝑎2
2) + 𝑘2(𝑎1

2 +

2𝑎2
2) + 𝜔2𝑘5 (3𝑎1

2 +
5

2
𝑎2

2) + 𝜔2𝑘6 (𝑎1
2 +

1

2
𝑎2

2)]} cos(𝜔𝑡 − 𝜑1) +  

+𝑎2{4(𝜔0
2 −

1

4
𝜔2) − [3𝑘1(2𝑎1

2 + 𝑎2
2) +

𝑘2(2𝑎1
2 + 𝑎2

2) + 𝜔2𝑘5(4𝑎1
2 +

3

4
𝑎2

2) +

𝜔2𝑘6(2𝑎1
2 +  

+
1

4
𝑎2

2)]}cos (
1

2
𝜔𝑡 − 𝜑2) + 𝜔{𝑎1[(𝑘3 + 3𝑘4 −

𝑘7)𝑎1
2 + (2𝑘3 + 4𝑘4 − 𝑘7)𝑎2

2)  

−8ℎ] 𝑠𝑖𝑛( 𝜔𝑡 − 𝜑1) + 𝑎2[3𝑘3(𝑎1
2 +

1

2
𝑎2

2) +

𝑘4(5𝑎1
2 +

3

2
𝑎2

2) − 𝑘7(2𝑎1
2 +

1

2
𝑎2

2) − 

−2ℎ] 𝑠𝑖𝑛(
1

2
𝜔𝑡 − 𝜑2)} + 𝑎1

2𝑎2(3𝑘1 + 𝑘2 +

2𝜔2𝑘5)cos (
3

2
𝜔𝑡 − 2𝜑1 + 𝜑2) + 𝑎1𝑎2

2[3𝑘1 +

𝑘2 +  

+
𝜔2

4
(5𝑘5 + 3𝑘6)]cos (−𝜑1 + 2𝜑2) +

𝑎2
3[(𝑘1 − 𝑘2 +

𝜔2

4
(𝑘5 − 𝑘6)](

3

2
𝜔𝑡 − 3𝜑2)] +

⋯.  

(45) 

Replacing in expression (45) the cosine with the sine, and 

the sine with the cosine with the same arguments, we obtain 

the equation along the Oy axis, which is completely identical 

to (45). According to the method of the image function, it is 

permissible to use a complex notation, and then Eq. (45) can 

be written as: 

𝑎1[𝛿0 − (𝛿1𝑎1
2 + 𝛿2𝑎2

2) − 𝑖(𝛿3𝑎1
2 + 𝛿4𝑎2

2 −

8ℎ)]𝑒𝑖(𝜔𝑡−𝜑1) + [𝜒0 − (𝜒1𝑎1
2 + 𝜒2𝑎2

2) −  

−𝑖(𝜒3𝑎1
2 + 𝜒4𝑎2

2 − 2ℎ)]𝑒𝑖(
1

2
𝜔𝑡−𝜑2)

+

𝜂0𝑒𝑖(
3

2
𝜔𝑡−2𝜑1+𝜑2)

+ 𝜂1𝑒𝑖(
3

2
𝜔𝑡−3𝜑2)

+

𝜂2𝑒𝑖(2𝜑2−𝜑1)  + ⋯  

(46) 

where 

𝛿0 = 4(𝜔0
2 − 𝜔2), 𝛿1 = (3𝑘1 + 𝑘2) + 𝜔2(3𝑘5 + 𝑘6), 𝛿2 =

2(3𝑘1 + 𝑘2) +
1

2
𝜔2(5𝑘5 + 𝑘6),  
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𝛿3 = 𝜔(𝑘3 + 3𝑘4 − 𝑘7), 𝛿4 = 𝜔(2𝑘3 + 4𝑘4 − 𝑘7), 𝜒𝑜 =

4 (𝜔0
2 −

1

4
𝜔2) , 𝜒1 = 2[(3𝑘1 + 𝑘2) + 𝜔2 (2𝑘5 + 𝑘6)],  

𝜒2 = (3𝑘1 + 𝑘2) +
1

4
𝜔2(3𝑘5 + 𝑘6), 𝜒3 = 𝜔(𝑘3 + 3𝑘4 −

2𝑘7), 𝜒4 = 𝜔 (2𝑘3 + 4𝑘4 −
1

2
𝑘7) ,          

𝜂0 = 𝑎1
2𝑎2[3𝑘1 + 𝑘2 + 2𝜔2𝑘5], 𝜂1 = 𝑎2

3 [𝑘1 − 𝑘2 +
1

4
𝜔2(𝑘5 − 𝑘6)] , 𝜂2 = 𝑎1𝑎2

2 [3𝑘1 + 𝑘2 +
1

4
𝜔2(5𝑘5 +

3𝑘6)].  

As a result, we obtain a two-frequency imaging function 

𝐸1(𝜔, 𝑎1, 𝑎2) = 4(𝜔0
2 − 𝜔2) − [(3𝑘1 + 𝑘2) +

𝜔2(3𝑘5 + 𝑘6)]𝑎1
2 − [2(3𝑘1 + 𝑘2) +

1

2
𝜔2(5𝑘5 + 𝑘6)] 𝑎2

2 − 𝑖𝜔[(𝑘3 + 3𝑘4 −

𝑘7)𝑎1
2 + (2𝑘3 + 4𝑘4 − 𝑘7)𝑎2

2 − 8ℎ],  

𝐸2(𝜔, 𝑎1, 𝑎2) = 4 (𝜔0
2 −

1

4
𝜔2) − 2[(3𝑘1 +

𝑘2) + 𝜔2(3𝑘5 + 𝑘6)]𝑎1
2 − [2(3𝑘1 + 𝑘2) +

1

2
𝜔2(5𝑘5 + 𝑘6)] 𝑎2

2 − 𝑖𝜔[(𝑘3 + 3𝑘4 −

𝑘7)𝑎1
2 + 𝜔(2𝑘3 + 4𝑘4 − 𝑘7)𝑎2

2 − 2ℎ]  

(47) 

Substituting the disturbing force into the first equation of 

system (47), we get  

𝑎1[𝛿0 − (𝛿1𝑎1
2 + 𝛿2𝑎2

2) − 𝑖(𝛿3𝑎1
2 + 𝛿4𝑎2

2 −
8ℎ)] = 2𝑓𝑒𝑖𝜑1 ,  
𝜒0 − (𝜒1𝑎1

2 + 𝜒2𝑎2
2) − 𝑖(𝜒3𝑎1

2 + 𝜒4𝑎2
2 −

2ℎ) = 0,  
2𝑓 = 𝑚𝑒𝜔2. 

(48) 

Separating the real and imaginary parts in system (48) and 

taking into account only the real parts, and then setting 𝜑1 =
0, ℎ = 0, we obtain a reduced cubic equation 

𝑎1
3 + 𝑝5𝑎1 + 𝑞5 = 0, (49) 

where  

𝑝5 =
𝜃1

𝜃0
, 𝑞5 =

2𝑓

𝜃0
, 𝜉0 =

𝜒0

𝜒2
, 𝜉1 =

𝜒1

𝜒2
, 𝜃0 = 𝛿1 − 𝛿2𝜉1, 𝜃1 =

𝛿2𝜉0 − 𝛿0.  

The roots of Eq. (49) are determined by Cardano's 

formulas. The unknown amplitude 𝑎2 is determined from (48) 

in the form 𝑎2
2 = 𝜉0 − 𝜉1𝑎1

2.  To determine the dynamic 

dependence of the amplitude of the main vibrations, i.e. forced 

vibrations with the amplitude of the subharmonic vibrations of 

the rotor, we require that  

Δ(𝑡) = 𝜂0𝑒𝑖(
3

2
𝜔𝑡−2𝜑1+𝜑2)

+ 𝜂1𝑒𝑖(
3

2
𝜔𝑡−3𝜑2)

+

𝜂2𝑒𝑖(2𝜑2−𝜑1) = 0.  
(50) 

Then, in (50), taking into account that 𝜑1 = 0, we obtain 

𝑎1
2[3𝑘1 + 𝑘2 + 2𝜔2𝑘5]𝑒𝑖

3

2
𝜔𝑡 + 𝑎2

2 [𝑘1 − 𝑘2 +

1

4
𝜔2(𝑘5 − 𝑘6)] 𝑒𝑖(

3

2
𝜔𝑡−4𝜑2)

+ 𝑎1𝑎2 [3𝑘1 +

𝑘2 +
𝜔2

4
(5𝑘5 + 3𝑘6)] 𝑒𝑖𝜑2 = 0.  

(51) 

After expanding the terms of the exponential function 

cos( 3𝜔𝑡 − 4𝜑2) and equating the coefficients at sin
3𝜔𝑡

2
 to 

zero, we get 

sin 4 𝜑2 = 0, 𝜑2 =
𝜋

4
, cos 𝜑2 =

√2

2
. 

We assume that 𝑠𝑖𝑛 4 𝜑2 = 0.4𝜑2 = 𝜋,  𝑎2 ≫ 𝑎1 . Then 

from (51) we get 

𝑎1

=
√2[𝑘1 − 𝑘2 +

1
4

𝜔2(𝑘5 − 𝑘6)]𝑎2

[3𝑘1 + 𝑘2 +
𝜔2

4
(5𝑘5 + 3𝑘6)]

cos
3𝜔𝑡

2
. 

(52) 

Expression (52) has the following meaning. If we take into 

account that 𝑎1 is the amplitude of the rotor vibrations at a 

frequency equal to the rotor rotation frequency, then the rotor 

motion turns into a circular synchronous precession, as during 

subharmonic vibrations of the rotor another frequency is 

superimposed on the main vibrations. The precession will not 

be circular and the center of the spike will describe three 

complete vibrations about the static equilibrium position in 

two rotor revolutions. In this case the rotor precession 

frequency is equal to 
3

2
𝜔. The graphs of the amplitudes for the 

case of subharmonic vibrations with variations in the values of 

ω0, d, c1 and f are shown in Figs. 18-21. 

 

2.2.5 Self-excited vibrations 

Let us consider the following case, when the rotor performs 

forced vibrations and self-excited vibrations simultaneously. 

Such a rotor motion can be expected naturally, as the system is 

nonlinear. In this case, the solution to the system of Eq. (7) is 

represented as 

𝑧 = 𝑥 + 𝑖𝑦 = 𝑎𝑒𝑖𝜔𝑡 + 𝑏𝑒𝑖𝛺𝑡 (53) 

The first terms in Eq. (53) define the forced vibrations of 

the rotor with the amplitude 𝑎   and frequency ω, and the 

second terms define the self-vibrations with the amplitude b 

and frequency Ω. Substituting (53) into the equation of rotor 

motion (7), including the phase angle φ in the expression for 

the disturbing force, and then equating the coefficients at the 

time functions, we get 

𝑎{4(𝜔0
2 − 𝜔2) − [(3𝑘1 + 𝑘2)(𝑎2 + 2𝑏2) +

𝑘5(3𝜔2𝑎2 + 2𝛺(2𝜔 + 𝛺)𝑏2) + 𝑘6(𝜔2𝑎2 +
2𝛺2𝑏2)]} = 8𝑓𝑐𝑜𝑠𝜑  

𝑎{𝑘3𝜔(𝑎2 + 2𝑏2) + 𝑘4[3𝜔𝑎2 + 2(𝜔 +
2𝛺)𝑏2] − 𝑘7(𝜔𝑎2 + 2𝛺𝑏2) − 8ℎ𝜔} =
8𝑓 𝑠𝑖𝑛 𝜑  

4(𝜔0
2 − 𝛺2) − [(3𝑘1 + 𝑘2)(𝑏2 + 2𝑎2) +

𝑘5(3𝛺2𝑏2 + 2𝜔(2𝛺 + 𝜔)𝑎2) + 𝑘6(𝛺2𝑏2 +
2𝜔2𝑎2)] = 0  

𝑘3𝛺(𝑏2 + 2𝑎2) + 𝑘4[3𝛺𝑏2 + 2(𝛺 +
2𝜔)𝑎2] − 𝑘7(𝛺𝑏2 + 2𝜔𝑎2) = 8ℎ𝛺  

(54) 
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We obtain exactly the same equations from the second 

equation of system (7). Therefore, it is sufficient to solve a 

nonlinear algebraic system of equations for the 

unknowns 𝑎, 𝑏, Ω, 𝜑. After collecting the terms for 𝑎2 and 𝑏2, 

system (54) takes the form 

𝑎(𝑔0 − 𝑔1𝑎2 − 𝑔2𝑏2) = 8𝑓cos𝜑 
𝑎(𝑔3𝑎2 + 𝑔4𝑏2 − 𝑑0) = 8𝑓 sin 𝜑 
𝑔5 − 𝑔6𝑎2 − 𝑔7𝑏2 = 0 
𝑔8𝑎2 + 𝑔9𝑏2 = 𝑑1 

(55) 

where 

𝑔0 = 4(𝜔0
2 − 𝜔2), 𝑔1 = 3𝑘1 + 𝑘2 + 𝜔2(3𝑘5 +

𝑘6), 𝑔2 = 2[3𝑘1 + 𝑘2 + (𝛺2 + 2𝛺𝜔)𝑘5 + 𝛺2𝑘6], 
𝑔3 = 𝜔(𝑘3 + 3𝑘4 − 𝑘7), 𝑔4 = 2[𝜔𝑘3 + (𝜔 +
2𝛺)𝑘4 − 𝛺𝑘7], 𝑑0 = 8ℎ𝜔, 𝑔5 = 4(𝜔0

2 − 𝛺2), 
𝑔6 = 2[3𝑘1 + 𝑘2 + (𝜔2 + 2𝛺𝜔)𝑘5 +
𝜔2𝑘6], 𝑔7 = 3𝑘1 + 𝑘2 + 𝛺2(3𝑘5 + 𝑘6), 𝑑1 =
8ℎ𝛺, 
 𝑔8 = 2[𝛺𝑘3 + (𝛺 + 2𝜔)𝑘4 − 𝜔𝑘7], 𝑔9 =
𝛺(𝑘3 + 3𝑘4 − 𝑘7). 

(56) 

Excluding the phase angle φ from the first two equations of 

system (55), we find 

𝑎2[(𝑔0 − 𝑔1𝑎2 − 𝑔2𝑏2)2 + (𝑔3𝑎2 + 𝑔4𝑏2 −
𝑑0)2] = 64𝑓2  

(57) 

Dividing the second equation of system (55) by the first, 

we obtain an expression for the vibration phase φ 

𝜑 = arctg (
𝑔3𝑎2 + 𝑔4𝑏2 − 𝑑0

𝑔0 − 𝑔1𝑎2 − 𝑔2𝑏2
) (58) 

From the third and fourth equations of system (55), the 

squares of the amplitudes of forced vibrations and self-excited 

vibrations of the rotor 𝑎2 and 𝑏2are determined.  

𝑎2 =
𝑑1𝑔7 − 𝑔5𝑔9

𝑔7𝑔8 − 𝑔6𝑔9
, 𝑏2 =

𝑔5𝑔8 − 𝑑1𝑔6

𝑔7𝑔8 − 𝑔6𝑔9
. (59) 

Substituting (59) into (57) and taking (56) into account, we 

obtain an equation for Ω (the frequency of self-excited 

vibrations of the rotor) in the form  

𝐺0Ω
13 + 𝐺1Ω

12 + 𝐺2Ω
11 + 𝐺3Ω

10 + 𝐺4Ω
9 +

𝐺5Ω
8 + 𝐺6Ω

7 + 𝐺7Ω
6 + 𝐺8Ω

5 + 𝐺9Ω
4 +

𝐺10Ω
3 + 𝐺11Ω

2 + 𝐺12Ω + 𝐺13 = 0  

(60) 

 
Fig. 2: Roots of Eq. (60) 

https://www.espublisher.com/


Research article                                                                                                                                                                                Engineered Science 

 

10 | Eng. Sci., 2025, 36, 1672                                                                                                                                                                  Engineered Science Publisher 

where 

 
𝐺0 = 𝜂0𝛿0, 𝐺1 = 𝜂0𝛿1, 𝐺2 = 𝜂0𝜆0 + 𝜂1𝛿0, 𝐺3 = 𝜂0𝜆1 + 𝜂1𝛿1, 𝐺3 = 𝜂0𝜆1 + 𝜂1𝛿1, 
𝐺4 = 𝜂0𝜆2 + 𝜂1𝜆0 − 𝑓0𝜎0, 𝐺4 = 𝜂0𝜆2 + 𝜂1𝜆0 − 𝑓0𝜎0, 𝐺4 = 𝜂0𝜆2 + 𝜂1𝜆0 − 𝑓0𝜎0, 
𝐺5 = 𝜂0𝜆3 + 𝜂1𝜆1 − 𝑓0𝜎1, 𝐺6 = 𝜂0𝜆4 + 𝜂1𝜆2 − 𝑓0𝜎2, 𝐺7 = 𝜂0𝜆5 + 𝜂1𝜆3 − 𝑓0𝜎3, 
𝐺8 = 𝜂0𝜆6 + 𝜂1𝜆4 − 𝑓0𝜎4, 𝐺9 = 𝜂0𝜆7 + 𝜂1𝜆5 − 𝑓0𝜎5, 𝐺10 = 𝜂0𝜆8 + 𝜂1𝜆6 − 𝑓0𝜎6, 

𝐺11 = 𝜂1𝜆7 − 𝑓0𝜎7, 𝐺12 = 𝜂1𝜆8 − 𝑓0𝜎8, 𝐺13 = −𝑓0𝜎9. 
 

𝜂0 = 𝑙2𝜒7 + 4𝜒11, 𝜂1 = 𝑙2𝜒8 − 𝑙0𝜒1, 𝜂2 = 𝜒7𝜒9, 𝜂3 = 𝜒7𝜒10 − 𝜒5𝜒11, 𝜂4 = 𝜒8𝜒9 − 𝜒6𝜒11, 𝜂5 = 𝜒8𝜒10, 
 

𝑙0 = 4𝜔0
2, 𝑙1 = 8𝑓, 𝑙2 = 8ℎ, 𝑓0 = 64𝑓2. 

 
𝜒2 = 2(3𝑘1 + 𝑘2), 𝜒4 = 2𝜔(𝑘3 + 𝑘4), 𝜒5 = 4𝜔𝑘5, 

𝜒6 = 2[(3𝑘1 + 𝑘2) + 𝜔2(𝑘5 + 𝑘6)], 𝜒7 = 3𝑘5 + 𝑘6, 𝜒8 = 3𝑘1 + 𝑘2, 
𝜒9 = 2(𝑘3 + 𝑘4), 𝜒10 = 2𝜔(2𝑘4 − 𝑘7), 𝜒11 = 𝑘3 + 3𝑘4 − 𝑘7. 

 
𝛿0 = 𝑗1𝛾0

2, 𝛿1 = 2𝑗1𝛾0𝛾1 + 𝑗2𝛾0
2, 𝛿2 = 𝑗1(𝛾1

2 + 2𝛾0𝛾2) + 2𝑗2𝛾0𝛾1 + 𝑗3𝛾0
2, 

𝛿3 = 2𝑗1(𝛾0𝛾3 + 𝛾1𝛾2) + 𝑗2(𝛾1
2 + 2𝛾1𝛾3) + 2𝑗3𝛾0𝛾1 + 𝑗4𝛾0

2, 
𝛿4 = 𝑗1(𝛾2

2 + 2𝛾1𝛾3) + 2𝑗1(𝛾0𝛾3 + 𝛾1𝛾2) + 𝑗3(𝛾1
2 + 2𝛾0𝛾2) + 2𝑗4𝛾0𝛾1 + 𝑗5𝛾0

2, 
𝛿5 = 2𝑗1𝛾2𝛾3 + 𝑗2(𝛾2

2 + 2𝛾1𝛾3) + 2𝑗3(𝛾0𝛾3 + 𝛾1𝛾2) + 𝑗4(𝛾1
2 + 2𝛾0𝛾2) + 2𝑗5𝛾0𝛾1, 

𝛿6 = 𝑗1𝛾3
2 + 2𝑗2𝛾2𝛾3 + 𝑗3(𝛾2

2 + 2𝛾1𝛾3) + 2𝑗4(𝛾0𝛾3 + 𝛾1𝛾2) + 𝑗5(𝛾1
2 + 2𝛾0𝛾2), 

𝛿7 = 𝑗2𝛾3
2 + 2𝑗3𝛾2𝛾3 + 𝑗4(𝛾2

2 + 2𝛾1𝛾3) + 2𝑗5(𝛾0𝛾3 + 𝛾1𝛾2), 
𝛿8 = 𝑗3𝛾3

2 + 2𝑗4𝛾0𝛾3 + 𝑗5(𝛾2
2 + 2𝛾1𝛾3), 𝛿9 = 𝑗4𝛾3

2 + 2𝑗5𝛾2𝛾3, 𝛿10 = 𝑗5𝛾3
2. 

 
𝑗0 = [3𝑘1 + 𝑘2 + 𝜔2(3𝑘5 + 𝑘6)]2 + 𝜔2(𝑘3 + 3𝑘4 − 𝑘7)2, 𝑗1 = 𝜒0

2, 𝑗2 = 2𝜒0𝜒1, 
𝑗3 = 𝜒1

2 + 2𝜒0𝜒2 + 𝜒3
2, 𝑗4 = 2(𝜒1𝜒2 + 𝜒3𝜒4), 𝑗5 = 𝜒2

2 + 2𝜒0𝜒2 + 𝜒4
2, 𝑗6 = 2𝑔1𝜒0, 

𝑗7 = 2(𝑔1𝜒1 + 𝑔3𝜒3), 𝑗8 = 2(𝑔1𝜒2 + 𝑔3𝜒4), 𝑗9 = −2(𝑔0𝑔1 + 𝑑0𝑔3), 𝑗10 = −2𝑔0𝜒0, 
𝑗11 = −2(𝑔0𝜒1 − 𝑑0𝜒3), 𝑗12 = −2(𝑔0𝜒2 − 𝑑0𝜒4), 𝑗9 = −2(𝑔0𝑔1 + 𝑑0𝑔3), 𝑑0 = 8ℎ𝜔. 

 
𝛾0 = −4𝜒9, 𝛾1 = −(4𝜒10 + 𝑙2𝜒5), 𝛾2 = 𝑙0𝜒9 − 𝑙2𝜒6, 𝛾3 = 𝑙0𝜒9. 

 
𝜆0 = 𝛿2 + 𝜃0 + 𝜋0, 𝜆1 = 𝛿3 + 𝜃1 + 𝜋1, 𝜆2 = 𝛿4 + 𝜃2 + 𝜋2 + 𝑗0𝜈0 + 𝑗9𝜉0 + 𝑒0𝜈3 

𝜆3 = 𝛿5 + 𝜃3 + 𝜋3 + 𝑗9𝜉1 + 𝑒0𝜈4, 𝜆4 = 𝛿6 + 𝜃4 + 𝜋4 + 𝑗0𝜈1 + 𝑗9𝜉2 + 𝑒0𝜈5, 
𝜆5 = 𝛿7 + 𝜃5 + 𝜋52

+ 𝑗9𝜉3 + 𝑒0𝜈6, 𝜆6 = 𝛿8 + 𝜃6 + 𝜋6 + 𝑗0𝜈2 + 𝑗9𝜉4 + 𝑒0𝜈7, 

𝜆7 = 𝛿9 + 𝜃7 + 𝜋7 + 𝑗9𝜉5 + 𝑒0𝜈8, 𝜆8 = 𝛿10 + 𝜋8 + 𝑒0𝜈9, 𝑒0 = 𝑔0
2 + 𝑑0

2. 
 

𝜃0 = 𝑗6𝜀0, 𝜃1 = 𝑗6𝜀1 + 𝑗7𝜀0, 𝜃2 = 𝑗6𝜀2 + 𝑗7𝜀1 + 𝑗8𝜀0, 𝜃3 = 𝑗6𝜀3 + 𝑗7𝜀2 + 𝑗8𝜀1, 
𝜃4 = 𝑗6𝜀4 + 𝑗7𝜀3 + 𝑗8𝜀2, 𝜃5 = 𝑗6𝜀5 + 𝑗7𝜀4 + 𝑗8𝜀3, 𝜃6 = 𝑗7𝜀5 + 𝑗8𝜀4, 𝜃7 = 𝑗8𝜀5, 

 
𝜀0 = 𝜂0𝛾0, 𝜀1 = 𝜂0𝛾1, 𝜀2 = 𝜂0𝛾2 + 𝜂1𝛾0, 𝜀3 = 𝜂0𝛾3 + 𝜂1𝛾1, 𝜀4 = 𝜂1𝛾2, 𝜀5 = 𝜂1𝛾3. 

 
𝜋0 = 𝑗10𝜁0, 𝜋1 = 𝑗10𝜁1 + 𝑗11𝜁0, 𝜋2 = 𝑗10𝜁2 + 𝑗11𝜁1 + 𝑗12𝜁0, 𝜋3 = 𝑗10𝜁3 + 𝑗11𝜁2 + 𝑗12𝜁1, 

𝜋4 = 𝑗10𝜁4 + 𝑗7𝜁3 + 𝑗8𝜁2, 𝜋5 = 𝑗10𝜁5 + 𝑗11𝜁4 + 𝑗12𝜁3, 𝜋6 = 𝑗10𝜁6 + 𝑗11𝜁5 + 𝑗12𝜁4, 
𝜋7 = 𝑗11𝜁6 + 𝑗12𝜁5, 𝜋8 = 𝑗12𝜁6. 

 
𝜁0 = 𝜂2𝛾0, 𝜁1 = 𝜂0𝜂3, 𝜁2 = 𝜂2𝛾2 + 𝜂3𝛾1 + 𝜂4𝛾0, 𝜁3 = 𝜂2𝛾3 + 𝜂3𝛾2 + 𝜂4𝛾1 + 𝜂5𝛾0, 

𝜁4 = 𝜂3𝛾3 + 𝜂4𝛾2 + 𝜂5𝛾1, 𝜁5 = 𝜂4𝛾3 + 𝜂5𝛾2, 𝜁6 = 𝜂5𝛾3. 
 

𝜈0 = 𝜂0
2, 𝜈1 = 2𝜂0𝜂1, 𝜈2 = 𝜂1

2, 𝜈3 = 𝜂2
2, 𝜈4 = 2𝜂2𝜂3, 𝜈5 = 𝜂3

2 + 2𝜂2𝜂4, 
𝜈5 = 𝜂3

2 + 2𝜂2𝜂4, 𝜈6 = 2(𝜂2𝜂5 + 𝜂3𝜂4), 𝜈7 = 𝜂4
2 + 2𝜂3𝜂5, 𝜈8 = 2𝜂4𝜂5, 𝜈9 = 𝜂5

2. 
 

𝜉0 = 𝜂0𝜂2, 𝜉1 = 𝜂0𝜂3, 𝜉2 = 𝜂0𝜂4 + 𝜂1𝜂2, 𝜉3 = 𝜂0𝜂5 + 𝜂1𝜂3, 𝜉4 = 𝜂1𝜂4, 𝜉5 = 𝜂1𝜂5, 
 

𝜎0 = 𝜂2𝜈3, 𝜎1 = 𝜂2𝜈4 + 𝜂3𝜈3, 𝜎2 = 𝜂2𝜈5 + 𝜂3𝜈4 + 𝜂4𝜈3, 𝜎3 = 𝜂2𝜈6 + 𝜂3𝜈5 + 𝜂4𝜈4 + 𝜂5𝜈3, 
𝜎4 = 𝜂2𝜈7 + 𝜂3𝜈6 + 𝜂4𝜈5 + 𝜂5𝜈4, 𝜎5 = 𝜂2𝜈8 + 𝜂3𝜈7 + 𝜂4𝜈6 + 𝜂5𝜈5, 𝜎5 = 𝜂2𝜈8 + 𝜂3𝜈7 + 𝜂4𝜈6 + 𝜂5𝜈5 

𝜎6 = 𝜂2𝜈9 + 𝜂3𝜈8 + 𝜂4𝜈7 + 𝜂5𝜈6, 𝜎7 = 𝜂3𝜈9 + 𝜂4𝜈8 + 𝜂5𝜈7, 𝜎8 = 𝜂4𝜈9 + 𝜂5𝜈8, 𝜎9 = 𝜂5𝜈9. 
 

(61) 
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In the general case, Ω is a complex number, the real part of 

which defines the degree of intensity of self-excited vibrations, 

and the imaginary part – the degree of instability of the rotor 

system. Slowly changing the rotation frequency of the 

centrifuge ω over a wide range with fixed values of the 

remaining rotor parameters and parameters of the magnetic 

bearings, we obtained the dependences of the frequency of 

self-excited vibrations Ω on the angular velocity of the rotor 

ω, i.e., curves in the plane (𝜔, Ω), (see Figs. 26-28). The 

instability zones of the GCMB correspond to those values of 

the angular velocity of the rotor at which Eq. (60) has complex 

roots with a negative imaginary part (see Fig. 2). As can be 

seen, the stability zones correspond to the values of the angular 

velocity of the rotor for the first four roots of Eq. (60). As the 

lowest frequency is usually taken as the first, the study based 

on parametric analysis was made for the first root of Eq (60). 

Then, also smoothly changing the rotation frequency of the 

centrifuge ω at a known frequency of self-excited vibrations 

(natural frequency) Ω according to formula (59), we find the 

amplitudes of forced and self-excited vibrations of the rotor 

when varying the parameters of the rotor system. Based on the 

found values, it is possible to construct curves of the 

dependences of the amplitude of forced and self-excited 

vibrations of the rotor on the angular velocity of the centrifuge 

(𝜔, 𝑎), (𝜔, 𝑏) for different values of the centrifuge parameters 

and parameters of the magnetic bearings of the rotor system. 
We constructed the amplitude-frequency responses (AFR) of 

the rotor system in the plane (𝜔, 𝑎), (𝜔, 𝑏). Using the 

dependence of the amplitude-frequency responses on changes 

in the rotor parameters and parameters of magnetic bearings 

(mass, current and other parameters), we can select those 

values of the rotor system parameters at which the amplitudes 

of forced vibrations and self-excited vibrations are 

significantly reduced, and the width of the zones of self-

excited vibrations of the rotor system is narrowed or the zone 

of self-excited vibrations disappears. 

 

 
Fig. 3: APFC (amplitude-phase-frequency responses) as a function of d. 

3. Results and discussion 

For the simplest case of forced vibrations, i.e. when the shaft 

center performs a circular precession motion around the 

equilibrium position, the amplitude-phase frequency 

characteristics were constructed for the cubic Eq. (19). The 

variables d, c1 and f were chosen as variable parameters (see 

Eq. 9). It was assumed that р = 1.22, α = 22.5о. An analysis of 

the amplitude and phase-frequency characteristics when 

varying the coefficient d in the PD controller shows that an 

increase in this parameter leads to a significant decrease in the 

amplitude of resonant vibrations (see Fig. 3). When changing 

d from 0.005 to 0.05, a decrease in the amplitude by more than 

4 times is observed, which confirms the pronounced damping 

effect of the controller (see Fig. 3, left). However, the 

resonance frequency (ω ≈ 1.03) remains almost constant, 

which indicates that d only affects the amplitude, but does not 

shift the natural frequency of the system. This corresponds to 

the behavior of linear or weakly nonlinear vibratory systems. 

The phase plot shows that at low d values the system 

exhibits a sharp phase transition, while at higher d the phase 

changes more smoothly (see Fig. 3, right). This indicates that 

increasing d makes the system response more stable and less 

sensitive to resonant disturbances. A smoother phase transition 

also indicates a decrease in the response inertia and a decrease 

in the phase lag between the input and the system response. 

Thus, an increase in the d-factor increases the stability of the 

system, smoothes the phase characteristic and suppresses the 

amplitude of vibrations without affecting the resonant 

frequency. This makes a PD controller with a large d-value 

especially effective for active suppression of vibrations in  
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Fig. 4: Amplitude-frequency response as a function of с1. 

 

magnetic suspensions. In engineering practice, this allows for 

more accurate control of the rotor position and minimization 

of dynamic deviations, especially near the resonant modes. 

Variations in the parameter с1 have little effect on the 

dynamics of the amplitudes as a whole, which is shown in 

detail in Fig. 4. An analysis of the amplitude and phase-

frequency characteristics with variation of the air gap с1 shows 

that this parameter has a minimal effect on the behavior of the 

system in the steady state. In the amplitude characteristic, all 

curves, including those obtained at extreme values of с1 from 

0.001 to 0.082, practically overlap each other (Fig. 4, the left 

graph), which indicates an insignificant change in the 

amplitude of resonant vibrations. Even an increase in the gap 

by tens of times leads to a decrease in the amplitude by less 

than 1%, which is a negligible effect in the context of control. 

The phase characteristic also demonstrates almost complete 

coincidence of the phase curves for different values of с1 (Fig. 

4, the right graph). This means that changes in the air gap do 

not affect the phase response of the system, and do not cause 

delays or phase shifts in the operating frequency range. In 

addition, the frequency of the resonant peak (ω ≈ 1.03) remains 

unchanged in all cases, which confirms the stability of the 

natural frequency of the system under gap changes. Thus, it 

can be concluded that the parameter с1 (steady-state air gap) 

does not have a significant effect on the amplitude-phase 

characteristics of the system under normal conditions. This is 

explained by the fact that in the model of magnetic suspension 

the gap affects the rigidity and the force of attraction, but in the 

steady state with small disturbances its influence is weakly 

expressed. This result is useful in practice, as it allows 

variations in the gap without deterioration of stability or 

appearance of undesirable resonance effects. 

 
Fig. 5: Amplitude-frequency response as a function of f. 
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Fig. 6: Amplitude-frequency response as a function of frequency Ω. 

An analysis of the graphs shows that an increase in the rotor 

eccentricity f leads to a significant increase in the vibrations 

amplitude a, especially in the region of the resonant frequency. 

The amplitude-frequency characteristic (Fig. 5, left graph) 

shows that with an increase in f from 0.001 to 0.05, the 

amplitude increases almost 2.5 times, from 0.4 to 0.9, which 

indicates a high sensitivity of the system to the displacement 

of the center of mass. At the same time, the position of the 

resonant frequency ω remains almost constant (about 1.03), 

indicating the absence of a noticeable frequency shift with a 

moderate increase in f. The phase-frequency characteristic 

(Fig. 5, right graph) demonstrates small differences between 

the curves at different f values. All curves undergo the same 

phase transition from -π/2 to +π/2, and their shape is almost 

independent of the eccentricity value. This indicates that f 

primarily affects the excitation force and amplitude, but not the 

phase structure of the system response. It means that the 

eccentricity f plays a key role in the formation of resonant 

amplitudes. Even small rotor displacements can cause a sharp 

increase in vibrations, which is especially critical when 

operating near the resonant frequency. At the same time, the 

phase response and the frequency position of the peak remain 

stable.  

This emphasizes the need for rotor balancing in centrifuge 

installations: high amplitude with small f can lead to 

destructive vibrations. The amplitude control in this case is 

only possible through active damping, as a decrease in f 

directly reduces excitation. 

 
Fig. 7: Phase response as a function of the natural frequency Ω. 
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Fig. 8: Amplitude-frequency response as a function of d. 

In general, with an increase in the value of the natural 

frequency Ω, it can be seen that the amplitude values of the 

main resonance decrease (almost exponentially, see Table 1, 

Figs. 6 and 7). The presented graphs show the behavior of the 

amplitude and phase-frequency characteristics of the system 

with a change in the natural frequency Ω. The frequency 

response (Fig. 6) demonstrates that as Ω increases, the 

resonance peak shifts to the right – to higher values of the 

angular velocity ω. At the same time, the height of the 

amplitude peak decreases sharply, and at Ω = 2.5 it becomes 

more than 5 times lower than at Ω = 0.5. This indicates the 

manifestation of the self-centering effect, i.e. the higher the 

rigidity of the system, the less the rotor deviates from the 

equilibrium position during excitation. Thus, an increase in 

the natural frequency leads to a decrease in the amplitude of 

vibrations even at resonance, which is critically important for 

increasing the stability of systems with active magnetic 

suspension. 

 
Fig. 9: Amplitude-frequency response as a function of с1. The right graph shows enlarged amplitude peaks.  
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Fig. 10: Amplitude-frequency response as a function of с1. The right graph shows enlarged amplitude peaks. 

The phase-frequency characteristic (Fig. 7) shows that at each 

Ω, a typical phase jump occurs, passing from approximately -

π/2 to +π/2 near the resonant frequency. With an increase in 

the natural frequency, this transition shifts to the right and 

becomes more compressed, i.e. the system switches phase 

more quickly when crossing the resonant frequency. This 

indicates an increase in the reactivity of the system, but at the 

same time, the phase sensitivity to disturbances decreases. 

Thus, an increase in the natural frequency of the system not 

only reduces the amplitude of the resonant vibrations, but also 

stabilizes the phase response, making the system behavior 

more predictable and stable. This confirms the importance of 

a high natural frequency when designing systems with rotary 

motion, especially in the context of magnetic bearings, where 

stability and minimal vibration are critical. 

The amplitude-frequency characteristics obtained from 

Eq. (27), i.e. when the shaft center performs an elliptical 

precessional motion about the equilibrium position, are 

shown in Figs. 8-13. With variation of d, the components of 

the amplitude of the elliptical precessional motion change 

similarly (Fig. 8). 

In both cases, an increase in the parameter d leads to 

damping of forced vibrations of the system. For example, 

an increase in this parameter by an order of magnitude 

reduces the amplitude value ninefold.  

In addition, with an increase in this value, a shift in the 

 
Fig. 11: Amplitude-frequency response as a function of f. 
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Fig. 12: Frequency response with variations in the values of the natural frequency Ω. 

 

amplitude peak is observed towards a decrease in the natural 

frequency value from 1.02 to 0.9, which is also caused by the 

nonlinearity of the system. 

With variation in с1, the rotor amplitudes behave 

ambiguously (Figs. 9 and 10). For example, for the case of 

small values of the natural frequency of the rotor system (Ω < 

1), an increase in the parameter с1 by an order of magnitude 

leads to a shift in the resonance frequency (from ω = 0.26 to ω 

= 0.49) and to a sharp increase (by a factor of 5.86) and a 

breakdown of the vibration amplitudes, which is typical of 

systems with hard-type nonlinearity. Here, the breakdown of 

the amplitudes occurs at a frequency of ω = 0.49, increasing to 

a value of 1.179 (Fig. 9, point A), and then sharply decreases 

to 0.545 (Fig. 9, point B), maintaining a monotonically 

decreasing character. In the case of large values of the natural 

frequency of the gas centrifuge (Ω ≥ 1), the variation in the 

parameter с1 does not generally have a strong effect on the 

dynamics of the system as a whole. For example, its increase 

by an order of magnitude dampens the vibrations 

insignificantly, reducing the amplitude values from 0.0484 to 

0.0411 (Fig. 10), i.e. only 1.17-fold.  

A more interesting picture is observed when varying the 

 
Fig. 13: Frequency response with variations in the values of the natural frequency Ω. 
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Fig. 14: Frequency response with and without account for ultraharmonic vibrations and. The right graph shows enlarged amplitude 

peaks. 

parameter of the disturbing force – f, which generally 

characterizes the displacement of the rotor's center of inertia 

from its geometric center. Thus, an increase in this parameter 

by at least one order of magnitude leads to a proportional 9.6-

fold increase in the amplitude of forced vibrations. Moreover, 

in this case, a shift in the resonance frequency from ω = 1.02 

to ω = 1.08 and a breakdown of the amplitudes are observed. 

With a further increase in this parameter, the nonlinear features 

of the system are increasingly more expressed. For example, a 

50-fold increase in f   leads to a 22.35-fold increase in the 

amplitude of forced vibrations, whereas a shift in the resonance 

frequency and a breakdown of the amplitudes are already 

observed at ω = 1.26 (Fig. 11, point C).  

To study the dynamics of amplitudes in the case of elliptical 

 
Fig. 15: Frequency response with variation in d. The right graph shows enlarged amplitude peaks. 
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Fig. 16: Frequency response with variation in c1. The right graph shows enlarged amplitude peaks. 

 

precessional motion depending on the natural frequency, the 

amplitude-frequency characteristics of the components of 

elliptical motion a and b were constructed using analytical 

(Fig. 12, dotted curve) and numerical Runge-Kutta-Felberg 

methods of the 4th-5th order with an adaptive integration step, 

which allows us to change the integration step length based on 

the local error estimate, which in turn makes the method more 

efficient by reducing the step in areas with high curvature and 

increasing it in areas with low curvature, ensuring the uniform 

error distribution and saving computing resources (Fig. 12, 

solid curve). As can be seen in the case of the amplitude 

component a, the Runge-Kutta-Felberg numerical method for 

solving the differential equations of motion (7) does not give 

any significant results, tending to infinity after a certain value, 

which is caused by the bottleneck in the algorithm itself, as it 

contains division by zero, which cannot be included in the 

analytical method. For the case of the amplitude component b, 

the results of the numerical and analytical methods for solving 

the equations practically coincide (Fig. 13, solid curve). With 

an increase in the angular velocity of the rotor, the amplitudes 

of the main resonance decrease, which, as it was mentioned 

before, is associated with the self-centering effect 

characteristic of rotors in elastic supports.  

The amplitude-frequency characteristics obtained from 

 
Fig. 17: Frequency response with variation in f. The right graph shows enlarged amplitude peaks. 
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Fig. 18: Frequency response with and without subharmonic vibrations. The right graph shows enlarged multiple amplitude peaks. 

Eq. (43) for ultraharmonic (or superharmonic) vibrations are 

shown in Figs. 14-17. It can be seen that ultraharmonic 

vibrations make a significant contribution to the main 

resonance of the system, increasing it by several orders of 

magnitude. This contribution becomes more pronounced with 

an increase in the parameter f, which characterizes the 

displacement of the rotor's center of inertia due to various 

errors that occur during production, which subsequently 

necessitate balancing of rotor systems. In this case, the 

appearance of additional resonances in the system is not 

observed. For example, if we increase this parameter by a 

factor of one and a half (from f = 0.0304 to f = 0.05) without 

taking into account ultraharmonic vibrations, the amplitudes of 

the gas centrifuge will also proportionally increase by almost 

one and a half (Fig. 14, solid red and dotted black curves). 

Then, when taking into account superharmonic vibrations, the 

main resonance increases 14-fold for f = 0.0304 (Fig. 14, solid 

green curve), and 38-fold for f = 0.05 (Fig. 14, solid blue 

curve), which already determines the necessity of accounting 

for this type of vibrations when designing rotor systems and 

calculating their strength.  

When varying the parameter d, the dynamics of the system 

 
Fig. 19: Frequency response with variation in d. The right graph shows enlarged multiple amplitude peaks. 
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Fig. 20: Frequency response with variation in с1. The right graph shows enlarged multiple amplitude peaks. 

with account for ultraharmonic vibrations is similar to the 

previous cases (Fig. 15). A gradual increase in this parameter 

leads to a gradual decrease in the amplitude value, whereas the 

shift of the main resonant frequency is not observed. For 

example, when d increases 3-fold, the amplitude also decreases 

3-fold (Fig. 15, red solid curve). It should be noted that this 

pattern is practically preserved, and when d increases 4.6-fold, 

it leads to a 4.4-fold decrease in the amplitude (Fig. 15, blue 

solid curve). Then the intensity of amplitude damping 

decreases and already when the parameter d increases by an 

order of magnitude, the amplitude decreases only 1.2-fold  

compared to the previous case (Fig. 15, black dotted curve). 

As before, variations in the parameter c1 do not markedly 

affect the dynamics of the system, the exception is the case of 

small values of the natural frequency of the rotor system (Ω < 

1). Thus, we can conclude that an increase in the value of the 

natural frequency damps the effects of nonlinearity and 

linearizes the system (Figs. 9 and 16). Whereas in the case of 

Ω ≥ 1, an increase in the parameter c1, as before, leads to an 

insignificant (within 15%) decrease in the amplitude values. 

No shift in the main resonance frequency is observed when c1 

is varied. 

 
Fig. 21: Frequency response with f variation. Case a) Amplitude peaks over the entire modeling interval. Case b) Enlarged 

amplitude peaks of the main resonance. Case c) Enlarged amplitude peaks of the multiple resonance. 
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Fig. 22: The first roots Ω1 with variations in the values of d.  

As it was mentioned above, the variation of f has a rather 

strong effect on the amplitude values of the system when ultra 

harmonic vibrations are taken into account. For example, an 

increase in this parameter by almost 11 times (from 0.001 to 

0.0108) leads to a proportional increase in the amplitude by 22 

times (Fig. 17, red solid curve). Accordingly, a further 2-fold 

increase in f leads to a 6-fold increase in the amplitude of the 

gas centrifuge (Fig. 17, blue solid curve). Another 1.5-fold 

increase in f, gives an almost 3-fold increase in the amplitude 

(Fig. 17, green solid curve). Thus, increasing f to 0.05 (i.e. 50 

times) we can observe an increase in the amplitude to 97.74, 

i.e. almost 2000 times, which shows that account for ultra 

harmonic vibrations is critically important for (hard-type) 

systems with (cubic) nonlinearity. 

 
Fig. 23: The first roots Ω1 with variation in the values of c. The right graph shows an enlarged scale graph. 

https://www.espublisher.com/


Research article                                                                                                                                                                                Engineered Science 

 

22 | Eng. Sci., 2025, 36, 1672                                                                                                                                                                  Engineered Science Publisher 

 
Fig. 24: The first roots Ω1with variation in the values of f. 

No less interesting is the case of subharmonic vibrations. 

As Fig. 18 shows, when subharmonic vibrations are into 

account, several resonances are superimposed on the rotor 

system. The first superposition occurs at the main resonance, 

and a significant increase in the amplitude is observed for the 

first resonance (Fig. 18, the left figure, blue solid curve). The 

second superposition occurs at a frequency multiple of the 

system nonlinearity, namely at 3Ω, which is typical of the 

systems described by the Duffing equation (Fig. 18, the right 

figure, blue solid curve). Thus, the appearance of additional 

resonance regions should be taken into account when choosing 

operating frequencies and modes, which is especially 

important for high-speed rotor systems. 

An increase in the parameter d, as before, strongly dampens 

the vibrations of the rotor system (see Fig. 19). However, 

damping of the amplitudes is clearly expressed only at the 

main resonance; the resonance at 3Ω is not so sensitive to 

variations in this parameter. For example, with an increase in 

d by an order of magnitude, the amplitude at the main 

resonance decreases by 5.5 times, while damping at 3Ω is only 

1.25 times (Fig. 19, black and yellow solid curves). 

As before, the variation in с1 has virtually no effect on the 

 
Fig. 25: Variations in a and b with variations in d. The first root. 
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Table 1: Amplitudes of the main resonance. 

ω0 0.52 1.1 1.5 2.0 

Аi 0.46 0.42 0.34 0.28 

𝑞 = 𝐴𝑖+1 𝐴𝑖⁄ − ratio of amplitudes, i = 1...5. 1 0.90 0.82 0.81 

 

resonances of the system (Fig. 20). In the case of the main 

resonance, with a 10-fold increase in this parameter (from с1 = 

0.001 to с1 = 0.01), only a 7.8-fold decrease in the amplitude 

is observed (Fig. 20, the left figure, black and yellow solid 

curves, respectively), whereas at a frequency multiple of the 

main critical speed of 3Ω, damping is not observed at all (Fig. 

20, the right figure). 

An increase in f in the case of subharmonic vibrations 

causes an equal increase in the amplitude both of the main and 

of the multiple resonance of the rotor system (Fig. 21, case a). 

It is worth noting that an increase in this parameter does not 

lead to a proportional increase in both resonances. For 

example, if f increases from 0.001 to 0.0108, the amplitude of 

the main resonance increases 2.25-fold (Fig. 21, case b), and 

that of the multiple resonance 3.3-fold (Fig. 21, case c), 

whereas an increase in f from 0.0402 to 0.05 leads to an 

increase in the amplitudes 1.04-fold and 1.11-fold, 

respectively. No displacement of the amplitudes or their 

breakdown is observed. 
In the case of self-excited vibrations, the lowest frequency 

of the system, i.e. the first root of Eq. (60), and the 
corresponding amplitudes are also quite sensitive to the above 
parameters (Figs. 22-24). For example, an increase in с1 and f 
leads to an increase in the frequency of self-excited vibrations 
of the system (Fig. 23 and 24). When с1 changes from 0.001 to 
0.0082 the frequencies of self-excited vibrations increase 
uniformly (Fig. 23, red, blue, green and purple solid curve), 
however, at с1= 0.001 we can observe a sharp increase in the 
frequency of the rotor system (Fig. 23, yellow solid curve) In 
case of f variation, the growth in self-excited variation 

frequencies of the gas centrifuge is smoother and more 
uniform. For example, a smooth increase in f from 0.001 to 
0.0108 leads to a shift in the frequency values from 9.667∙10-7 
to 0.0001126. Further increase in f from 0.0108 to 0.0206, 
gives an increase in frequency to 0.00041, i.e. 4-fold. Thus, 
continuing to increase the value of f to 0.05, we notice a shift 
in the self-excited variation frequency to 0.0024. 

As for the amplitudes of self-excited vibrations, changes in 
d and с1 parameters do not affect them in any way (Fig. 22). 
For example, a change in these parameters within one order of 
magnitude (for d: from 0.005 to 0.05, for c1: from 0.001 to 
0.01) demonstrates a weak impact on the amplitudes of the 
self-excited vibrations of the system. The amplitudes of the 
system vibrations a and b have maximum values at the 
beginning of the process and then rapidly decrease. The 
amplitude b reaches its minimum value at ω = 2.5 and then 
practically retains its value (Figs. 25 and 26), which is typical 
of the case of self-excited variations. Variations in the 
parameter f have a rather strong effect on the dynamics of the 
gas centrifuge (Fig. 27). The graphs show the dependences of 
the amplitudes a and b on the frequency ω for different values 
of the parameter f. In both cases, with an increase in f, the 
initial amplitudes increase and reach a maximum at small 
values of ω, after which they decrease exponentially. For the 
amplitude a (Fig. 27, the left figure), the decrease is more 
pronounced: at large f values, the amplitude first increases 
sharply, and then quickly fades to zero. The amplitude b (Fig. 
27, the right figure) is characterized by similar behavior, but 
its decrease is less sharp, and it does not fade completely, but 
tends to a certain constant value. 

 
Fig. 26: Variations in a and b with variations in c. The first root. 
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Fig. 27: Variations in a and b with variations in f. The first root. 

 

4. Conclusion 

In this paper analytical solutions and amplitude-phase 

frequency characteristics were obtained for the cases of natural, 

forced and self-excited vibrations of the system for both 

circular and elliptical precessional motion. The cases of ultra- 

and subharmonic vibrations typical of nonlinear systems were 

studied. This research allowed us to analyze in detail the 

influence of parameters d, c1 and f on the amplitude-phase 

frequency characteristics of the system described by a cubic 

equation. As a result, it was found that with an increase in the 

parameter d, a significant damping of the resonant amplitudes 

is observed, which is confirmed by the shift and decrease in 

the amplitude peaks for both circular and elliptical 

precessional motion. This phenomenon is explained by an 

increase in the viscous resistance of the system, which leads to 

a decrease in the intensity of oscillatory processes and a faster 

attenuation of self-excited vibrations. The parameter c1 

demonstrated a weak effect on the dynamics of amplitudes, 

which indicates its secondary role in the formation of self-

excited vibrations for the natural frequencies of the system at 

Ω > 1. Otherwise, a change in this parameter would lead to the 

predominance of nonlinear effects such as amplitude 

breakdown for the elliptical precessional motion in the system. 

This allows us to conclude that regulation of this parameter 

does not have a significant effect on the overall dynamics of 

the system and can be used for fine adjustment of vibration 

characteristics. An increase in the parameter f leads to an 

increase in the size of the elliptical orbit – the amplitudes of 

vibrations along the major and minor axes of the ellipse will 

increase almost proportionally to the magnitude of the 

imbalance. With a sufficiently large f, one can expect a 

manifestation of the rigid nonlinearity effects – the appearance 

of a shift in resonance peaks and nonlinear effects similar to 

the circular case. In the case of ultra- and subharmonic 

vibrations, there is a significant increase in the amplitudes at 

the main resonance and imposition of an additional resonance 

at 3Ω, which shows the importance of their consideration in 

designing similar rotor systems. In the case of ultra harmonic 

vibrations, the main frequency of vibrations is “fed” by 

nonlinear effects, which sharply increases their amplitude. In 

fact, this is an analogue of internal resonances: although the 

external effect has a single frequency (the rotor rotation 

frequency), the nonlinear force generates multiple frequencies 

that can resonate with the natural frequency of the system. 

Additional resonant frequencies do not appear; however, the 

main oscillation mode grows. Such a nonlinear resonance is 

especially actively pronounced in the conditions of a large 

imbalance and high stiffness of the system (cubic elastic 

characteristic), and its limitation requires either a decrease in 

nonlinearity (for example, work with smaller amplitudes, 

balancing of the rotor) or active control. The emergence of a 

resonance at a frequency of 3ω under the action of an impact 

force rotating with a frequency ω is a typical manifestation of 

a subharmonic resonance in the nonlinear system. Cubic 

nonlinearity allows the system to fluctuate with a period 

greater than the period of the external action. This additional 

fluctuation does not arise in the linear system, but it may arise 

in the presence of nonlinearity, as part of the excitation energy 

is transmitted in the fluctuation at a triple frequency. The 

absence of the amplitude breakdown indicates that this 

resonance develops according to a “soft” scenario – the system 

smoothly enters a new mode without bifurcations such as the 

amplitude breakdown. At the same time, the parameter f has a 

noticeable effect on the frequency characteristics of the system, 

determining both stability and the form of self-excited 

vibrations. With an increase in f, the initial amplitude of self-
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excited vibrations increases, however, the rate of their 

attenuation also increases. It is important to note that the 

amplitude of self-excited vibrations does not completely 

attenuate, but tends to a certain constant value, indicating the 

presence of a stable vibration mode for some system 

parameters. This phenomenon indicates the possibility of 

existence of stationary self-excited vibrations that persist 

under constant external impact. The shift of the center of 

inertia of the system has almost no effect on the established 

amplitude of self-excited vibrations – it is determined by the 

internal nonlinear dynamics. The presence of a small impact 

force, although it shifts the equilibrium point, does not 

significantly change the limit cycle. In general, an increase in 

the value of the natural frequency reduces the value of the 

amplitudes due to the self-centering effect for all types of 

precessional motion, but it should be taken into account that 

even for the case of elliptical motion, the use of numerical 

methods does not give sufficiently accurate results. Thus, the 

obtained results confirm the adequacy of the developed model 

and its applicability for predicting the behavior of oscillatory 

systems in various operating modes. In practical terms, this 

means that the use of the proposed approach allows more 

accurate control of the amplitudes and phases of vibrations, 

which can find application in various technical devices, 

including vibration diagnostics and active damping systems. 

Further, this study can be expanded to analyze more complex 

nonlinear systems taking into account additional parameters, 

such as nonlinear resistance and the presence of random 

disturbances. This will allow specialisrs to create more 

universal models capable of taking into account a wide range 

of external and internal factors affecting the dynamics of self-

excited vibrations. As a result of further development of the 

proposed methodology, new data on the behavior of systems 

under resonant and non-resonant conditions can be obtained, 

which will open up opportunities for creating more effective 

algorithms for controlling dynamic systems. 
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