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Abstract 
 

Nonlinear convection-diffusion-reaction equations play a vital role in chemical reactor engineering, particularly with the 
growing interest in the use of catalytic membrane reactors that require innovative numerical schemes. In this paper, a model 
is studied for a single reaction characterized by power-law kinetics that involves fractional reaction exponent. To address the 
challenge of dead-zone formation in a membrane with distributed catalyst due to the fractional reaction exponent, a suitable 
time-marching scheme is employed to solve the two-point nonlinear boundary value problem. A bisection algorithm is 
developed to effectively compute the necessary membrane velocity to suppress formation of dead zones. The effects of the 
Thiele modulus and reaction exponent on length of dead zone and its suppression are investigated. Through both analytical 
and numerical approaches, we provide valuable insights into the mechanisms underlying dead-zone formation and its 
mitigation strategies. These findings are useful for optimal design of membrane reactors and their operation.  
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1. Introduction 

Flow-through catalytic membrane reactors (FTCMR), which 

utilize catalyst-impregnated porous mem branes, have gained 

significant attention in various production processes due to 

their ability to enhance selectivity, minimize unwanted by-

products, and reduce energy consumption.[1,2,3] These reactors 

have been successfully applied in hydrogen production, fine 

chemical synthesis, and environmental remediation.[1,4,5,6,7, 8,9] 

Such applications underline the versatility and scalability of 

FTCMR across chemical and environmental domains. 

The concept of FTCMR delineates a novel approach to 

heterogeneous reactions, where the catalyst is immobilized 

within the pores of a predominantly ceramic membrane. These 

pores facilitate the movement of the reaction mixture through 

convection and diffusion.[10] The porous ceramic membrane 

acts solely as a microstructured catalyst support and does not 

perform any separation functions. By facilitating intensive 

contact between the catalyst and reactants while minimizing 

internal mass transport resistances, this type of reactor 

significantly improves the overall reaction rate.[11] Flow-

through membrane reactors have demonstrated their 

effectiveness in numerous applications, including the partial 

hydrogenation of unsaturated substrates,[2] partial oxidation of 

propylene to form propylene oxide,[12] dimerization of 

isobutene into isooctane,[13] the thermal oxidation of dimethyl 

methylphosphonate (DMMP),[3] methane partial oxidation to 

produce formaldehyde,[14] synthesis of biodiesel via 

esterification reactions,[15] partial hydrogenation of 1,5-

cyclooctadiene,[16] degradation of waterborne environmental 

contaminants,[17,18,19] catalytic reduction of nitrates/nitrites in 

water and dechlorination of chlorinated hydrocarbons.[20]  

The formation of dead zones, i.e., regions within the 

membrane where chemical reactions cease due to the 

depletion of reactants, is one of challenges in chemical reactor 

engineering. Numerous key catalytic reactions in industrial 

processes follow kinetics of power-law type with fractional 

reaction exponents.[21,22,23] The term dead zone was coined by 

Temkin[24] and has been widely adopted in the 

literature.[25,23,26,27] Such phenomena can negatively impact the 

reactor efficiency and have been observed in various 

applications, including the hydrogenation of propylene using 

commercially available catalysts,[23] the production of 

electricity in microbial fuel cells,[28] and bioreactions in 

catalytic particles containing immobilized enzymes.[29] In 
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order to maximize the performance of flow-through reactors 

with catalytic membrane, it is essential to understand and 

mitigate the presence of dead zones in advance. Reducing or 

eliminating these inactive regions ensures more uniform 

reactant distribution, improved selectivity, and enhanced 

productivity.[1,30,31]  

However, despite these technological advances, kinetic 

modeling in FTCMR remains a limiting factor in accurately 

capturing their performance. In practice, many catalytic 

processes exhibit fractional-order kinetics. For instance, 

Menaka et al.[32] investigated dead-core formation in non-

isothermal catalyst pellets, while Skrzypacz et al.[27] developed 

semi-analytic solutions for dead zones under power-law 

kinetics with external mass transfer resistance. Haider et al.[33] 

and Kumar et al.[34] applied fractional derivatives to model 

transport and reaction in porous and thermal systems, 

effectively capturing memory effects and long-range 

interactions. Naeem et al.[35] presented exact solutions for 

time-fractional convection-reaction diffusion equations, 

demonstrating convergence with classical models. 

Additionally, Kazbek et al.[36] showed that non-uniform 

catalyst activity combined with periodic operation can 

enhance the performance of pellets governed by Langmuir-

Hinshelwood kinetics. Nevertheless, the integration of 

fractional-order kinetics with convection-diffusion transport 

in FTCMR has yet to be thoroughly investigated. This leaves 

an important gap in the modeling of FTCMR, especially in 

conditions where reactant depletion can result in dead zones 

within the reactor. 

In light of this, the primary objective of this paper is to 

suppress the formation of dead zones in flow through reactors 

with catalytic membrane by inducing additional convective 

transport within the membrane. 

In order to effectively model and predict the formation of 

dead zones, researchers commonly utilize the concept of the 

critical Thiele modulus.[25,37] The Thiele modulus is a 

dimensionless process parameter that characterizes the 

relative rates of reaction and diffusion within a porous catalyst. 

It serves as a fundamental parameter in the design and analysis 

of catalytic membrane reactors. Dead zones form when the 

Thiele modulus surpasses its critical value.[25] Numerous 

studies have explored the formation of dead zones. For 

instance, the study in[38] investigated the formation of dead 

zones in porous catalysts under non-isothermal conditions 

with temperature-dependent diffusivity. Aris[37] developed 

solutions for both dead-core and non dead-core scenarios in 

pellets of planar geometry, excluding the effects of external 

mass transfer. Andreev[25] identified the necessary conditions 

for the formation of dead zones and calculated the critical 

Thiele modulus for spherical and cylindrical pellets, 

considering external mass transfer. Additionally, the formation 

of dead zones in slightly non-isothermal reactions was 

investigated in.[39] While extensive research has been 

conducted on dead-zone formation in catalytic slabs, 

particularly with power-law reaction kinetics, the literature 

concerning the formation of dead zones in flow-through 

reactors with catalytic membrane remains limited. This gap 

highlights the importance of our study, which aims to enhance 

the understanding of and provide solutions for mitigating 

dead-zone formation in these reactors. Simulations of dead-

zone problems are challenging due to the non-differentiable 

nature of the reaction term at vanishing concentrations, which 

can lead to convergence issues for standard solvers. Existing 

numerical methods from the literature, such as those in, 
[40,41,42,43,44,45] often struggle with efficiency when applied to 

dead-zone problems. To address this challenge, we employ a 

modified Crank-Nicolson scheme, previously introduced in 

our works,[46,30] to efficiently solve the nonlinear steady-state 

problem for reactions characterized by power-law kinetics and 

fractional reaction exponents. For problems without dead-

zone formation, standard numerical solvers or Taylor 

expansion methods (e.g.,[47]) can be used. 

The remainder of this paper is organized as follows. 

Section 2 describes and analyzes the mathematical model 

governing transport processes within the catalytic membrane 

of the flow-through reactor. Section 3 addresses dead-core 

solutions for problems involving fractional reaction exponents 

and vanishing convection. For cases with non-vanishing 

convection, analytical solutions are generally not feasible 

unless the reaction exponent is zero. In that special case, a 

closed-form solution is derived, along with expressions for the 

critical Thiele modulus and the length of the dead zone. 

Section 4 introduces the time-marching numerical scheme for 

solving dead-core problems with non-vanishing convection. 

Section 5 presents the core methodological contribution of this 

work: a bisection algorithm developed to suppress dead-zone 

formation in catalytic membrane reactors. Section 6 provides 

numerical results that validate the time-marching scheme and 

bisection algorithm through simulations conducted across a 

range of model and process parameters. Finally, Section 7 

presents concluding remarks. 

 

2. Mathematical model 

In the following, we investigate a one-dimensional model of a 

flow-through catalytic membrane reactor where reactant A is 

converted to the product within the porous membrane 

containing immobilized catalysts. As illustrated in Fig. 1, the 

catalytic membrane is closed at one end and the reactant A is 

introduced through the other open end. Upon entering the 

reactor, the reactant is forced to flow through the membrane, 

where the catalytic reaction occurs, converting A into the 

product. The unreacted portion of A, along with the product, 

exits the reactor through the opposite end. Given that the 

membrane’s diameter is significantly larger than its thickness 
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L, a one-dimensional slab geometry is adopted for the model, 

simplifying the analysis. In this work, the case of a single 

reaction 

𝐴 → 𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑠 

is considered with kinetics of power-law type with fractional 

reaction exponent. 

Table 1: Model parameters and variables. 

and variables
Model parameters

 
Units Description 

𝜑 [−] Thiele modulus 

𝑃𝑒𝑚 [−] mass Peclet number 

𝐶𝐴 [𝑚𝑜𝑙  ⋅ 𝑚−3] concentration of reactant 𝐴 inside 

membrane 

𝐶𝐴,0 [𝑚𝑜𝑙  ⋅ 𝑚−3] concentration for reactant 𝐴 in 

feed stream 

𝐷𝐴,eff [𝑚2   ⋅ 𝑠−1] effective diffusivity of 

component 𝐴 

𝑘 [𝑠−1(𝑚𝑜𝑙
/𝑚3)1−𝑝] 

preexponential constant of 

component 𝐴 

𝑝 [−] reaction exponent 

𝑢𝐷 [𝑚  ⋅ 𝑠−1] Darcian fluid velocity within the 

porous membrane 

𝐿 [𝑚] membrane thickness 

𝑥 [𝑚] distance variable 

𝑐 [−] dimensionless concentration of 

component 𝐴 

𝑧 [−] dimensionless distance variable 

 

The concentration of reactant 𝐴 within the catalytic membrane 

obeys the following two-point boundary value problem 

−𝐷𝐴,eff
𝑑2𝐶𝐴
𝑑𝑥2

+ 𝑢𝐷
𝑑𝐶𝐴
𝑑𝑥

+ 𝑘𝐶𝐴
𝑝
= 0 in (0, 𝐿) ,

𝐶𝐴(0) = 𝐶𝐴,0 ,

𝑑𝐶𝐴
𝑑𝑥

(𝐿) = 0 ,

 (1) 

where the model parameters and variables are presented in 

Table 1. After introducing dimensionless concentration 𝑐 =
𝐶𝐴

𝐶𝐴,0
 and dimensionless distance 𝑧 =

𝑥

𝐿
, Eq. (1) becomes 

𝑑2𝑐

𝑑𝑧2
− 𝑃𝑒𝑚

𝑑𝑐

𝑑𝑧
− 𝜑2𝑐𝑝 = 0 in (0,1) , (2) 

subject to the boundary conditions 

𝑐(0) = 1 and 
𝑑𝑐

𝑑𝑧
(1) = 0 . (3) 

The dimensionless parameters in Eq. (2) are defined as 

𝜑 = √
𝐿2 ⋅ 𝑘 ⋅ 𝐶𝐴,0

𝑝−1

𝐷𝐴,eff
 and 𝑃𝑒𝑚 =

𝐿 ⋅ 𝑢𝐷
𝐷𝐴,eff

 , (4) 

representing the Thiele modulus and mass Peclet number, 

respectively. 

Remark 1. The model equation for the cylindrical geometry 

is expressed as[30]: 

𝑑2𝑐

𝑑𝑧2
+ (

1

𝛿 + 𝑧
− 𝑃𝑒𝑚)

𝑑𝑐

𝑑𝑧
− 𝜑2𝑐𝑝 −

𝑃𝑒𝑚
𝛿 + 𝑧

𝑐 =   0 (5) 

where δ denotes the geometry parameter, which is specified as 

the ratio of the inner membrane radius rin to its thickness L. In 

the limit where δ ≫ 1, the cylindrical model Eq. (5) results in 

the model equation for planar geometry, as given by Eq. (2).  

Lemma 2. Let c represent a solution to the problem defined 

by Eq. (2) and (3) for Pem ≥ 0. Then, 

0 ≤ 𝑐 ≤ 1 . (6) 

Proof. See Appendix in Supporting Information file. 

To define a weak solution to Eq. (2) subject to the boundary 

conditions (3), we consider the space functions which are 

square-integrable over the spatial interval (0,1): 

𝐿2(0,1) = {𝑣: (0,1) → ℝ : ∫𝑣2
1

0

(𝑧) 𝑑𝑧 < ∞} , 

This space is endowed with the 𝐿2 norm defined as ∥ 𝑣 ∥0=

(∫ 𝑣2
1

0
(𝑧) 𝑑𝑧)

1/2
. Furthermore, we introduce the Sobolev 

space 

𝐻1(0,1) = {𝑣: (0,1) → ℝ : 
𝑑𝑣

𝑑𝑧
∈ 𝐿2(0,1)} 

of functions in 𝐿2(0,1) whose weak derivatives are also in 

𝐿2(0,1) . The space 𝐻1(0,1)  is equipped with the norm ∥

𝑣 ∥1= (∫ {𝑣2(𝑧) + (
𝑑𝑣

𝑑𝑧
)
2
}

1

0
 𝑑𝑧)

1/2

 and the semi-norm 

|𝑣|1 = (∫ (
𝑑𝑣

𝑑𝑧
)
21

0
 𝑑𝑧)

1/2

 . Furthermore, we denote by 

𝐻𝐷,0
1 (0,1) the test space of functions 𝑣 ∈ 𝐻1(0,1) such that 

the Dirichlet condition 𝑣(0) = 0 is satisfied. 

By introducing the new unknown u=1−c, the boundary 

value problem described by Eq. (2)-(3) can be reformulated 

as 

−
𝑑2𝑢

𝑑𝑧2
+ 𝑃𝑒𝑚

𝑑𝑢

𝑑𝑧
= 𝜑2(1 − 𝑢)𝑝 in (0,1) , (7) 

subject to the boundary conditions 

𝑢(0) = 0 and 
𝑑𝑢

𝑑𝑧
(1) = 0 . (8) 

The function 𝑢 ∈ 𝐻𝐷,0
1 (0,1) is said to be a weak solution to 

Eq. (7)-(8) if 𝑢 satisfies 

 

https://www.espublisher.com/


Research article                                                                                                                                                                                Engineered Science 

 

4 | Eng. Sci., 2025, 36, 1646                                                                                                                                                                 Engineered Science Publisher 

Fig. 1: Flow-through catalytic membrane reactor. 

 

∫(
𝑑𝑢

𝑑𝑧

𝑑𝑣

𝑑𝑧
+ 𝑃𝑒𝑚

𝑑𝑢

𝑑𝑧
𝑣)

1

0

 𝑑𝑧 = 𝜑2∫(

1

0

1 − 𝑢)𝑝𝑣 𝑑𝑧  

= 0 for all 𝑣 ∈ 𝐻𝐷,0
1 (0,1) . 

(9) 

The existence of the weak solution 𝑢  will be shown by 

transforming the boundary value problem by (7)-(8) into the 

equivalent non-linear integral equation. Alternatively, the 

existence of the weak solution follows from the Browder-

Minty Theorem (48) which requires advanced tools from 

functional analysis and will be omitted in this work. Let 

𝐺(𝑧, 𝑦)  denote the Green function associated with the 

differential operator 𝐿[𝑢] : = −
𝑑2𝑢

𝑑𝑧2
+ 𝑃𝑒𝑚

𝑑𝑢

𝑑𝑧
 subject to the 

boundary conditions by Eq. (8). Then, 

𝐺(𝑧, 𝑦) =

{
 
 

 
 1 − 𝑒

−𝑃𝑒𝑚𝑦

𝑃𝑒𝑚
  ,  𝑧 ≥ 𝑦 ,

𝑒−𝑃𝑒𝑚(𝑦−𝑧)

𝑃𝑒𝑚
−
𝑒−𝑃𝑒𝑚𝑦

𝑃𝑒𝑚
  ,  𝑧 ≤ 𝑦 ,

 (10) 

and the boundary value problem by (7)-(8) turns into the 

Hammerstein integral equation 

𝑢(𝑧) = 𝜑2∫𝐺

1

0

(𝑧, 𝑦)(1 − 𝑢(𝑦))𝑝 𝑑𝑦 . (11) 

The existence of continuous solution 𝑢 to Eq. (11) can be 

concluded from the Existence Theorem for Hammerstein 

Equations: 

Theorem 3.  If 𝐾(𝑧, 𝑦)  is continuous for 𝑎 ≤ 𝑧, 𝑦 ≤ 𝑏 , and 

𝑓(𝑦, 𝑤) is continuous and bounded for 𝑎 ≤ 𝑦 ≤ 𝑏 and all 𝑤, 

then the Hammerstein integral equation 𝑢(𝑧) =

∫ 𝐾
𝑏

𝑎
(𝑧, 𝑦)𝑓(𝑦, 𝑢(𝑦)) 𝑑𝑦 has a continuous solution 𝑢(𝑧). 

Proof. See Theorem 6.45 in (49). 

 Finally, we obtain; 

Theorem 4.  The non-linear boundary value problem 

described by Eq. (2) and (3) possesses a unique weak solution 

for 𝑃𝑒𝑚 ≥ 0  

 

3. Dead-core solutions 

Let 𝑝 ∈ [0,1) . Then, the solution to the boundary value 

problem by Eq. (2)-(3) exhibits a dead zone if the Thiele 

modulus is sufficiently large. In the case of non-vanishing 

convection, i.e., 𝑃𝑒𝑚 > 0 , finding analytically the critical 

Thiele modulus 𝜑𝑝,𝑃𝑒𝑚
∗  is not feasible. We denote the critical 

Thiele modulus by 𝜑𝑝,𝑃𝑒𝑚
∗  to emphasize that its value depends 

on a certain combination of the mass Peclet number 𝑃𝑒𝑚 and 

fractional reaction exponent 𝑝. We will provide the closed-

form expressions for the critical Thiele modulus only for two 

special cases. In the case of vanishing convection, i.e., 𝑃𝑒𝑚 =

0, the boundary value problem by Eq. (2)-(3) possesses the 

following non-classical solution 

𝑐(𝑧)

=

{
 
 

 
 

(√
𝜑2(1 − 𝑝)2

2(1 + 𝑝)
(𝑧𝑑𝑧 − 𝑧))

2
1−𝑝

  , 0 ≤ 𝑧 ≤ 𝑧𝑑𝑧  ,

0 , 𝑧𝑑𝑧 ≤ 𝑧 ≤ 1 ,

 
(12) 
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Fig. 2: Process flow diagram for bisection algorithm to determine optimal 𝑃𝑒𝑜𝑝𝑡. 
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Fig. 3: Profiles of concentration 𝑐(𝑧, 𝑡) at various times for zero 

reaction exponent (𝑝 = 0) and 𝜑 = 2.2, 𝑃𝑒𝑚 = 1. 

if 𝜑 > 𝜑𝑝,0
∗  where 

𝜑𝑝,0
∗ = √

2(1 + 𝑝)

(1 − 𝑝)2
   (13) 

denotes the critical Thiele modulus. Here, 

𝑧𝑑𝑧 = √
2(1 + 𝑝)

𝜑2(1 − 𝑝)2
=
𝜑𝑝,0
∗

𝜑
 (14) 

stands for the start position of the dead zone (27). If 𝜑 = 𝜑∗, 

then the dead zone is trivial, i.e., it is only one point 𝑧 = 1, 

and the critical solution corresponding to the initiation of the 

dead zone reads as follows 

𝑐∗(𝑧) = (1 − 𝑧)
2
1−𝑝 . (15) 

Now, let us consider the case of non-vanishing convection 

(𝑃𝑒𝑚 > 0) and zero reaction exponent (𝑝 = 0). In this case, 

𝑐+
0 = sign(𝑐+)  where 𝑠𝑖𝑔𝑛  is the signum function that 

determines the sign of its argument. Then, the two-point 

boundary value problem 

𝑑2𝑐

𝑑𝑧2
− 𝑃𝑒𝑚

𝑑𝑐

𝑑𝑧
− 𝜑2sign(𝑐+) = 0 in (0,1) ,

𝑐(0) = 1, 
𝑑𝑐

𝑑𝑧
(1) = 0

 (16) 

has for 

𝜑0,𝑃𝑒𝑚
∗ =

𝑃𝑒𝑚

√𝑃𝑒𝑚 + 𝑒−𝑃𝑒𝑚 − 1
 

(17) 

the following critical solution 

𝑐∗(𝑧) =
(𝜑0,𝑃𝑒𝑚

∗ )2

𝑃𝑒𝑚
2

𝑒𝑃𝑒𝑚(𝑧−1) −
(𝜑0,𝑃𝑒𝑚

∗ )2

𝑃𝑒𝑚
𝑧 +

1 −
(𝜑0,𝑃𝑒𝑚

∗ )2

𝑃𝑒𝑚
2

𝑒−𝑃𝑒𝑚

 (18) 

such that 𝑐∗(𝑧) > 0 for 0 ≤ 𝑧 < 1 and 𝑐∗(1) = 0. It follows 

from the L’Hopital’s rule that 

lim
𝑃𝑒𝑚→0

+
𝜑0,𝑃𝑒𝑚
∗ = lim

𝑃𝑒𝑚→0
+

𝑃𝑒𝑚

√𝑃𝑒𝑚 + 𝑒−𝑃𝑒𝑚 − 1
= √2 

(19) 

which coincides with 𝜑𝑝,0
∗ |𝑝=0 = √2  by Eq. (13). 

Furthermore, in the case of 𝑝 = 0 , the critical solution 

𝑐∗(𝑧) = (1 − 𝑧)2 by Eq. (15) can be recovered by passing in 

Eq. (18) to the limit as 𝑃𝑒𝑚 → 0+ , and using the Taylor 

expansion for 𝑐∗(𝑧) from Eq. (18) as follows 

 𝑐∗(𝑧) = (𝑧 − 1)2 +
𝑃𝑒𝑚

3
((𝑧 − 1)2 + (𝑧 − 1)3) + 𝒪(𝑃𝑒𝑚

2 ). 

If the Thiele modulus exceeds its critical value given by 

Eq. (17), then the solution to the two-point boundary value 

problems exhibits a dead-zone of length 1 − 𝑧𝑑𝑧 . To 

determine the transition point 𝑧𝑑𝑧 , let us introduce the 

transformation 𝜉 =
𝑧

𝑧𝑑𝑧
∈ [0,1]  for 𝑧 ∈ [0, 𝑧𝑑𝑧] , and set 

𝑐̂(𝜉) = 𝑐(
𝑧

𝑧𝑑𝑧
). Then, the two-point boundary value problem 

(16) can be transformed for 𝜑 ≥ 𝜑0,𝑃𝑒𝑚
∗  as follows 

−
𝑑2𝑐̂

𝑑𝜉2
+ 𝑧𝑑𝑧𝑃𝑒𝑚

𝑑𝑐̂

𝑑𝜉
+ 𝑧𝑑𝑧

2 𝜑2 = 0 in (0,1) ,

𝑐̂(0) = 1, 
𝑑𝑐̂

𝑑𝜉
(1) = 0 .

 (20) 

Its solution is given by 

𝑐̂(𝜉) =
𝜑2

𝑃𝑒𝑚2
𝑒𝑧𝑑𝑧𝑃𝑒𝑚(𝜉−1) −

𝜑2𝑧𝑑𝑧
𝑃𝑒𝑚

𝜉 + 1

−
𝜑2

𝑃𝑒𝑚2
𝑒−𝑧𝑑𝑧𝑃𝑒𝑚  , 0 ≤ 𝜉 ≤ 1 , 

(21) 

where 𝑐̂|𝜉=1 = 0 . Therefore, 𝑧𝑑𝑧  satisfies the following 

condition 

𝜑2

𝑃𝑒𝑚2
−
𝜑2𝑧𝑑𝑧
𝑃𝑒𝑚

+ 1 −
𝜑2

𝑃𝑒𝑚2
𝑒−𝑧𝑑𝑧𝑃𝑒𝑚 = 0 , (22) 

from which we infer 

𝑧𝑑𝑧 =
1

𝑃𝑒𝑚
[𝑊 (−𝑒

−
𝑃𝑒𝑚

2 +𝜑2

𝜑2 ) +
𝑃𝑒𝑚

2 +𝜑2

𝜑2
] , (23) 
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Table 2: The maximum errors 𝑒𝑖 = max
𝑗=1,…,𝑁−1

|𝑐(𝑧𝑗) − 𝑐𝑗| between the exact solution 𝑐(𝑧𝑗) and numerical solution 𝑐𝑗 at the interior 

spatial mesh points 𝑧𝑗, 𝑗 = 1,… , 𝑁 − 1, and the orders of convergence for the boundary value problem by Eq. (2)-(3) with (a) 𝑃𝑒𝑚 =

1, 𝑝 = 1, 𝜑 = 10; (b) 𝑃𝑒𝑚 = 0, 𝑝 = 0.5, 𝜑 = 10; (c) 𝑃𝑒𝑚 = 1, 𝑝 = 0, 𝜑 = 10. The spatial mesh size on the refinement level 𝑖 is 

given by ℎ𝑖 = 21−𝑖10−1.  

level (a) (b) (c) 

𝑖 

error order error order error order 

𝑒𝑖 log2 (
𝑒𝑖
𝑒𝑖+1

) 
𝑒𝑖 log2 (

𝑒𝑖
𝑒𝑖+1

) 
𝑒𝑖 log2 (

𝑒𝑖
𝑒𝑖+1

) 

1 8.7413e−3  7.7098e−3  7.8425e−3  

2 1.3552e−3 2.68938 1.7049e−3 2.17702 1.6075e−3 2.28650 

3 2.8932e−4 2.22771 4.0271e−4 2.08189 3.8349e−4 2.06757 

4 6.9279e−5 2.06219 9.8946e−5 2.02501 9.5005e−5 2.01309 

5 1.7130e−5 2.01587 2.4435e−5 2.01768 2.3665e−5 2.00525 

6 4.2558e−6 2.00905 6.0902e−6 2.00440 5.9090e−6 2.00177 

where 𝑊 denotes the principal branch of the Lambert W 

function 𝑊: [−1/𝑒, +∞) → [−1,+∞) which is defined as a 

solution 𝑊(𝑥) ≥ −1 to the equation 𝑊𝑒𝑊 = 𝑥 for 𝑥 ∈

[−1/𝑒,∞). Note that if 𝑃𝑒𝑚 > 0, then the transition point 

𝑧𝑑𝑧 does not satisfy the relation 𝑧𝑑𝑧 =
𝜑0,𝑃𝑒𝑚
∗

𝜑
 as it is the case 

when 𝑃𝑒𝑚 = 0, cf. Eq. (14). Notice that we recover the value 

of the critical Thiele modulus 𝜑0,𝑃𝑒𝑚
∗  from Eq. (17) by setting 

𝑧𝑑𝑧 = 1 in Eq. (22). 

 
Fig. 4: Profiles of exact and numerical solutions with dead zones 

to boundary value problem by Eq.  (25)-(26) for vanishing 

convection (Pem = 0).  

The dead-core solution to the problem with non-vanishing 

convection is given for 𝜑 ≥ 𝜑0,𝑃𝑒𝑚
∗  as follows 

𝑐(𝑧) =

{
𝜑2

𝑃𝑒𝑚
2 𝑒

𝑃𝑒𝑚(𝑧−𝑧𝑑𝑧) −
𝜑2

𝑃𝑒𝑚
𝑧 + 1 −

𝜑2

𝑃𝑒𝑚
2 𝑒

−𝑧𝑑𝑧𝑃𝑒𝑚  , 0 ≤ 𝑧 ≤ 𝑧𝑑𝑧  ,

0 ,  𝑧𝑑𝑧 ≤ 𝑧 ≤ 1 ,
  (24) 

where the transition point 𝑧𝑑𝑧 is defined by Eq. (23). 

4. Time-marching method 

The solution c(z) is approximated using a time-marching 

method. This approach involves considering the following 

transient equation: 

∂𝑐̃

∂𝑡
−
∂2𝑐̃

∂𝑧2
+ 𝑃𝑒𝑚

∂𝑐̃

∂𝑧
+ 𝜑2𝑐̃𝑝 = 0 (25) 

subject to the following boundary and the initial conditions 

𝑐̃(0, 𝑡) = 1 , 
∂𝑐̃

∂𝑧
(1, 𝑡) = 0 for 𝑡 > 0 ,

𝑐̃(𝑧, 0) = 1 for 𝑧 ∈ (0,1) .
 (26) 

Fig. 5: Profiles of exact and numerical and solutions with dead 

zones to boundary value problem by Eq. (25)-(26) for non-

vanishing convection (𝑃𝑒𝑚 = 1,2) and 𝑝 = 0  
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Table 3: The absolute errors 𝑒𝑖 = |𝑃𝑒𝑚 − 𝑃𝑒opt
(𝑖)
| between the exact optimal mass Peclet number 𝑃𝑒𝑚 and approximate optimal mass 

Peclet number 𝑃𝑒opt
(𝑖)

 computed on the spatial mesh level 𝑖, along with corresponding orders of convergence for the following cases: 

(a) 𝜑 = 3 and 𝑃𝑒𝑚 = 7.85462; (b) 𝜑 = 5 and 𝑃𝑒𝑚 = 23.95644; (c) 𝜑 = 10 and 𝑃𝑒𝑚 = 98.98979. The spatial mesh size on the 

refinement level 𝑖 is given by ℎ𝑖 = 21−𝑖10−1.  

level (a) (b) (c) 

𝑖 error order error order error order 

 𝑒𝑖 log2 (
𝑒𝑖
𝑒𝑖+1

) 
𝑒𝑖 log2 (

𝑒𝑖
𝑒𝑖+1

) 
𝑒𝑖 log2 (

𝑒𝑖
𝑒𝑖+1

) 

1 1.1837e+0  2.8628e+0  1.0709e+1  

2 5.5826e−1 1.08425 1.3491e+0 1.08541 5.2398e+0 1.03118 

3 2.7162e−1 1.03935 6.6551e−1 1.01947 2.5543e+0 1.03661 

4 1.3264e−1 1.03406 3.2982e−1 1.01279 1.2725e+0 1.00522 

5 6.5664e−2 1.01436 1.6350e−1 1.01240 6.3164e−1 1.01050 

6 3.2799e−2 1.00145 8.1342e−2 1.00720 3.1578e−1 1.00018 

The time-dependent solution 𝑐̃(⋅, 𝑡) to the boundary/initial 

value problem (25)-(26) converges exponentially fast with 

respect to the 𝐿2-norm to the solution 𝑐 of (2)-(3) as the time 

tends to infinity. Particularly, it holds true (46, Lemma 2) 

∥ 𝑐̃(⋅, 𝑡) − 𝑐 ∥0≤∥ 𝑐̃(⋅ ,0) − 𝑐 ∥0   𝑒
−2 𝑡  . (27) 

An analogous inequality can be shown for problems posed 

over multidimensional domains and with reaction terms that 

are monotonically increasing with respect to the 

concentration. 

4.1 Modified Crank-Nicolson scheme 

The Crank-Nicolson-based method(50) is used to obtain 

approximations to c ̃(z_j,t_n) at certain spatial mesh points z_j, 

𝑗 = 1,… , 𝑁 − 1 , and discrete times 𝑡𝑛 . The method is 

employed for the discretization of Eq. (25) and (26) with 

respect to time followed by finite difference approximation in 

space. The temporal derivative is discretized as 
𝑐𝑗
𝑛+1−𝑐𝑗

𝑛

Δ𝑡
, while 

the first and second order spatial derivatives are discretized as  

1

2
(
𝑐𝑗
𝑛+1−𝑐𝑗−1

𝑛+1

ℎ
+
𝑐𝑗
𝑛−𝑐𝑗−1

𝑛

ℎ
)  and 

1

2
(
𝑐𝑗−1
𝑛+1−2𝑐𝑗

𝑛+1+𝑐𝑗+1
𝑛+1

ℎ2
+

𝑐𝑗−1
𝑛 −2𝑐𝑗

𝑛+𝑐𝑗+1
𝑛

ℎ2
), respectively. Furthermore, the reaction term 𝑐̃𝑝 

is discretized as 
1

2
((𝑐𝑗

𝑛+1)
𝑝
+ (𝑐𝑗

𝑛)
𝑝
) . Substituting the 

aforementioned discretized terms into Eq. (25) results in: 

 

𝑐𝑗
𝑛+1 − 𝑐𝑗

𝑛

Δ𝑡
=

1

2ℎ2
𝑐𝑗+1
𝑛+1 +

1

2
(
−2

ℎ2
−
𝑃𝑒𝑚
ℎ
) 𝑐𝑗

𝑛+1 +
1

2
(
1

ℎ2
+
𝑃𝑒𝑚
ℎ
) 𝑐𝑗−1

𝑛+1

                           +
1

2ℎ2
𝑐𝑗+1
𝑛 +

1

2
(
−2

ℎ2
−
𝑃𝑒𝑚
ℎ
) 𝑐𝑗

𝑛 +
1

2
(
1

ℎ2
+
𝑃𝑒𝑚
ℎ
) 𝑐𝑗−1

𝑛

            −
1

2
𝜑2((𝑐𝑗

𝑛+1)
𝑝
+ (𝑐𝑗

𝑛)
𝑝
), 𝑗 = 1,… ,𝑁 − 2 .

 (28) 

For 𝑗 = 1, applying the boundary condition at the membrane 

inlet, we have 𝑐0
𝑛+1 = 𝑐0

𝑛 = 1.  The Neumann boundary 

condition at the membrane outlet when 𝑗 = 𝑁 − 1  can be 

discretized using second-order central difference 

approximation as 
𝑐𝑁
𝑛−𝑐𝑁−2

𝑛

2ℎ
=

𝑐𝑁
𝑛+1−𝑐𝑁−2

𝑛+1

2ℎ
= 0. 

 

Let 𝐀 ∈ ℝ(𝑁−1)×(𝑁−1) be a square tridiagonal matrix defined 

as follows 

𝐀 =

(

  
 

𝛼 𝛽 0

𝛾 𝛼 𝛽

⋱ ⋱ ⋱
𝛾 𝛼 𝛽

0 𝛾 𝛼 + 𝛽)

  
 
 , 

where 

𝛼 = −
2

ℎ2
−
𝑃𝑒𝑚
ℎ
 , 𝛽 =

1

ℎ2
  , 𝛾 =

1

ℎ2
+
𝑃𝑒𝑚
ℎ
 , 
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Table 4: Exact optimal mass Peclet number (𝑃𝑒𝑚) for p=0, φ=5 

and various values of κ. 

𝜅 Exact mass Peclet number (𝑃𝑒𝑚) 

0.0 24.99991 

0.2 31.24999 

0.4 41.66667 

0.6 62.49999 

0.8 124.99999 

Table 5: Approximate optimal mass Peclet number 𝑃𝑒𝑜𝑝𝑡  for 

various values of 𝜅, reaction exponent 𝑝, and with 𝜑 = 5. 

𝜅 Approximate optimal mass Peclet number 𝑃𝑒opt 

 𝑝 = 0.01 𝑝 = 0.2 𝑝 = 0.4 𝑝 = 0.6 

0.0 23.37638 17.34694 10.74215 3.12499 

0.2 29.68597 25.92468 22.18628 18.69964 

0.4 40.03906 36.84489 33.63037 30.56844 

0.6 60.69946 57.86133 54.96216 52.15454 

0.8 122.55859 119.99512 117.30957 114.74609 

Then, the non-linear algebraic system by Eq. (28) can be 

written as 

𝐜(𝑛+1) − 𝐜(𝑛)

Δ𝑡
=
1

2
𝐀𝐜(𝑛+1) +

1

2
𝐀𝐜(𝑛) −

𝜑2

2
((𝐜(𝑛+1))𝑝 + (𝐜(𝑛))𝑝) + 𝐟 , 

where 

𝐜(𝑛+1) = [𝑐1
(𝑛+1), … , 𝑐𝑁−1

(𝑛+1)]𝑇  , 

𝐜(𝑛) = [𝑐1
(𝑛)
, … , 𝑐𝑁−1

(𝑛)
]𝑇  ,

 𝐟 = [
1

ℎ2
+
𝑃𝑒𝑚
ℎ
, 0,… ,0]𝑇  .

 

For brevity, we define 𝐜𝑝

: = [(max{𝑐1, 0})
𝑝, … , (max{𝑐𝑁−1, 0})

𝑝]𝑇  for 𝐜 =

[𝑐1, … , 𝑐𝑁−1]
𝑇. Then, the non-linear algebraic equation for the 

approximate dimensionless concentration 𝐜𝑛+1  at each new 

time step is derived as 

 

𝐜(𝑛+1) = (𝐈 −
1

2
Δ𝑡𝐀)

−1

{𝐜(𝑛) +
Δ𝑡

2
𝐀𝐜(𝑛) −

𝜑2Δ𝑡

2
((𝐜(𝑛+1))𝑝 + (𝐜(𝑛))𝑝) + Δ𝑡𝐟} . (29) 

The above algebraic system for the unknown vector 𝐜(𝑛+1)  rep resents an equation of fixed-point type. We solved it 

numerically by employing 𝑁FPI sweeps of the following fixed-point iteration: 

𝐜(𝑛+1),0 = 𝐜(𝑛) ,

𝐜‾(𝑛+1),ℓ = (𝐈 −
1

2
Δ𝑡𝐀)

−1

{𝐜(𝑛) +
Δ𝑡

2
𝐀𝐜(𝑛) −

𝜑2Δ𝑡

2
((𝐜(𝑛+1),ℓ−1)𝑝 + (𝐜(𝑛))𝑝) + Δ𝑡𝐟}  ,

𝐜(𝑛+1),ℓ =
1

2
max{𝐜‾(𝑛+1),ℓ, 𝟎} +

1

2
max{𝐜(𝑛), 𝟎} ,

 (30) 

where ℓ = 1,2,… ,𝑁FPI . For the approximate solution we 

finally set 𝐜(𝑛+1) = 𝐜(𝑛+1),𝑁FPI . In our computations, we 

employed 𝑁FPI ∈ {2,3}. It is important to highlight that during 

each fixed-point iteration step ℓ we additionally performed an 

update based on the third equation in Eq. (30) to ensure that 

the approximate solution stays non-negative and converges 

toward the steady-state limit. 

 

5. Bisection method for determining optimal Peclet 

number 

5.1 Construction of upper non-dead-core solution Let us 

consider convection-diffusion-reaction equation with zero 

reaction exponent 

𝑑2𝑤

𝑑𝑧2
= 𝑃𝑒𝑚

𝑑𝑤

𝑑𝑧
+ 𝜑2sign(𝑤+)  in  (0,1) ,  

𝑤(0) = 1, 
𝑑𝑤

𝑑𝑧
(1) = 0 . 

(31) 

Since 𝜑2𝑐𝑝(𝑧) ≤ 𝜑2sign(𝑐+)  for 0 ≤ 𝑐(𝑧) ≤ 1 , 𝑧 ∈ (0,1) , 

the solution to the problem by Eq. (31) which is given by 

Eq. (24) stays below the solution to the problem by Eq. (2)-

(3). Our goal is to choose 𝑃𝑒𝑚 > 0 such that 𝑤(1) = 𝜅 where 

0 ≤ 𝜅 < 1 is prescribed concentration value at the membrane 

outlet. Notice that 𝜅 = 0 leads to the one-point dead-zone, i.e., 

𝑧𝑑𝑧 = 1 . Such a choice of 𝑃𝑒𝑚 > 0  ensures that 𝑤 > 0  in 

(0,1). We have 

𝑤(𝑧) =
𝜑2𝑒−𝑃𝑒𝑚(1−𝑧)

𝑃𝑒𝑚2
−
𝜑2

𝑃𝑒𝑚
𝑧 + 1 −

𝜑2𝑒−𝑃𝑒𝑚

𝑃𝑒𝑚2
 , (32) 

and consequently 

𝜅 = 𝑤(1) =
𝜑2

𝑃𝑒𝑚
2
−
𝜑2

𝑃𝑒𝑚
+ 1 −

𝜑2𝑒−𝑃𝑒𝑚

𝑃𝑒𝑚
2

= 0 , (33) 

from which we conclude that 𝑃𝑒𝑚 > 0  must satisfy the 

following transcendental equation 
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Fig. 6: Profiles of solutions with and without dead zones to boundary value problem by Eq. (25)-(26) for various values of Thiele 

modulus, 𝜑, at (a) 𝑃𝑒𝑚 = 1, 𝑝 = 0.1 (b) 𝑃𝑒𝑚 = 1, 𝑝 = 0.5. 

 

1 − 𝜅

𝜑2
=
𝑒−𝑃𝑒𝑚

𝑃𝑒𝑚2
+

1

𝑃𝑒𝑚
−

1

𝑃𝑒𝑚2
 . (34) 

Let us denote the right side of Eq.  (34) by 𝐹(𝑃𝑒𝑚), and notice 

that the transcendental equation 

𝐹(𝑃𝑒𝑚) =
1 − 𝜅

𝜑2
 (35) 

does not possess a closed-form solution. The following lemma 

shows that the function 𝐹(𝑃𝑒𝑚) is monotonically decreasing 

on (0,∞). 

Lemma 5.  The function 𝐹: (0,∞) → ℝ with 

𝐹(𝑃𝑒𝑚) =
𝑒−𝑃𝑒𝑚

𝑃𝑒𝑚
2 +

1

𝑃𝑒𝑚
−

1

𝑃𝑒𝑚
2   

is positive and monotonically decreasing. 

Proof. See Appendix in Supporting Information file. 

To find an upper bound for solution 𝑃𝑒𝑚 > 0 to Eq. (35), let 

us introduce the function 𝐺: (0,∞) → ℝ with 

𝐺(𝑃𝑒𝑚) =
1 − 𝑒−

1
2
𝑃𝑒𝑚

𝑃𝑒𝑚
 . (36) 

In the next lemma we show that 𝐹(𝑃𝑒𝑚) ≤ 𝐺(𝑃𝑒𝑚) for all 

𝑃𝑒𝑚 > 0. 

Lemma 6. The inequality 

𝑒−𝑃𝑒𝑚

𝑃𝑒𝑚2
+

1

𝑃𝑒𝑚
−

1

𝑃𝑒𝑚2
≤
1 − 𝑒−

1
2
𝑃𝑒𝑚

𝑃𝑒𝑚
 (37) 

is satisfied for all 𝑃𝑒𝑚 > 0. 

Proof. See Appendix in Supporting Information file. 

In the next lemma, the solution to the nonlinear equation 

𝐺(𝑃𝑒𝑚) =
1−𝜅

𝜑2
 in expressed in terms of the Lambert 𝑊 

function. 

Lemma 7. The nonlinear equation 

1 − 𝑒−
1
2
𝑃𝑒𝑚

𝑃𝑒𝑚
=
1 − 𝜅

𝜑2
 (38) 

has a solution given by 

𝑃𝑒𝑚 = 2𝑊(−
1

2

𝜑2

1 − 𝜅
𝑒−

1
2
𝜑2

1−𝜅) +
𝜑2

1 − 𝜅
 . (39) 

Proof. See Appendix in Supporting Information file. 

 

5.2 Bisection algorithm 

Given the Thiele modulus 𝜑 > 0 and reaction exponent 𝑝 >

0, consider the diffusion-reaction problem (𝑃𝑒𝑚 = 0) whose 

solution exhibits a dead zone. Then, for a prescribed outlet 

concentration 0 ≤ 𝜅 < 1 , we will find the Peclet number 

𝑃𝑒𝑚 > 0 such that the corresponding convection-diffusion-

reaction equation 

𝑑2𝑐

𝑑𝑥2
− 𝑃𝑒𝑚

𝑑𝑐

𝑑𝑥
− 𝜑2𝑐𝑝 = 0 , 𝑐(0) = 1,   

𝑑𝑐

𝑑𝑥
(1) = 0 

satisfies 𝑐(1) = 𝜅. This can be achieved through a numerical 

approach employing a modified Crank-Nicolson scheme and 

a bisection method. Let us denote by 𝐜 ∈ ℝ𝑁 with 

𝐜 = [𝑐0, 𝑐1, 𝑐2, … , 𝑐𝑁−2, 𝑐𝑁−1]
𝑇 with 𝑐0 = 1 

the nodal vector for the finite difference approximation is 

determined by Eq. (30), where 𝑁 ∈ ℕ represents the number  
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Fig. 7: Profiles of solutions with and without dead zones to boundary value problem by Eq. (25)-(26) for various values of mass 

Peclet number, 𝑃𝑒𝑚, at (a) 𝜑 = 3.5, 𝑝 = 0.1 (b) 𝜑 = 3.5, 𝑝 = 0.5. 

 

of spatial grid points. The nodal solution is obtained through 

the application of the modified Crank-Nicolson scheme with a 

sufficiently large number of time steps. 

A Python code is utilized to numerically solve the resulting 

sequence of nonlinear convection-diffusion-reaction 

equations, see Fig. 2 We obtain three different numerical 

solutions, denoted as 𝐜𝐿, 𝐜𝑀, and 𝐜𝑈, corresponding to three 

different Peclet numbers 𝑃𝑒𝑚
𝐿  , 𝑃𝑒𝑚

𝑀 , and 𝑃𝑒𝑚
𝑈  , respectively, 

while keeping the parameters 𝜑  and 𝑝  fixed. To solve the 

nonlinear convection-diffusion-reaction equation, the first 

step requires the specification of three parameters: 𝜑, 𝑝, and 

𝜅, along with the number of grid points 𝑁. The mass Peclet 

number 𝑃𝑒𝑚  is determined iteratively using the bisection 

algorithm, where in each bisection step, the following 

condition is verified 

|𝐜𝑁−1
𝑀 − 𝜅| > ℎ2 or  𝐜𝑁−2

𝑀 = 𝜅 .  (40) 

Here, ℎ = 1/(𝑁 − 1)  denotes the mesh size. The first 

iteration step in the bisection algorithm is initiated with 

𝑃𝑒𝑚
𝑈 = 2𝑊(−

1

2

𝜑2

1 − 𝜅
𝑒−

1
2
𝜑2

1−𝜅)  

+
𝜑2

1 − 𝜅
 and 𝑃𝑒𝑚

𝐿 = 0 . 
(41) 

Then, we set 

𝑃𝑒𝑚
𝑀 =

𝑃𝑒𝑚
𝐿 + 𝑃𝑒𝑚

𝑈

2
 . 

If the main conditions by Eq. (40) holds and 𝐜𝑁−1
𝐿 − 𝜅 < ℎ2 

and 𝐜𝑁−1
𝑀 > ℎ2 + 𝜅 , then the following update is perfomed 

𝑃𝑒𝑚
𝑈 = 𝑃𝑒𝑚

𝑀 . ttherwise, 𝑃𝑒𝑚
𝐿 = 𝑃𝑒𝑚

𝑀 . The Python program 

continues to compute 𝑃𝑒𝑚
𝐿  , 𝑃𝑒𝑚

𝑀 , 𝑃𝑒𝑚
𝑈   iteratively by 

satisfying the conditions by Eq. (40) until the iteration is 

terminated and the approximate optimal Peclet number 𝑃𝑒opt 

is set as the average of 𝑃𝑒𝑚
𝐿  and 𝑃𝑒𝑚

𝑈  from the last iteration. 

 

6. Numerical results and discussion 

6.1 Numerical validation of time marching scheme 

To validate the proposed time-marching method for solving 

numerically the boundary value problem by Eq. (25)-(26), we 

consider various convection and reaction exponent scenarios. 

Fig. 3 presents transient solution for various times, along with 

the exact steady-state dead-core solution for 𝜑 = 2.2, 𝑃𝑒𝑚 =

1, and 𝑝 = 0. 

The numerical solution converges exponentially fast to the 

exact steady-state solution 

𝑐(𝑧) =
𝜑2

𝑃𝑒𝑚2
𝑒𝑃𝑒𝑚𝑧 −

𝜑2

𝑃𝑒𝑚
𝑧 + 1 −

𝜑2

𝑃𝑒𝑚2
 (42) 

for 𝜑 < 𝜑0,𝑃𝑒𝑚
∗ =

𝑃𝑒𝑚

√𝑃𝑒𝑚+𝑒
−𝑃𝑒𝑚−1

 as the time increases. This 

convergence is motivated by Eq. (27) since 𝑐𝑗
𝑛 ≈ 𝑐̃(𝑧𝑗 , 𝑡

𝑛). 

Fig. 4 presents a comparison between the approximate and 

exact solutions for the scenarios with vanishing convection 

(𝑃𝑒𝑚 = 0). First, the parameters were set to 𝜑 = 2.2 and 𝑝 =
0.01 . Then, the computation was repeated for 𝜑 = 10  and 

𝑝 = 0.5 . The numerical solutions obtained using the spatial 

mesh with 𝑁 = 20  nodes demonstrate high accuracy when 

compared to the exact solutions. The exact steady-state 

solution with dead zone is given by Eq. (12). 

Table 2(a) presents the orders of convergence for the 

spatial errors in the case with non-vanishing convection and 

non-zero reaction exponent (φ = 10, p = 1 and Pem = 1). 
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Fig. 8: Effect of 𝜅 on optimal mass Peclet number 𝑃𝑒𝑜𝑝𝑡 for (a) varying 𝑝 at 𝜑 = 7, (b) varying 𝜑 at 𝑝 = 0.1. 

 
Fig. 9: Variation of the optimal mass Peclet number 𝑃𝑒𝑜𝑝𝑡 with respect to (a) the reaction exponent 𝑝, and (b) Thiele modulus 𝜑 

for fixed value of 𝜅 = 0.5. 

 

Table 2(b) shows the orders of convergence for the spatial 

errors for the scenario with vanishing convection and non-

zero reaction exponent (φ = 10, p = 0.5 and Pem = 0). 

Table 2(c) provides the orders of convergence for the 

spatial errors in the case with non-vanishing convection 

and zero reaction exponent (φ = 10, p = 0 and Pem = 1). 

The numerical results in Table 2 demonstrate that the 

proposed time-marching scheme is second-order in space 

for both dead-core and non-dead-core solutions, as well as 

for cases with vanishing and non-vanishing convection. In 

all numerical tests, the temporal step was selected to be 

sufficiently small to minimize temporal discretization 

errors and ensure that the overall numerical error is 

dominated by spatial discretization errors. 

In Fig. 5, the exact and numerical solutions to the dead-

core problem are illustrated, as defined by Eq. (2)-(3) for 

non-vanishing convection (Pem = 1, 2) and zero reaction 

exponent. The numerical approximations align closely 

with the exact dead-core solutions provided by Eq. (24). 

These numerical tests demonstrate that the modified 

Crank-Nicolson scheme effectively handles problems 

involving non-vanishing convection and solutions with 

large dead zones. 

 

6.2 Numerical validation of bisection algorithm for 

computing optimal Pem 

Table 3 presents the orders of convergence for the absolute 

errors between the exact optimal Pem listed in Table 4 and 

the optimal mass Peclet number 𝑃𝑒opt
(𝑖)

 computed using the 

bisection method designed in Section 5.2 for 𝜅 = 0. The 

absolute error on the spatial mesh with ℎ𝑖 = 2
1−𝑖10−1 was 

calculated as 𝑒𝑖 = |𝑃𝑒𝑚 − 𝑃𝑒opt
(𝑖)
|. The numerical tests were 

conducted for the case of zero reaction exponent (𝑝 = 0), 

various Thiele moduli (𝜑 = 3; 5; 10), and 𝜅 = 0. We notice  
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Fig. 10: Effect of dead-zone length 𝑧𝑑𝑧 on 𝑃𝑒𝑜𝑝𝑡 for various reaction exponent 𝑝 at (a) 𝜅 = 0, (b) 𝜅 = 0.2, (c) 𝜅 = 0.4, and (d) 𝜅 =

0.7. 

 

that the convergence of 𝑃𝑒opt
(𝑖)

  towards 𝑃𝑒𝑚  is of first 

order with respect to the spatial mesh size. 

It is a well known fact that the speed of convergence of the 

bisection iteration is linear, and it holds the following a priori 

error estimate  

|𝑃𝑒opt
(𝑘)
− 𝑃𝑒𝑚| ≤

1

2𝑘
|𝑃𝑒𝑚

𝑈 − 𝑃𝑒𝑚
𝐿 | , 

where 𝑃𝑒opt
(𝑘)

  denotes the approximation in the 𝑘 -th iteration 

step, 𝑃𝑒𝑚
𝑈  and 𝑃𝑒𝑚

𝐿  are the start values by Eq. (41). Therefore, 

the approximation error in the 𝑘-th bisection step is given by 

|𝑃𝑒opt
(𝑘)
− 𝑃𝑒𝑚| ≤

1

2𝑘
{2𝑊(−

1

2

𝜑2

1 − 𝜅
𝑒−

1
2
𝜑2

1−𝜅) +
𝜑2

1 − 𝜅
} . 

In Table 5, the approximate optimal mass Peclet 

numbers Peopt are listed for various values of κ and 

reaction exponent p. The approximations were obtained 

on the fine spatial mesh with h = 10−2, and using φ = 5. 

 

6.3 Simulation results 

6.3.1 Effect of Thiele modulus and Peclet number on 

concentration distribution 

Fig. 6 (a) and (b) shows the dead-core and non-dead core 

solution profiles for the problem by Eq. (2)-(3) for 

various values of the Thiele modulus φ, and at the 

fixed Peclet number Pem = 1, and reaction exponents 

(a) p = 0.1 and (b) p = 0.5. 

The concentration profiles exhibit a monotonic decrease 

with increasing Thiele modulus, which eventually leads to 

the formation of dead zones when the Thiele modulus 

exceeds its critical value. The opposite trend is observed 

in Fig. 7 (a) and (b), which show the solution profiles with 

and without dead zones across 

various mass Peclet numbers, with the Thiele modulus 

fixed at φ = 3.5. The profiles correspond to reaction 

exponents of (a) p = 0.1 and (b) p = 0.5. 
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Fig. 11: Convergence of bisection iteration for 𝜑 = 5 and 𝜅 = 0 at (a) 𝑝 = 0.1, (b) 𝑝 = 0.5. 

 

As the Peclet number increases, the concentration 

profiles exhibit a monotonic increase, leading to the 

suppression of dead zones when the Peclet number 

exceeds the critical value defined by Eq. (17). The 

time-marching scheme proves to be well-suited for 

handling cases with large dead-zones. 

 

6.3.2 Effect of κ on optimal Peclet number Peopt 

Fig. 8(a) illustrates the impact of dimensionless 

concentration at the membrane outlet, κ, on the optimal 

mass Peclet number, Peopt, for various values of the 

reaction exponent, p. As κ increases, Peopt also increases 

for all values of p, indicating that higher outlet 

concentrations require greater convective transport 

relative to diffusion to maintain optimal reaction efficiency. 

Notably, when p = 0.2, the required Peopt is higher 

compared to cases with fractional exponents, p = 0.5 and 

p = 0.7. This indicates that the case with reaction exponent, 

p = 0.2, requires more convective transport to achieve the 

same outlet concentration, likely due to its lower inherent 

reaction rate. In contrast, reactions with higher reaction 

exponents i.e., p = 0.5 and p = 0.7 exhibit enhanced rates, 

reducing the need for convective transport and allowing 

lower mass Peclet numbers to reach similar outlet 

concentrations. This analysis highlights the importance of 

selecting appropriate mass Peclet numbers based on the 

reaction exponent and desired outlet concentration. In Fig. 

8(b), the effect of κ on Peopt is shown for different values 

of Thiele modulus, φ. As φ increases, the required Peopt 

for a given κ also increases, indicating that convection-

diffusion-reaction processes with a higher Thiele modulus 

require more convective transport to counter diffusion 

limitations and prevent dead core formation. 

At higher φ values, there is an increased tendency for 

dead core regions to form, where the chemical reaction 

effectively ceases due to reactant depletion. To avoid this 

dead core, higher Peopt values are necessary, reflecting the 

increased mass transfer demands at high reaction rates. 

In contrast, lower φ values, such as φ = 2.5, exhibit only 

a slight increase in Peopt at higher κ values, indicating 

reduced dependency on convective transport at lower 

reaction rates. 

 

6.3.3 Effect of p and φ on optimal Peclet number Peopt 

Fig. 9(a) illustrates the effect of the reaction exponent p 

(where |p| < 1) on the optimal mass Peclet number, Peopt, 

for various values of the Thiele modulus, φ. As p increases, 

Peopt decreases, indicating that higher reaction exponents 

reduce the requirement for convective mass transport to 

achieve optimal reaction efficiency. This trend is 

especially pronounced at higher values of φ, with φ = 10 

showing a substantial decrease in Peopt as p increases, 

suggesting greater adaptability to changes in reaction 

kinetics. At lower values of φ, such as φ = 2.5, the 

trend is nearly flat, indicating that Peopt remains 

relatively constant as p changes. For φ = 5, a slight 

decrease in Peopt is observed with increasing p, though this 

change is less pronounced than for φ = 10. These results 

suggest that higher values of φ lead to a greater 

sensitivity of Peopt to changes in p, thereby allowing a 

broader range of reaction kinetics to be accommodated 

effectively. Additionally, at higher φ values, there is a 

tendency for dead zones to form, which necessitates an 

increase in Peopt to sustain effective reaction performance 

and avoid dead zones within the membrane. This 

investigation underscores the significance of precisely 

balancing Peopt and φ in reactor design to attain optimal 

performance and mitigate the dead core formation, 
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Fig. 12: Convergence of bisection iteration with 𝜑 = 5 and 𝑝 = 0.1 at (a) 𝜅 = 0.2 and (b) 𝜅 = 0.4. 

particularly under conditions of varying reaction rates. 

The impact of the Thiele modulus φ on the optimal 

mass Peclet number Peopt for varying reaction exponents 

p is shown in Fig 9(b).  As φ increases, Peopt also 

increases, indicating that higher values of φ correspond 

to larger Peopt values.  This trend is more pronounced 

for smaller reaction exponents, as indicated by the steeper 

curve for p = 0.2 in contrast to p = 0.3 and p = 0.7. The 

findings indicate that when p values increase, Peopt 

exhibits less sensitivity to variations in φ. This behavior 

aligns with the observations in Fig. 9(a), where higher p 

values similarly reduced the need for adjustments in 

convective transport. 

 

6.3.4 Effect of dead-zone length zdz on optimal Peclet 

number Peopt 

Fig 10 (a), (b), (c), and (d) illustrate the effect of dead-zone 

length zdz on the optimal mass Peclet number Peopt for 

various reaction exponents p and different values of 

dimensionless concentration κ, set at 0, 0.2, 0.4, and 0.7, 

respectively. In each of these figures, it is evident that as 

dead-zone length zdz increases, Peopt decreases, with a 

more pronounced effect at shorter dead-zone lengths. The 

influence of the reaction exponent p suggests that higher p 

values lead to greater initial Peopt values, followed by a 

pronounced decline as zdz increases. This trend indicates 

that higher reaction rates (larger p) require enhanced 

convective mass transport when the dead-zone length is 

small; however, this requirement diminishes as the dead-

zone length grows. As shown in the figures, increasing 

dimensionless concentration κ has a clear impact. 

As κ increases from 0 in Fig. 10(a) to 0.2 in Fig. 

10(b), 0.4 in Fig. 10(c) and 0.7 in Fig. 10(d), the initial 

values of Peopt exhibit a substantial increase, particularly 

for elevated p values. This pattern suggests that higher κ 

requires a greater mass Peclet number to maintain optimal 

performance. 

 

6.3.5 Convergence of bisection iteration for finding 

Peopt 

Fig. 11 and 12 illustrate the convergence behavior of the 

bisection algorithm for various parameter settings. In all 

scenarios, the algorithm efficiently converges to the 

desired concentration profile, achieving the target outlet 

concentration κ within approximately 10 iterations. 

The effect of reaction exponent on the convergence of 

the bisection algorithm is demonstrated for κ = 0.4 and φ 

= 5 in Fig. 13. In all cases, the bisection algorithm exhibits 

rapid convergence, achieving the prescribed outlet 

concentration κ within approximately 10 iteration steps. 

Table 6: Values of dimensionless prescribed concentration at membrane outlet 𝜅 and corresponding approximations 𝑐1 ≈ 𝑐(1), 

errors, and approximate optimal mass Peclet numbers 𝑃𝑒opt, with parameters set as 𝜑 = 3.5, 𝑝 = 0.5, and mesh size ℎ = 10−2. 

𝜅 c1 error 𝑃𝑒opt 

0 2.70341e-5 2.70341e-5 0.76393 

0.2 0.20005 4.52749e-5 8.96043 

0.4 0.39996 4.25703e-5 14.90322 

0.6 0.60004 4.01527e-5 25.55572 

0.8 0.80009 9.31632e-5 56.28540 
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Fig. 13: Convergence of bisection iteration with 𝜑 = 5 and 𝜅 = 0.4, at (a) 𝑝 = 0, (b) 𝑝 = 0.01, (c) 𝑝 = 0.1, and (d) 𝑝 = 0.5. 

Table 6 summarizes the values of dimensionless 

prescribed concentrations at membrane outlet κ, the  

corresponding approximations c1 ≈ c(1), associated error, 

and the approximate optimal mass Peclet number Peopt 

under the conditions φ = 3.5, p = 0.5, and mesh size h = 

10−2. The values presented in the table underscore the 

accuracy of the approximation c1 at the membrane outlet, 

along with its correlation to the optimal Peclet number, 

thereby offering validation of the model’s predictions. 

 

7. Conclusion 

We proposed a simple yet efficient algorithm to suppress 

dead-zone formation in catalytic reactor mem- branes with 

a single reaction. The model describing the reactant 

concentration inside the catalytic membrane is governed 

by a nonlinear convection-diffusion-reaction equation 

with reaction term of power-law type. 

The reaction kinetics with fractional reaction exponent 

can result in the formation of dead zones, regions within 

the catalytic membrane where the reaction ceases due to 

insufficient reactant supply through diffusion, leading to 

inefficient use of expensive catalyst. We developed an 

appropriate time-marching scheme since the class of dead-

core problems requires special iterative approaches due to 

the non-differentiability of the reaction term at the 

vanishing concentration. We rigorously proved the 

existence and uniqueness of solutions to the two-point 

boundary value problems for nonlinear convection-

diffusion-reaction equations and motivated the 

convergence of the time-marching scheme. We derived 

analytically the critical Thiele modulus for problems with 

non-vanishing convection and zero reaction exponent. 

We showed that the formation of dead zone within the 

catalytic membrane can be suppressed by introducing 

additional convection characterized by the Peclet number. 

The proposed bisection algorithm for suppressing dead-
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zone formation can be used to compute the optimal Peclet 

number required to achieve a desired outlet concentration. 

The presented theoretical findings are corroborated by 

numerical simulations conducted for scenarios with 

various model and process parameters. This work has 

significant implications for reactor design, offering 

potential improvements in efficiency and cost-

effectiveness. Future research will extend the proposed 

bisection algorithm to non-isothermal catalytic membrane 

reactors to address dead-zone formation in more complex 

scenarios. 
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