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Abstract 
 

During the working process of the folding wing, there is not only a large-range rigid body motion but also a deformation 
motion of the flexible components. The problem of the rigid-flexible coupling of the structure is extremely complex. Aiming 
at this problem, this study proposes a nonlinear dynamic model of the rigid-flexible coupling structure of the folding wing, 
revealing the coupling effect between the large-range rotational motion and the flexible deformation. The research results 
show that the dynamic behavior of the system exhibits significant nonlinear characteristics. In the examples of the structural 
inherent properties and the transverse excitation response, the rigid-flexible coupling nonlinear numerical model has higher 
solution accuracy compared with the linear numerical model. Furthermore, the influence of the change of the folding angle 
on the inherent properties and dynamic response of the structure has been explored. Finally, an experimental model of the 
folding wing is designed and manufactured based on the similarity principle, which further verifies the accuracy of the rigid-
flexible coupling dynamic model in solving the dynamic characteristics of the structure. The establishment of the rigid-flexible 
coupling model of the folding wing provides a theoretical basis for the dynamic characteristic of the folding wing structure. 
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1. Introduction 

Variable geometry aircraft can significantly improve their 

comprehensive performance by changing their external 

geometric shapes, adjusting factors such as the aspect ratio and 

the lift-drag ratio according to local conditions. This enables 

the aircraft to reach an optimal compromise state in various 

environments.[1-3] The development of compliant variable 

geometry aircraft has brought many remarkable advantages, 

such as improving flight efficiency, increasing payload, 

reducing noise, saving fuel, enhancing flight flexibility, and 

improving the entire flight envelope.[4,5] The deformation of 

variable geometry aircraft is mainly reflected in the change of 

the geometric shape of the wings. The folding wing 

technology is an efficient deformation technology, and the 

flexible variable geometry folding wing technology is widely 

applied in variable geometry aircraft. 

In recent years, great progress has been made in the 

structural design of folding wings. In terms of the mechanical 

structure, it has evolved from the initial single degree of 

freedom rotation connected by a rigid hinge to multi-degree of 

freedom compliant rotation in various flexible ways.[6,7] The 

folding wing structure has gradually formed a rigid-flexible 

coupling structure integrating intelligent materials, flexible 

honeycomb structures, compliant corrugated plate structures, 

etc.[8,9] Lv designed a dual-joint folding wing deployment 

mechanism and studied the rigid-flexible coupling dynamics 

modeling and related technologies of the folding wing based 

on this structure.[10] Chang proposed an aerodynamic 

optimization design method for double folding wings 

considering the geometric constraints of the second 

deployment mechanism under the condition of considering 

multiple geometric constraints.[11] Zhao designed and 

developed a structural model that realizes the rapid 

deployment of the longitudinally folding wing through the 

composite drive of burnt gunpowder and a compression 

spring.[12]  

The theories of the structural dynamics characteristics and 

aeroelastic dynamics characteristics of folding wings have 

been deeply studied. Li and Chen studied the nonlinear 
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aeroelastic characteristics of variable geometry wings when 

the wing Folding angle is between 0° and 30°.[13] Huang 

explored the dynamic aerodynamic characteristics of Z-

shaped folding wings at different folding speeds.[14] Hu used 

the flexible multi-body dynamics method to model the folding 

process of the variable geometry wing structure and calculate 

the aerodynamic force of the wing.[15] Fu focused on studying 

the vibration suppression and attitude control problems of 

flapping wing unmanned aerial vehicles with rigid-flexible 

coupling wings.[16] Huang and Zhou proposed a new 

parametric modeling method for efficient modal and nonlinear 

aeroelastic analysis of folding wings with bilinear hinge 

stiffness and changing Folding angles.[17] Yang proposed an 

analysis method of the substructure modal synthesis method 

with optimized boundary conditions, which can analyze the 

dynamic characteristics of the structure more quickly.[18] 

Most of the above-mentioned studies focus on the 

aerodynamic characteristics of folding wings and the analysis 

under the static wing configuration, and some studies have 

investigated the flexible deformation and geometric nonlinear 

dynamics characteristics of the wings in real situations.[19] 

Huang proposed an equivalent modeling method for a two-

dimensional flexible wing with an out of dihedral angle 

deformation based on a non-uniform beam model.[20] Xu 

derived the dynamic equations of geometrically nonlinear 

beam structures based on Hamilton's principle considering the 

flexible characteristics of the wings.[21] Guo studied the 

structural nonlinear dynamics characteristics of folding wings 

in subsonic fluids based on the thin wing theory under the 

condition of an ideal incompressible fluid.[22] Marcstated  

established an aeroelastic model of the variable geometry 

wing structure using the unsteady vortex lattice method and 

proposed a method to calculate its nonlinear aeroelastic 

characteristics during flight.[23] Tian proposed a novel 

approximate global mode method (AGMM) for dealing with 

complex boundary conditions and models a folding wing 

consisting of separate rectangular plates for nonlinear flutter 

analysis.[24] Qi used a quasi-steady-state computational 

algorithm to obtain the steady-state aerodynamic 

characteristics of a Z-folded wing at various angles of attack 

and flow velocities, and developed a dynamic mesh method 

capable of instantaneous reconstruction.[25] Yan and Pu all 

designed the folding wing structure from the bionic design 

point of view and analysed its dynamic characteristics.[26,27] 

As indicated by the preceding discussion, past theoretical 

studies have greatly contributed to our understanding of the 

aerodynamic and vibrational characteristics of folding wings. 

However, most research on variant wings is mainly based on 

the idea of fixed wings, which breaks down the variant process 

into centralized fixed state modeling and analysis, lacking a 

structural dynamics modeling method applicable to variant 

structures; In addition, during the operation of folding wings, 

there is a large range of rigid body motion and deformation 

motion of flexible components. There is relatively little 

research on the vibration characteristics of the rigid flexible 

coupling structure of folding wings, and there is also a lack of 

research dedicated to its verification and analysis. Aiming at 

these problems, the current study conducts research on the 

nonlinear dynamics characteristics of the rigid-flexible 

coupling structure of folding wings. It simplifies the structure 

into a thin plate system composed of a rigid inner wing and a 

flexible outer wing. By establishing an inertial and a floating 

coordinate system, based on the hybrid coordinate method, 

Kirchhoff's thin plate theory, the assumed mode method, and 

Lagrange's equations, the rigid-flexible coupling nonlinear 

dynamics equations are constructed to reveal the strong 

coupling effect between large-range rotation and flexible 

deformation. By changing parameters such as the driving 

torque and transverse excitation, the influence of the rigid-

flexible coupling phenomenon on the structural dynamics 

characteristics is explored, as well as the influence of the rigid-

flexible coupling nonlinear coefficient on the natural 

frequency of the structure. Finally, an experimental model of 

the folding wing is designed and manufactured based on the 

similarity principle, and the experimental results are used to 

verify the reliability of the theoretical research. 

 

2. Modeling of the dynamic model of the rigid-flexible 

coupling structure 

2.1 Theoretical model of the folding wing 

Based on the structure of the folding wing, the wing is 

simplified into a two-plate rigid-flexible coupling system 

composed of a rigid thin plate and a flexible thin plate. The 

inner wing structure is simplified as a rigid structural plate, 

with a length of 𝑎1, a width of 𝑏1. One end of the rigid plate 

rotates at a low speed around the Y-axis, with a torque of 𝜏1, 

and a rotation angle of 𝜃1 . The outer wing structure is 

simplified as a flexible plate structure, with a length of 𝑎2, a 

width of 𝑏2 , a thickness of ℎ2 , and a density of 𝜌2 . The 

structure is hinged to the inner wing, with a torque of 𝜏2 and a 

rotation angle of 𝜃2 . According to the hybrid coordinate 

method, a floating coordinate system is established for the 

two-plate rigid-flexible coupling system. An inertial 

coordinate system 𝑂𝑋𝑌𝑍  is established for the rigid plate 

structure, and a floating coordinate system 𝑜𝑥𝑦𝑧 is established 

for the flexible plate structure. The motion of any point 𝑃 on 

the flexible body can be decomposed into the superposition of 

the large-range motion related to the floating coordinate sys- 
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Fig. 1: Schematic diagram of the rigid-flexible coupling folding wing structure. 

 

tem and the flexible deformation motion relative to the 

floating coordinate system. The schematic diagram of the 

folding wing structure is shown in Fig. 1. 

The kinetic energy of the rigid plate structure is solved 

based on the inertial coordinate system 𝑂𝑋𝑌𝑍, as shown in 

Eqs. (1)-(4): 

𝑇1 =
1

2
𝐼1𝜃̇1

2 +
1

2
𝑀1 (

𝑎1

2
𝜃1̇)

2

=
7

24
𝑎1

 3𝑏1ℎ1𝜌1𝜃̇1
2         (1) 

𝑀1 = ∭ 𝜌1
 

𝑉1
𝑑𝑉1                              (2) 

𝐼1 =
1

3
𝑀1𝑎1

2                                   (3) 

𝑈1 =
1

2
𝑀1𝑔𝑎1𝑠𝑖𝑛𝜃1 =

1

2
𝑎1

 2𝑏1ℎ1𝜌1𝑔𝑠𝑖𝑛𝜃1          (4) 

where 𝑇1 represents the kinetic energy of the rigid plate, 𝑈1 

represents the potential energy of the rigid plate, 𝑏 represents 

the length of the rigid plate, 𝑎 represents the width of the rigid 

plate, ℎ1  represents the thickness of the rigid plate, 𝜌1 

represents the density of the rigid plate, 𝐼1  represents the 

moment of inertia of the rigid plate, and 𝑀1  represents the 

mass of the rigid plate. 

 

2.2 Structural dynamics modelling 

The motion of any arbitrary point P on the flexible body can 

be decomposed into the deformation of the floating 

coordinate system. The displacements along the 𝑥, 𝑦, and 𝑧 

directions are 𝑢1(𝑥, 𝑦, 𝑧, 𝑡)，𝑢2(𝑥, 𝑦, 𝑧, 𝑡) and 𝑢3(𝑥, 𝑦, 𝑧, 𝑡) 

in Eqs. (5)-(10): 

𝑢1(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤1(𝑥, 𝑦, 𝑡) − 𝑤𝑐1(𝑥, 𝑦, 𝑡) = 𝑤1 −
1

2
∫ (

𝜕𝑢3

𝜕𝑥
)

2

𝑑𝑥
𝑥

0
  

(5) 

𝑢2(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤2(𝑥, 𝑦, 𝑡) − 𝑤𝑐2(𝑥, 𝑦, 𝑡) = 𝑤2 −
1

2
∫ (

𝜕𝑢3

𝜕𝑦
)

2

𝑑𝑦
𝑦

0
 

(6) 

𝑢3(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤3(𝑥, 𝑦, 𝑡) + 𝑤𝑐3(𝑥, 𝑦, 𝑡) = 𝑤3 +

∫
𝜕𝑢1

𝜕𝑥

𝑥

0

𝜕𝑢3

𝜕𝑥
𝑑𝑥 + ∫

𝜕𝑢2

𝜕𝑦

𝑦

0

𝜕𝑢3

𝜕𝑦
𝑑𝑦                                                         (7) 

()𝑤𝑐1(𝑥, 𝑦, 𝑡) =
1

2
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𝜕𝑢3

𝜕𝑥
)

2

𝑑𝑥
𝑥

0
                                      (8) 

𝑤𝑐2(𝑥, 𝑦, 𝑡) =
1

2
∫ (

𝜕𝑢3

𝜕𝑦
)

2
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0
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𝑤𝑐3(𝑥, 𝑦, 𝑡) = 𝑢3 + ∫
𝜕𝑢1

𝜕𝑥

𝑥

0
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𝜕𝑥
𝑑𝑥 + ∫

𝜕𝑢2

𝜕𝑦

𝑦

0

𝜕𝑢3
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where 𝑢1(𝑥, 𝑦, 𝑧, 𝑡)，𝑢2(𝑥, 𝑦, 𝑧, 𝑡)，and 𝑢3(𝑥, 𝑦, 𝑧, 𝑡) are the 

displacements of any point on the plate in the 𝑥, 𝑦,  and 𝑧 

directions in the Cartesian coordinate system. 𝑤1(𝑥, 𝑦, 𝑡) and 

𝑤2(𝑥, 𝑦, 𝑡) are the deformation elongation amounts of point 

𝑃0 along the z-direction in the x and y directions. 𝑤𝑐1(𝑥, 𝑦, 𝑡)、
𝑤𝑐2(𝑥, 𝑦, 𝑡)  and 𝑤𝑐3(𝑥, 𝑦, 𝑡)  are the coupling nonlinear 

deformation amounts. The coupling nonlinear deformation 

amounts 𝑤𝑐1(𝑥, 𝑦, 𝑡)  and 𝑤𝑐2(𝑥, 𝑦, 𝑡)  are caused by the 

compression deformation of the thin plate in the x and y 

directions due to the deformation in the z-direction; the 

coupling nonlinear deformation amount 𝑤𝑐3 is caused by the 

stretching deformation of the thin plate in the z-direction due 

to the deformation in the x and y directions. The deformation 

amount in the z direction is much larger than that in the x and 

y directions, therefor, 𝑤𝑐3(𝑥, 𝑦, 𝑡) ≈ 0 .When the coupling 

nonlinear deformation amount is taken into account, the 

correction model is a rigid-flexible coupling model. Otherwise, 

it is a linear model.  

The deformation displacement 𝑢𝑖0(𝑢10，𝑢20，𝑢30)  of 

any point 𝑃∗  on the non-neutral surface of the thin plate 

relative to the floating base can be related to the deformation 
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displacement of the corresponding point on the neutral surface, 

as presented in Eqs. (11)-(13): 

𝑢10(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢1 − 𝑧
𝜕𝑢3

𝜕𝑥
=𝑤1 −

1

2
∫ (

𝜕𝑢3

𝜕𝑥
)

2

𝑑𝑥
𝑥

0
− 𝑧

𝜕𝑢3

𝜕𝑥
   (11) 

𝑢20(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢2 − 𝑧
𝜕𝑢3

𝜕𝑦
= 𝑤1 −

1

2
∫ (

𝜕𝑢3

𝜕𝑦
)

2

𝑑𝑦
𝑦

0
− 𝑧

𝜕𝑢3

𝜕𝑦
   (12) 

𝑢30(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢3 = 𝑤3               (13) 

Since the theoretical model of the folded wing belongs to 

a thin plate structure and the planar radial dimensions of the 

structure are much larger than the thickness dimensions, the 

Kirchhoff theory, which responds to the mechanical properties 

of the thin plate, can be used, and Li et al.[28] also used this 

theory in analysing the dynamic properties of the plate 

structure. The modelling is based on the Kirchhoff theory, it is 

assumed that the normal line perpendicular to the mid-surface 

before the structural deformation remains perpendicular to the 

current mid-surface during the deformation process. Therefore, 

the shear strains 𝛾𝑧𝑦 and 𝛾𝑧𝑥 generated in the z-direction of the 

structure can be ignored. In addition, as it is a thin-plate 

structure, the thickness of the plate is much smaller than its 

length and width, so the strain  𝜀𝑧𝑧 in the z-direction can be 

ignored. The relationship between the geometric nonlinear 

displacement and strain at any point of the flexible plate 

structure is as shown in the following Eqs. (14)-(16): 

𝜀𝑥𝑥 =
𝜕𝑢10

𝜕𝑥
+

1

2
(

𝜕𝑢30
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𝜕𝑦
+

1

2
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𝜕𝑢30

𝜕𝑦
)

2

=
𝜕𝑤2

𝜕𝑦
− 𝑧

𝜕2𝑤3

𝜕2𝑦
             (15) 

𝛾𝑥𝑦 =
𝜕𝑢20

𝜕𝑥
+

𝜕𝑢10

𝜕𝑦
+

𝜕𝑢30

𝜕𝑥

𝜕𝑢30

𝜕𝑦
=

𝜕𝑤2

𝜕𝑥
+

𝜕𝑤1

𝜕𝑦
− 2𝑧

𝜕𝑤3

𝜕𝑥

𝜕𝑤3

𝜕𝑦
   (16) 

According to the physical equations of elastic mechanics, 

the relationship between the stress and strain of the plate is as 

follows using Eqs. (17)-(20). 

𝜎𝑥𝑥
 = −

𝐸

1−𝜇2 (𝜀𝑥𝑥 + 𝜇𝜀𝑦𝑦) = −
𝐸

1−𝜇2 (
𝜕𝑤1

𝜕𝑥
− 𝑧

𝜕2𝑤3

𝜕2𝑥
+ 𝜇

𝜕𝑤2

𝜕𝑦
−

𝑧𝜇
𝜕2𝑤3

𝜕2𝑦
 )                                                                                  (17) 

𝜎𝑦𝑦
 == −

𝐸

1−𝜇2 (𝜀𝑦𝑦 + 𝜇𝜀𝑥𝑥) = −
𝐸

1−𝜇2 (
𝜕𝑤2

𝜕𝑦
− 𝑧

𝜕2𝑤3

𝜕2𝑦
+ 𝜇

𝜕𝑤1

𝜕𝑥
−

𝑧𝜇
𝜕2𝑤3

𝜕2𝑥
)                                                                                  (18) 

𝜏𝑥𝑦
 = 𝐺 ∗ (

𝜕𝑤2

𝜕𝑥
+

𝜕𝑤1

𝜕𝑦
− 2𝑧

𝜕𝑢30

𝜕𝑥

𝜕𝑢30

𝜕𝑦
)                       (19) 

𝐺 =
𝐸

2(1+𝜇)
                                       (20) 

where 𝜎𝑥𝑥
  is the normal stress in the x-direction, σyy

  is the 

normal stress in the y-direction, τxy
  is the shear stress, E is 

the elastic modulus of the flexible plate, μ is Poisson's ratio, 

and G is the shear modulus. 

The deformation displacements 𝑤1(𝑥, 𝑦, 𝑡) , 𝑤2(𝑥, 𝑦, 𝑡) 

and 𝑤3(𝑥, 𝑦, 𝑡) of the flexible plate structure in the 𝑥, 𝑦, and 𝑧 

directions are discretized by the assumed-mode method. The 

discretization of displacement deformation is as shown in Eqs. 

(21)-(23). 

𝑤1(𝑥, 𝑦, 𝑡) = ∅1(𝑥, 𝑦)𝑞1(𝑡)                           (21) 

𝑤2(𝑥, 𝑦, 𝑡) = ∅2(𝑥, 𝑦)𝑞2(𝑡)                        (22) 

𝑤3(𝑥, 𝑦, 𝑡) = ∅3(𝑥, 𝑦)𝑞3(𝑡)                           (23) 

where ∅1(𝑥, 𝑦) ∈ 𝑅1×𝑁 , ∅2(𝑥, 𝑦) ∈ 𝑅1×𝑁  and ∅3(𝑥, 𝑦) ∈

𝑅1×𝑁 are the mode shape functions of the 1 × 𝑁 dimensional 

flexible plate structure. 𝑞1(𝑡) 、 𝑞2(𝑡)  and 𝑞3(𝑡)  are the 

vibration mode coordinates of the 1 × 𝑁 dimensional flexible 

thin-plate structure. The vibration modes and mode 

coordinates of the flexible body structure correspond to each 

other in dimension, and 𝑁 is the truncation order of the mode 

functions. For the convenience of expression, the independent 

variables 𝑥, 𝑦, and 𝑡  in the equation are omitted in the 

following text. 

Substitute Eqs. (11)-(13) into Eqs. (5)-(7), and we get: 

𝑢1 = 𝑤1 − 𝑤𝑐1 = ∅1𝑞1 −
1

2
𝐻1(𝑥, 𝑦)𝑞3

2                (24) 

𝑢2 = 𝑤2 − 𝑤𝑐2 = ∅2𝑞2 −
1

2
𝐻2(𝑥, 𝑦)𝑞3

2                   (25) 

𝑢3 = 𝑤3 = ∅3𝑞3                        (26) 

𝐻1(𝑥, 𝑦) = ∫  
𝑥

0
𝜙3,𝑥

𝑇 𝜙3,𝑥𝑑𝑥；𝐻2(𝑥, 𝑦) = ∫  
𝑦

0
𝜙3,𝑦

𝑇 𝜙3,𝑦𝑑𝑦 (27)  

where 𝐻1(𝑥, 𝑦) and 𝐻2(𝑥, 𝑦) are the mode shape functions of 

the coupling nonlinear deformation. The subscript ‘,’ indicates 

the partial derivative with respect to the coordinate. For 

example, 𝜙3,𝑥 is the partial derivative of  ∅3 with respect to 𝑥. 

The coordinate expression of an arbitrary point P on the 

flexible plate in the global coordinate system is as follows. 

𝑟𝑝 = 𝑇𝑟𝑎𝑛𝑠 + 𝑅𝑜𝑡 · [𝑢1  𝑢2  𝑢3]
𝑇                    (28) 

𝑇𝑟𝑎𝑛𝑠 = [𝑎1𝑐𝑜𝑠𝜃1  0  𝑎1𝑠𝑖𝑛𝜃1]
𝑇                       (29) 

𝑅𝑜𝑡(𝑦, 𝜃𝑦2
) = [

cos 𝜃2 0 − sin 𝜃2

0 1 0
sin 𝜃2 0 cos 𝜃2

]               (30) 

where 𝑟𝑝 is the coordinate of an arbitrary point P in the global 

coordinate system, Trans  is the translation matrix, 
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and 𝑅𝑜𝑡(𝑦, 𝜃2) is the transformation matrix for rotation about 

the y-axis by 𝜃2. 

Substitute Eqs. (24)-(30) into Eq. (28), we get Eq. (31): 

𝑟𝑝 =

[

𝑎1𝑐𝑜𝑠𝜃1 + 𝑐𝑜𝑠 𝜃2(𝑥 + ∅1𝑞1 
+ 𝐻1𝑞3

2) − 𝑠𝑖𝑛 𝜃2∅3𝑞3

𝑦 + ∅2𝑞2+𝐻2𝑞3
2

𝑎1𝑠𝑖𝑛𝜃1 + 𝑠𝑖𝑛 𝜃2 (𝑥 + ∅1𝑞1 
+ 𝐻1𝑞3

2) + 𝑐𝑜𝑠 𝜃2 ∅3𝑞3

]      (31) 

By taking the derivative of the position coordinate 𝑟𝑝 of an 

arbitrary point 𝑃, the velocity of this point can be obtained, 

as Eq. (32) shows: 

𝑟𝑝̇ =

[
 
 
 
 
  

−𝑎1𝑠𝑖𝑛𝜃1𝜃1̇ − 𝑠𝑖𝑛𝜃2𝜃2̇(𝑥 + ∅1𝑞1 + 𝐻1𝑞3
2)

+𝑐𝑜𝑠𝜃2(∅1𝑞1̇ + 𝐻1𝑞3𝑞3̇) − 𝑐𝑜𝑠𝜃2𝜃2̇∅3𝑞3 − sin 𝜃2 ∅3𝑞3̇

∅2𝑞2̇ + 2𝐻2𝑞3𝑞3̇

𝑎1𝑐𝑜𝑠𝜃1𝜃1̇ + cos 𝜃2 𝜃2̇(𝑥 + ∅1𝑞1 
+ 𝐻1𝑞3

2)

+ sin 𝜃2 (∅1𝑞1̇ + 𝐻1𝑞3𝑞3̇) − sin 𝜃2 𝜃2̇∅3𝑞3 + 𝑐𝑜𝑠𝜃2∅3𝑞3̇]
 
 
 
 
 

  (32) 

The kinetic energy 𝑇2 of the flexible plate structure is 

solved as shown in the following Eq. (33): 

𝑇2 =
1

2
𝑀𝑖𝑣𝑖

2 =
1

2
∭ 𝜌2 𝑟𝑝

𝑇̇𝑟𝑝̇𝑑𝑉
 

𝑉2
=

1

2
∫ ∫ ∫ 𝜌2 𝑟𝑝

𝑇̇𝑟𝑝̇

ℎ2
2

−
ℎ2
2

𝑑𝑥𝑑𝑦𝑑𝑧
𝑏2

0

𝑎2

0
                                                (33)            

where 𝑇2 is the kinetic energy of the flexible plate, 𝑀𝑖 is the 

mass of the flexible plate, 𝜌2 is the density of the flexible 

plate, 𝑉2 is the volume of the flexible plate, and 𝑟𝑝̇ is the 

velocity of an arbitrary point 𝑃. 

Substitute Eq. (32) into Eq. (33), and we get Eq. (34): 

𝑇2 =
1

2
𝜌2ℎ2 ∬ 𝑎1

2𝜃̇1
2 + 𝜃̇2

2𝑥2 + 𝜃̇2
2∅1

𝑇∅1
 𝑞1

2 + 𝜃̇2
2𝐻1

2𝑞3
4 +

 

𝐴2

∅1
2𝑞̇1

2 + 𝐻1
2𝑞3

2𝑞̇3
2 + 𝜃̇2

2∅3
𝑇∅3

 𝑞3
2 + ∅3

𝑇∅3
 𝑞̇3

2 + 2𝑎1𝜃̇1𝜃̇2𝑥 cos(𝜃1 −

𝜃2) + 2𝑎1𝜃̇1𝜃̇2∅1𝑞1 cos(𝜃1 − 𝜃2) + 2𝑎1𝜃̇1𝜃̇2𝐻1𝑞3
2 cos(𝜃1 −

𝜃2) + 2𝑎1𝜃̇1∅1𝑞̇1 sin(𝜃2 − 𝜃1) + 2𝑎1𝜃̇1𝐻1𝑞3𝑞̇3 sin(𝜃2 − 𝜃1) +

2𝑎1𝜃̇1𝜃̇2∅3𝑞3 sin(𝜃1 − 𝜃2) + 2𝑎1𝜃̇1∅3𝑞̇3 cos(𝜃1 − 𝜃2) +

2𝜃̇2
2𝑥∅1𝑞1 + 2𝜃̇2

2𝑥𝐻1𝑞3
2 + 2𝜃̇2𝑥∅3𝑞̇3 + 2𝜃̇2

2∅1𝑞1𝐻1𝑞3
2 +

2𝜃̇2∅1𝑞1∅3𝑞̇3 + 2𝜃̇2𝐻1𝑞3
2∅3𝑞̇3 + 2∅1𝑞̇1𝐻1𝑞3𝑞̇3 −

2∅1𝑞̇1𝜃̇2∅3𝑞3 − 2𝐻1𝑞3
2𝑞̇3𝜃̇2∅3 + ∅2

𝑇∅2𝑞2̇
2 + 4𝐻2

2𝑞3
2𝑞3̇

2 +

4∅2𝑞2̇𝐻2𝑞3𝑞3̇𝑑𝐴2                                                                       (34) 

The calculation equation for the potential energy generated 

by the flexible plate is as follows in Eq. (35). 

𝑈2 =
1

2
∭  

𝑉2
(𝜎𝑥𝑥𝜀𝑥𝑥 + 𝜎𝑦𝑦𝜀𝑦𝑦 + 𝜏𝑥𝑦𝛾𝑥𝑦)d𝑉2                   (35) 

Discretizing the strain and stress of the flexible plate 

structure yields 

𝜎𝑥𝑥 = −
𝐸

1−𝜇2 (∅1,𝑥𝑞1 − 𝑧∅3,𝑥𝑥𝑞3 + 𝜇∅2,𝑦𝑞2 − 𝑧𝜇∅3,𝑦𝑦𝑞3 )； 

𝜀𝑥𝑥 = ∅1,𝑥𝑞1 − 𝑧∅3,𝑥𝑥𝑞3                                                              (36) 

𝜎𝑦𝑦 = −
𝐸

1−𝜇2 (∅2,𝑦𝑞2 − 𝑧∅3,𝑦𝑦𝑞3 + 𝜇∅1,𝑥 − 𝑧𝜇∅3,𝑥𝑥𝑞3 ) ；

𝜀𝑦𝑦 = ∅2,𝑦𝑞2 − 𝑧∅3,𝑦𝑦𝑞3                                                                  (37) 

𝜏𝑥𝑦 =
𝐸

2(1+𝜇)
(∅2,𝑥𝑞2 + ∅1,𝑦𝑞1 − 2𝑧∅3,𝑥∅3,𝑦𝑞3

2) ； 𝛾𝑥𝑦 =

∅2,𝑥𝑞2 + ∅1,𝑦𝑞1 − 2𝑧∅3,𝑥∅3,𝑦𝑞3
2                                               (38) 

 

Substitute Eqs. (36) - (38) into Eq. (35), and we get Eq. 

(39): 

𝑈2 =
ℎ2𝐸

2(𝜇2−1)
∬ (∅1,𝑥

𝑇 ∅1,𝑥
 𝑞1

2 + ∅2,𝑦
𝑇 ∅2,𝑦

 𝑞2
2 −

 

𝐴2

2ℎ∅1,𝑥𝑞1∅3,𝑥𝑥𝑞3 − 2ℎ∅2,𝑦𝑞2∅3,𝑦𝑦𝑞3 + ℎ2∅3,𝑥𝑥
𝑇 ∅3,𝑥𝑥

 𝑞3
2 +

ℎ2∅3,𝑦𝑦
𝑇 ∅3,𝑦𝑦

 𝑞3
2 + 2𝜇∅1,𝑥𝑞1∅2,𝑦𝑞2 − 2ℎ𝜇∅1,𝑥𝑞1∅3,𝑦𝑦𝑞3 −

2ℎ𝜇∅2,𝑦𝑞2∅3,𝑥𝑥𝑞3 + 2ℎ2𝜇∅3,𝑥𝑥𝑞3∅3,𝑦𝑦𝑞3) 𝑑𝐴2 +

ℎ2𝐸

4(1+𝜇)
∬ (∅2,𝑥

𝑇 ∅2,𝑥
 𝑞2

2 + ∅1,𝑦
𝑇 ∅1,𝑦

 𝑞1
2 + 4ℎ2∅3,𝑥

𝑇 ∅3,𝑥
 ∅3,𝑦

𝑇 ∅3,𝑦
 𝑞3

4 +
 

𝐴

2∅2,𝑥
𝑇∅1,𝑦𝑞2𝑞1 − 4ℎ∅1,𝑦

𝑇∅3,𝑥∅3,𝑦
𝑇𝑞1𝑞3

2 −

4ℎ∅3,𝑥
𝑇∅3,𝑦∅2,𝑥

𝑇𝑞3
2𝑞2) 𝑑𝐴2                                                   (39)                         

Since the center of mass of the flexible plate is located at 

the geometric center of the plate, the gravitational potential 

energy of the flexible plate structure is solved as follows Eq. 

(40): 

𝑈3 =
1

2
𝑀2𝑔(𝑎2𝑠𝑖𝑛𝜃2 + 𝑎1𝑠𝑖𝑛𝜃1) =

1

2
𝑎2𝑏2ℎ2𝜌2𝑔(𝑎2𝑠𝑖𝑛𝜃2 +

𝑎1𝑠𝑖𝑛𝜃1)                                         (40) 

The kinetic energy and potential energy of the rigid-body-

flexible-body coupling system are as shown in Eqs. (41) and 

(42). 

𝑈 = 𝑈1 + 𝑈2 + 𝑈3；                           (42) 

𝑇 = 𝑇1 + 𝑇2                            (42) 

The Lagrange equation of the rigid-flexible coupling 

system in this study is as follows: 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜃1̇
) −

𝜕𝑇

𝜕𝜃1
+

𝜕𝑈

𝜕𝜃1
= 𝜏1 − 𝜏2                   (43) 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜃2̇
) −

𝜕𝑇

𝜕𝜃2
+

𝜕𝑈

𝜕𝜃2
= 𝜏2                      (44) 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞1̇
) −

𝜕𝑇

𝜕𝑞1
+

𝜕𝑈

𝜕𝑞1
= 0                       (45) 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞2̇
) −

𝜕𝑇

𝜕𝑞2
+

𝜕𝑈

𝜕𝑞2
= 0                       (46) 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞3̇
) −

𝜕𝑇

𝜕𝑞3
+

𝜕𝑈

𝜕𝑞3
= 𝑝𝑠𝑖𝑛(𝛺𝑡)               (47) 

Substitute the kinetic energy and potential energy of the 

rigid-flexible coupling system into the Lagrange equation, and 

substitute Eqs. (1), (3), (34), (39), and (40) into Eqs. (43)-(47). 
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[
 
 
 
 
 

𝑀𝜃1
𝑀𝜃1𝜃2

𝑀𝜃1𝑞1
𝑀𝜃1𝑞2

𝑀𝜃1𝑞3

𝑀𝜃2𝜃1
𝑀𝜃2

𝑀𝜃2𝑞1
𝑀𝜃2𝑞2

𝑀𝜃2𝑞3

𝑀𝑞1𝜃1

𝑀𝑞2𝜃1

𝑀𝑞3𝜃1

𝑀𝑞1𝜃2

𝑀𝑞2𝜃2

𝑀𝑞3𝜃2

𝑀𝑞1

𝑀𝑞2𝑞2𝑞

𝑀𝑞3𝑞1

𝑀𝑞1𝑞2

𝑀𝑞2

𝑀𝑞3𝑞2

𝑀𝑞1𝑞3

𝑀𝑞2𝑞3

𝑀𝑞3 ]
 
 
 
 
 

[
 
 
 
 
 
𝜃1̈

𝜃2̈

𝑞1̈

𝑞2̈

𝑞3̈]
 
 
 
 
 

+

[
 
 
 
 
0 0 0        0       0
0 0 0       0        0

0
0
0

0
0
0

0
𝐺𝑞2𝑞2𝑞

𝐺𝑞3𝑞1

𝐺𝑞1𝑞2

0
𝐺𝑞3𝑞2

𝐺𝑞1𝑞3

𝐺𝑞2𝑞3

0 ]
 
 
 
 

[
 
 
 
 
 
𝜃1̇

𝜃2̇

𝑞1̇

𝑞2̇

𝑞3̇]
 
 
 
 
 

+

[
 
 
 
 
0 0 0        0        0
0 0 0        0         0

0
0
0

0
0
0

𝐾𝑞1

𝐾𝑞2𝑞2

𝐾𝑞3𝑞1

𝐾𝑞1𝑞2

𝐾𝑞2

𝐾𝑞3𝑞2

𝐾𝑞1𝑞3

𝐾𝑞2𝑞3

𝐾𝑞3 ]
 
 
 
 

[
 
 
 
 
𝜃1

𝜃2
𝑞1

𝑞2

𝑞3]
 
 
 
 

+

[
 
 
 
 
ℎ1

ℎ2

ℎ3

ℎ4

ℎ5]
 
 
 
 

=

[
 
 
 
 

𝜏1

𝜏2

0
0

𝑝𝑠𝑖𝑛(𝛺𝑡)]
 
 
 
 

                                                                                                                                                                                 (48) 

[

𝑀𝑞1
𝑀𝑞1𝑞2

𝑀𝑞1𝑞3

𝑀𝑞2𝑞1
𝑀𝑞2

𝑀𝑞2𝑞3

𝑀𝑞3𝑞1
𝑀𝑞3𝑞2

𝑀𝑞3

] [

𝑞1̈

𝑞2̈

𝑞3̈

] + [

0
𝐺𝑞2𝑞1

𝐺𝑞3𝑞1

𝐺𝑞1𝑞2

0
𝐺𝑞3𝑞2

𝐺𝑞1𝑞3

𝐺𝑞2𝑞3

0

] [

𝑞1̇

𝑞2̇

𝑞3̇

] + [

𝐾𝑞1

𝐾𝑞2𝑞1

𝐾𝑞3𝑞1

𝐾𝑞1𝑞2

𝐾𝑞2

𝐾𝑞3𝑞2

𝐾𝑞1𝑞3

𝐾𝑞2𝑞3

𝐾𝑞3

] [

𝑞1

𝑞2

𝑞3

] + [

ℎ3

ℎ4

ℎ5

] = [
0
0

𝑝𝑠𝑖𝑛(𝛺𝑡)
]              (49) 

𝑀𝑞1
= 𝐷11；𝑀𝑞1𝑞2

=0；𝑀𝑞1𝑞3
= 𝐶11𝑞3；𝑀𝑞2𝑞1

= 0；𝑀𝑞2
= 𝐷22；𝑀𝑞2𝑞3

= 2𝐶22𝑞3； 

𝑀𝑞3𝑞1
= 𝐶11𝑞3；𝑀𝑞3𝑞2

= 2𝐶22𝑞3；𝑀𝑞3
= 𝐼11𝑞3

2 + 𝐷33 + 𝐷13𝑞1𝜃̇2 + 4𝐼22𝑞3
2； 

𝑀𝑞1𝜃1
= 𝑎1𝐴1 sin(𝜃2 − 𝜃1)；𝑀𝑞1𝜃2

= −𝐷13𝑞3; 𝑀𝑞2𝜃1
= 0; 𝑀𝑞2𝜃2

= 0; 

𝑀𝑞3𝜃1
= 𝑎1𝑞3 sin(𝜃2 − 𝜃1) 𝐽1 + 𝑎1 cos(𝜃1 − 𝜃2) 𝐴3; 𝑀𝑞3𝜃2

= D13𝑞1𝑞̇3 

𝐺𝑞1𝑞3
= −2𝐷13𝜃̇2；𝐺𝑞3𝑞1

= 𝐷13𝜃̇2 

𝐾𝑞1
= ∬ (𝑁1∅1,𝑥

 𝑇∅1,𝑥
 − 𝑁1𝑁2∅1,𝑦

  𝑇∅1,𝑦
 )𝑑𝐴2

 

𝐴2
； 

𝐾𝑞1𝑞2
= ∬ (𝑁1𝜇∅1,𝑥

𝑇∅2,𝑦 + 𝑁1𝑁2∅2,𝑥
𝑇∅1,𝑦)𝑑𝐴2

 

𝐴2
； 

𝐾𝑞1𝑞3
= ∬ (−𝑁1ℎ2∅1,𝑥

𝑇∅3,𝑥𝑥 − 𝑁1ℎ2𝜇∅1,𝑥
𝑇∅3,𝑦𝑦)𝑑𝐴2

 

𝐴2
； 

𝐾𝑞2𝑞1
= ∬ (𝑁1𝜇∅1,𝑥

𝑇∅2,𝑦 + 𝑁1𝑁2∅2,𝑥
𝑇∅1,𝑦)𝑑𝐴2

 

𝐴2
； 

𝐾𝑞2
= ∬ (𝑁1∅2,𝑦

𝑇 ∅2,𝑦
 + 𝑁1𝑁2∅2,𝑥

𝑇 ∅2,𝑥
 )𝑑𝐴2

 

𝐴2
； 

𝐾𝑞2𝑞3
= ∬ (−𝑁1ℎ2∅2,𝑦∅3,𝑦𝑦 − 𝑁1ℎ2𝜇∅2,𝑦∅3,𝑥𝑥)𝑑𝐴2

 

𝐴2
； 

𝐾𝑞3𝑞1
= ∬ (−𝑁1 

ℎ2∅1,𝑥
𝑇∅3,𝑥𝑥 − 𝑁1 

ℎ2𝜇∅1,𝑥
𝑇∅3,𝑦𝑦)𝑑𝐴2

 

𝐴2
； 

𝐾𝑞3𝑞2
= ∬ (−𝑁1ℎ2∅2,𝑦∅3,𝑦𝑦 − 𝑁1ℎ2𝜇∅2,𝑦∅3,𝑥𝑥)𝑑𝐴2

 

𝐴2
； 

𝐾𝑞3
= ∬ (𝑁1ℎ2

2∅3,𝑥𝑥
 𝑇∅3,𝑥𝑥

 + 𝑁1ℎ2
2∅3,𝑦𝑦

 𝑇∅3,𝑦𝑦
 + 2𝑁1ℎ2

2𝜇∅3,𝑥𝑥
𝑇∅3,𝑦𝑦)𝑑𝐴2

 

𝐴2

+ 2𝐶31𝑞̇3𝜃̇2 − 9𝐼11𝑞̇3
2 + 2𝐼11𝑞3

2𝜃̇2
2 + 𝐷33𝜃̇2

2

+ 2𝐿1𝜃̇2
2 + 4𝐼22𝑞3̇

2 − 8𝑁1𝑁2𝑄𝑞3
2; 

ℎ3 = −𝑎1 cos(𝜃2 − 𝜃1) 𝜃̇1
2𝐴1 + 𝑎1 cos(𝜃2 − 𝜃1) 𝜃̇1𝜃̇2𝐴1 + 𝐶11𝑞̇3

2 − 𝐷11𝑞1𝜃̇2
2 − 𝑎1𝐴1 cos(𝜃1 − 𝜃2) 𝜃̇1𝜃̇2 − 𝐵𝑥1𝜃̇2

2 − 𝐶11𝑞3
2𝜃̇2

2 −

2𝑁1𝑁2𝑊1𝑞3
2 + 𝑀𝑞1𝜃1

𝜃1̈ + 𝑀𝑞1𝜃2
𝜃2̈； 

ℎ4 = 2𝐶22𝑞̇3
2 − 2𝑁1𝑁2𝑊2𝑞3

2 + 𝑀𝑞2𝜃1
𝜃1̈ + 𝑀𝑞2𝜃2

𝜃2̈； 

ℎ5 = 𝑎1𝐽1 sin(𝜃2 − 𝜃1) 𝜃̇1𝑞̇3 − 𝑎1𝐽1 cos(𝜃2 − 𝜃1) 𝑞3𝜃̇1
2 + 𝑎1𝐽1 cos(𝜃2 − 𝜃1)𝑞3𝜃̇1𝜃̇2 − 𝑎1𝐴3 sin(𝜃1 − 𝜃2) 𝜃̇1

2 + 𝑎1𝐴3 sin(𝜃1 −

𝜃2) 𝜃̇1𝜃̇2 + 2𝐶31𝜃̇2𝑞̇3
2 − 2𝑎1𝐽1 cos(𝜃1 − 𝜃2)𝑞3 𝜃̇1𝜃̇2 − 𝑎1𝐽1 sin(𝜃2 − 𝜃1) 𝜃̇1𝑞̇3 − 𝑎1A3 sin(𝜃1 − 𝜃2) 𝜃̇1𝜃̇2 − 2𝐶11𝑞1𝑞3

 𝜃̇2
2 +

4𝐶22𝑞̇2𝑞̇3 − 4𝑁1𝑁2𝑅𝑞1𝑞3
 − 4𝑁1𝑁2𝑞3

 𝑞2 + 𝑀𝑞3𝜃1
𝜃1̈ + 𝑀𝑞3𝜃2

𝜃2̈； 

Note： 

𝐴𝑖 = ∬ 𝜌2ℎ2𝜙𝑖𝑑𝐴2
 

𝐴2
；𝐵𝑥𝑖 = ∬ 𝜌2ℎ2𝑥∅𝑖𝑑𝐴2

 

𝐴2
； 𝐶𝑖𝑗 = ∬ 𝜌2ℎ2∅𝑖𝐻𝑗𝑑𝐴2

 

𝐴2
； 
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𝐷𝑖𝑗 = ∬ 𝜌2ℎ2∅𝑖
𝑇∅𝑗𝑑𝐴2

 

𝐴2
；𝑁1 =

ℎ2𝐸𝑐𝑜𝑠𝜃2

(𝜇2−1)
；𝑁2 =

𝜇−1

2
；𝑊1 = ∬ ℎ2∅1,𝑦

𝑇∅3,𝑥∅3,𝑦
𝑇𝑑𝐴2

 

𝐴2
； 

𝑊2 = ∬ ℎ2∅3,𝑥
𝑇∅3,𝑦∅2,𝑥

𝑇𝑑𝐴2
 

𝐴2
; 𝐼𝑖𝑗 = ∬ 𝜌2ℎ2H𝑖

𝑇H𝑗𝑑𝐴2
 

𝐴2
；𝐽𝑖 = ∬ 𝜌2ℎ2H𝑖𝑑𝐴2

 

𝐴2
； 

𝐿𝑖 = ∬ 𝜌2ℎ2𝑥H𝑖𝑑𝐴2
 

𝐴2
；𝑄 = ∬ ℎ2

2∅3,𝑥
𝑇 ∅3,𝑥

 ∅3,𝑦
𝑇 ∅3,𝑦

 𝑑𝐴2
 

𝐴2
； 

𝑅 = ∬ ℎ2
2∅1,𝑦

𝑇∅3,𝑥∅3,𝑦
𝑇𝑑𝐴2

 

𝐴2
；𝑆 = ∬ ℎ2

2∅3,𝑥
𝑇∅3,𝑦∅2,𝑥

𝑇𝑑𝐴2.
 

𝐴2
 

where 𝑀𝜃1
 and 𝑀𝜃2

 are the moments of inertia of the rigid 

plate structure and the flexible plate structure system 

respectively. 𝑀𝑞𝑖𝑞𝑗
 (𝑖 = 1, 2;  𝑗 = 1, 2)  is an 𝑁 × 𝑁 

dimensional generalized mass matrix, and the truncation order 

of the model vibration modes is N. 𝑀𝜃𝑖𝑞𝑗
∈ 𝑅1×𝑁 (𝑖 =

1, 2;  𝑗 = 1, 2) represents the nonlinear coupling term between 

the large-range rotational motion and the flexible deformation 

of the flexible plate structure. 𝐺𝑞𝑖𝑞𝑗
 (𝑖 = 1, 2;  𝑗 = 1, 2) 

reflects the gyroscopic effect of the system, and all are 𝑁 × 𝑁 

dimensional matrices. 𝐾𝑞𝑖𝑞𝑗
 (𝑖 = 1, 2;  𝑗 = 1, 2)  is the 

stiffness of the system, and all are 𝑁 × 𝑁  dimensional 

stiffness matrices. 𝜏1  and 𝜏2  are the driving torques relative 

to 𝜃1 and 𝜃2. 𝐻𝑖 is the nonlinear term of the dynamic equation 

of the rigid-flexible coupling system. 𝑝 is the amplitude of the 

external excitation, and 𝛺  is the circular frequency of the 

external excitation. 

For the case where the large range motion of the rigid-

flexible coupling system is known, the angular displacement, 

angular velocity, and angular acceleration are all known and 

do not need to be solved. Moreover, there is no influence of 

the input of the control equation at this time. Therefore, by 

organizing Eq. (48), the nonlinear dynamic equation of the 

rigid-flexible hybrid system is as follows in Eq. (49). Among 

them, the terms in the dynamic equation that contain 𝐶𝑖𝑗, 𝐼𝑖𝑗, 

𝐽𝑖 and 𝐿𝑖 are the coupling terms of the rigid-flexible coupling 

structure. The coupling terms represent the additional stiffness 

brought by the rigid-flexible coupling deformation. The 

dynamic equation with the coupling terms removed ignores 

the influence of the rigid-flexible coupling deformation on the 

structure. 

 

3. Rigid-flexible coupling characteristic case analysis 

Since the mode shape of the folded wing structure is extremely 

similar to that of the cantilever plate structure, the mode 

function of the cantilever beam is selected in the x-direction, 

and the mode function of the free-beam is selected in the y-

direction. The mode functions in the x and y directions are 

combined to form the mode function of the cantilever plate. 

Under the condition of satisfying the displacement boundary 

conditions, the mode-shape functions of ∅1(𝑥, 𝑦) ,  ∅2(𝑥, 𝑦) 

and ∅3(𝑥, 𝑦) are assumed using Eqs. (50)-(58). 

∅1(𝑥, 𝑦) = sin
𝜋

2
𝑥 cos𝜋𝑦 − sin 𝜋𝑥 cos 

𝜋

2
𝑦             (50) 

∅2(𝑥, 𝑦) = cos
𝜋

2
𝑥 sin𝜋𝑦 + cos𝜋𝑥 sin

𝜋

2
𝑦              (51) 

∅3(𝑥, 𝑦) = 𝑋1 ∗ 𝑌1 + 𝑋2 ∗ 𝑌2                            (52) 

𝑋𝑖 = cosh𝑘𝑖𝑥 − cos 𝑘𝑖𝑥 − 𝛼𝑖(sinh 𝑘𝑖𝑥 − sin 𝑘𝑖𝑥)          (53) 

cos(𝑘𝑖) cosh(𝑘𝑖) + 1 = 0                            (54) 

𝛼𝑖 =
sinh 𝑘𝑖−sin 𝑘𝑖

cosh 𝑘𝑖+cos 𝑘𝑖
                                         (55) 

𝑌𝑖 = cosh 𝑙𝑖𝑦 + cos𝑙𝑖𝑦 − 𝛽𝑖(sinh𝑙𝑖𝑦 + sin𝑙𝑖𝑦)             (56) 

cos(𝑙𝑖) cosh(𝑙𝑖) − 1 = 0                                 (57) 

𝛽2 =
cosh(𝑙𝑖)−cos(𝑙𝑖)

sinh(𝑙𝑖)−sin(𝑙𝑖)
                                      (58) 

The rigid-flexible coupling dynamic equation of the folded 

wing mainly takes into account the transverse vibration 

response of the structure. The dynamic equation of the 

transverse vibration of the system is as shown in Eqs. (59) and 

(60). The underlined polynomial in 𝐾𝑞3
 is the additional 

stiffness brought about by the rigid-flexible coupling 

deformation. 

𝑀𝑞1
𝑞3̈ + 𝐾𝑞3

𝑞3 + ℎ5 = 0                              (59) 

𝐾𝑞3
= ∬ (𝑁1ℎ2

2∅3,𝑥𝑥
 𝑇∅3,𝑥𝑥

 + 𝑁1ℎ2
2∅3,𝑦𝑦

 𝑇∅3,𝑦𝑦
 +

 

𝐴2

2𝑁1ℎ2
2𝜇∅3,𝑥𝑥

𝑇∅3,𝑦𝑦)𝑑𝐴2 + 2𝐶31𝑞̇3𝜃̇2 − 9𝐼11𝑞̇3
2 + 2𝐼11𝑞3

2𝜃̇2
2 +

𝐷33𝜃̇2
2 + 2𝐿1𝜃̇2

2 + 4𝐼22𝑞3̇
2 − 8𝑁1𝑁2𝑄𝑞3

2                                         (60) 

In the rigid-flexible coupling system, the width of the rigid 

inner wing plate b1 = 0.4m, the density of the flexible plate 

structure 𝜌2 = 1600𝑘𝑔/𝑚3, the thickness ℎ2 = 0.002𝑚, the 

length of the outer wing plate 𝑎2 
= 0.2𝑚, the elastic modulus 

of the flexible plate 𝐸 = 10𝑒9𝑝𝑎, and the Poisson's ratio 𝜇 =

0.3. As can be seen from the rigid-flexible coupling dynamics 

equation, the coupling stiffness of the structure is independent  
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Fig. 2: The vibration response in the z-direction of the midpoint at the top of the model when 𝜔 = 0.1𝐻𝑧 (a) Time-domain response 

of the system, (b)Locally amplified time-domain response, (c) Velocity-Amplitude response of uncoupling model, and (d) Velocity-

Amplitude response of coupling model. 

 

of the rotational speed of the rigid structure. Therefore, the 

expression of the driving torque 𝜏2  of the flexible plate 

structure is assumed as follows Eq. (61): 

𝜏2 = {
0.04𝑠𝑖𝑛 (𝜔𝑡), 0 ≤ 𝑡 ≤ 30
0, 𝑡 > 30    

                 (61) 

Select the circular frequency of the driving torque ω of the 

flexible outer wing as the control parameter. Based on the 

dynamic equation of the rigid-flexible coupling structure of 

the folded wing, use MATLAB software to perform numerical 

calculations on the system, and obtain the analysis of the 

transverse vibration response of the structure under different 

driving circular frequencies as shown in Figs. 2-5. 

Fig. 2 shows the vibration response signals in the z-

direction of the midpoint at the top of the model for the rigid-

flexible coupling dynamics model and the uncoupling stiffness 

structure dynamics model of the folded wing when the system 

rotation frequency is 𝜔 = 0.5𝐻𝑧. Fig. 2(b) is a local time-

domain response enlarged view of Fig. 2(a) from 30s-60s, and 

it is also the time-domain response signal of the structure's 

steady-state vibration. As can be seen from Figs. 2(a) and (b), 

when the system rotation frequency is 𝜔 = 0.5𝐻𝑧, the time-

domain response differences between the rigid-flexible 

coupling model and the uncoupling model in the z-direction 

are small, and the amplitudes and frequencies at the 

trigonometric functions are also very close. Figs. 2(c) and (d) 

show the relationship between velocity and displacement 

responses. The data shows that after an unstable vibration 

transition period, the structure enters the steady-state response 

stage. Compared with the uncoupling model, the response 

amplitude and vibration trend of the rigid-flexible coupling 

model are basically consistent. 

Fig. 3 shows the vibration response signals in the z-

direction of the midpoint at the top of the model for the rigid-

flexible coupling dynamics model and the uncoupling stiffness 

structure dynamics model of the folded wing when the system 

rotation frequency is 𝜔 = 0.5𝐻𝑧. Fig. 3(b) is a local time-

domain response enlarged view of Fig. 3(a) from 30s-60s, and 

it is also the time-domain response signal of the structure's 

steady-state vibration. The time-domain signals in Figs. 3(a) 

and 3(b) show that the amplitude of the uncoupling dynamics 

model is slightly larger than that of the rigid-flexible coupling 

model. Compared with Fig. 2, as the frequency of the driving 

torque increases, the amplitude of the time-domain signal  
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Fig. 3: The vibration response in the z-direction of the midpoint at the top of the model when 𝜔 = 0.5𝐻𝑧 (a) Time-domain response 

of the system, (b) Locally amplified time-domain response, (c) Velocity-Amplitude response of uncoupling model, and (d) Velocity-

Amplitude response of coupling model. 

 
 

  
Fig. 4: The vibration response in the z-direction of the midpoint at the top of the model when 𝜔 = 0.7𝐻𝑧 (a) Time-domain response 

of the system, (b) Locally amplified time-domain response, (c) Velocity-Amplitude response of uncoupling model, and (d) Velocity-

Amplitude response of coupling model. 
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more than doubles. Figs. 3(c) and 3(d) show the relationship 

between the velocity and displacement responses of the model. 

The data shows that after an unstable vibration transition 

period, the structure enters the steady-state response stage. 

Compared with the uncoupling model, the response amplitude 

and vibration trend of the rigid-flexible coupling model are 

basically consistent, and the vibration response trend of the 

structure is the same as that in Fig. 2. 

Fig. 4 shows the vibration response signals in the z-

direction of the midpoint at the top of the model for the rigid-

flexible coupling dynamics model and the uncoupling stiffness 

structure dynamics model of the folded wing when the system 

rotation frequency is 𝜔 = 0.7𝐻𝑧. Fig. 4(b) is a local time-

domain response enlarged view of Fig. 4(a) from 30s - 60s, 

and it is also the time-domain response signal of the structure's 

steady-state vibration. The time-domain amplitude response 

of the structure is significantly larger compared to that in Fig. 

2 and Fig. 3. The amplitude of the rigid-flexible coupling 

model after stabilization is much smaller than that of the 

uncoupling model. Figs. 3(c) and (d) show the relationship 

between the velocity and displacement responses of the model. 

The data shows that after an unstable vibration transition 

period, the structure enters the steady-state response stage. Fig. 

3 shows that the vibration response of the uncoupling model 

is significantly greater than that of the rigid-flexible coupling 

model. During the vibration transition stage, the amplitude of 

the uncoupling model exhibits an excitation phenomenon and 

then returns to steady-state vibration. 

Fig. 5 shows the vibration response signals in the z-

direction of the midpoint at the top of the model for the rigid-

flexible coupling dynamics model and the uncoupling stiffness 

structure dynamics model of the folded wing when the system 

rotation frequency is 𝜔 = 0.8𝐻𝑧. When the frequency of the 

angular velocity increases to 0.8Hz, the time-domain 

amplitude of the non-rigid-flexible coupling system shows a 

divergence phenomenon, while the vibration trend of the time-

domain response signal of the rigid-flexible coupling system 

basically remains unchanged. After an unstable vibration 

transition period, the structure enters the steady-state response 

stage. The relationship between velocity and displacement 

responses shown in Figs. 3(b) and (c) indicates that the 

uncoupling model does not have a steady-state vibration and 

diverges directly, while the rigid-flexible coupling model still 

enters the steady-state response stage after an unstable  

 

  

Fig. 5: The vibration response in the z-direction of the midpoint at the top of the model when 𝜔 = 0.8𝐻𝑧 (a) Time-domain response 

of the system, (b) Velocity -Amplitude response of uncoupling model, and (c) Velocity -Amplitude response of coupling model. 
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vibration transition period. 

As comprehensively shown in Figs. 2-4, as the frequency 

of the driving torque increases, the vibration responses of the 

folded wing dynamics system gradually increase. The time-

domain amplitude of the non-rigid-flexible coupling system 

gradually becomes much larger until divergence occurs finally. 

However, for the rigid-flexible coupling model, the vibration 

response increases slightly, and the overall vibration response 

trend remains unchanged. Based on the above calculation 

results, when the outer wing rotates under the action of torque, 

the additional stiffness brought by the rigid-flexible coupling 

deformation is more consistent with the structural dynamics 

model and motion law. To verify the accuracy of the rigid-

flexible coupling dynamics model, the first two order vibration 

frequencies of the rigid-flexible coupling model are solved. 

 

4. Case analysis of structural dynamic characteristics 

4.1 Natural frequencies of the structure 

The rigid-flexible coupling dynamics equation with coupling 

stiffness is more consistent with the actual situation of the 

structure. The dynamic characteristics of the rigid-flexible 

coupling dynamics model are further studied through the first 

two main vibration modes of the structure. For more realistic 

research, this section focuses on a thin-plate structure with a 

forward sweep angle 𝜒0 = 27° and an aft sweep angle 𝜒1 =

−4° . The wing chord length 𝑏1 = 0.8m , the inner 

wingspan 𝑎1 
= 0.4𝑚 , the density of the flexible plate 

structure 𝜌2 = 1600kg/m3, the thickness ℎ2 = 0.002m, the 

outer wingspan 𝑎2 
= 0.2𝑚 , the elastic modulus of the 

flexible plate 𝐸 = 10𝑒9𝑝𝑎, and the Poisson's ratio 𝜇 = 0.3. 

The finite element modeling and simulation calculation and 

the analytical analysis method of the dynamics equation are 

adopted to study the dynamic characteristics and variation 

laws of the folded wing structure. 

Since the vibration frequency is an inherent property of  

the structure, and the structure needs to be solved in a stable 

state, the Folding angle 𝜃2 is solved in the states of 0°, 20°, 

and 40° respectively, with the small-disturbance angle 𝜃1  of 

the inner wing being a fixed angle. After truncating the first 

four order modes of the generalized coordinate 

vector [𝑞1 𝑞2 𝑞3]
𝑇 , the first four order modal dynamic 

equations of the structure are obtained. Substituting the mode-

shape function and generalized coordinates into the dynamic 

equation (44), a two degree of freedom rigid-flexible coupling 

dynamic equation can be obtained. Based on the mass matrix, 

stiffness matrix, and damping matrix of the structure, the 

vibration frequencies of the folded wing structure under 

different Folding angles are solved. The first two order 

vibration frequencies of linear and nonlinear structures at 

different Folding angles are compared as shown in Table 1 and 

Fig. 6. 

The data in Table 1 and Fig. 6 show that by comparing the 

three calculation methods, it can be seen that the solutions of 

the first four order natural frequencies of the structure by the 

nonlinear numerical model and the finite element model are 

very close, while the natural frequencies obtained by the linear 

numerical calculation method have relatively large differences 

after the third order mode. The nonlinear deformation caused 

by the large deformation of the folded wing structure has little 

effect on the first two order natural frequencies of the structure, 

but the calculation error gradually increases with the increase 

of the degrees of freedom of the structure. In addition, the 

natural frequencies of the folded wing in different Folding 

angle states are different, and there is no uniform variation law. 

For example, the first order natural frequency increases with 

the increase of the angle, while the second order natural 

frequency decreases with the increase of the 

angle. 

Table 1: Vibration frequencies of folded wings at different folding angles. 

Folding 

angles 
Mode 

Linear Numerical  

Calculation（Hz） 

Nonlinear Numerical  

Calculation（Hz） 

Finite Element 

Simulation（Hz） 

0° 

First 3.49 3.49 3.52 

Second 10.57 9.94 10.39 

Third 16.71 14.64 14.20 

Fourth 22.80 25.9 25.92 

20° 

First 3.52 3.53 3.58 

Second 10.51 9.80 10.01 

Third 15.90 14.05 13.52 

Fourth 22.10 25.11 25.00 

40° 

First 3.63 3.77 3.85 

Second 10.12 9.61 9.56 

Third Mode 15.76 12.75 12.20 

Fourth Mode 21.57 23.43 23.54 
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Fig. 6: Vibration frequency of folded wing at different Folding angles, (a) Folding angle 0°, (b) Folding angle 20°, and (c) Folding 

angle 40°. 

 

4.2 Influence of transverse external excitation on system 

vibration characteristics 

In this study, the transverse external excitation 𝑝𝑠𝑖𝑛(𝛺𝑡) is 

selected as the control parameter. Based on the dynamic 

equation of the rigid - flexible coupling structure of the folded 

wing, MATLAB software is used to perform numerical 

calculations on linear and nonlinear structures to obtain the 

dynamic responses of the structures. In addition, a comparison 

is made with the dynamic responses obtained from finite 

element simulation calculations to analyze the differences in 

the results. It is assumed that the amplitude 𝑝 = 1and the 

excitation circular frequency 𝛺 = 10𝐻𝑧, which is applied in 

the transverse direction (q3 direction) of the model. First, the 

time-domain response results of numerical calculation and 

finite element simulation for the folded wing structure in the 0 

Folding angle state are shown in Figs.7-9. 

  
Fig. 7: Vibration response of the structure at a 0° folding angle (a) Numerical calculation and (b) Finite element simulation. 
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Fig. 8: Vibration response of the structure at a 20° folding angle (a) Numerical calculation, (b) Finite element simulation. 

 

Fig. 7 shows the vibration response of the system to the 

transverse external excitation when the folded wing is at a 0° 

Folding angle. In the 0° Folding angle state, the effect of the 

transverse external excitation on the structure is mainly 

reflected in the q3 direction, and the transverse vibration 

response is much larger than the vibration responses in the 

other two directions. The calculation results of the numerical 

method and the finite element method show that the time-

domain amplitudes and frequency responses of the structure in 

the three directions are basically consistent. In addition, the 

nonlinearity of the structure has an insignificant effect on the 

time-domain response of the structure. The amplitude 

response has a slight change, and the nonlinear effect can be 

ignored. 

Fig. 8 shows the vibration response of the system to the 

transverse external excitation when the folded wing is at a 20° 

folding angle. In the 20° folding angle state, the effect of the 

transverse external excitation on the structure is mainly 

reflected in the 𝑞2  and 𝑞3  directions, and the change in the 

vibration amplitude response in the 𝑞1  direction is not 

significant. The calculation results show that the results of 

nonlinear numerical calculation and nonlinear finite element 

calculation are highly consistent, while the amplitude response 

of linear numerical calculation is on the large side. In addition, 

in the result of linear numerical calculation, around 0.3s, the 

amplitude response in the 𝑞3 direction is greater than that in 

the 𝑞2 direction, and this result is much larger than the results 

of finite element calculation and the nonlinear numerical 

solution, indicating that the linear numerical model has a large 

deviation. 

Fig. 9 shows the vibration response of the system to the 

transverse external excitation when the folded wing is at a 40° 

Folding angle. In the 40° Folding angle state, the effect of the 

transverse external excitation on the structure is mainly 

reflected in the q2 and  𝑞3  directions. The amplitude in 

the  𝑞3 direction is smaller than that in the 𝑞2 direction, and 

the change in the vibration amplitude response in 

the q1 direction is not significant. The calculation results show 

that the results of nonlinear numerical calculation and 

nonlinear finite element calculation are highly consistent, and 

the amplitude response of linear numerical calculation is on 

the small side. 

The data in Figs. 7-9 show that the calculation results of 

the nonlinear numerical model are highly consistent with those

  

Fig. 9: Vibration response of the structure at a 40° folding angle (a) Numerical calculation and (b) Finite element simulation. 
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Fig. 10: Folded wing model (a) 3D structure of the folded wing and (b) Experimental model of the folded wing. 

 

of the finite element method, which is in line with the vibration 

response characteristics. In the 0° Folding angle state, the 

vibration response of the structure calculated by the linear 

numerical model is similar to that of the nonlinear model. 

However, as the Folding angle increases, the deviation 

between the response of the linear numerical model and that 

of the nonlinear model becomes larger. The data of the finite 

element model show that there are slight differences between 

the calculation results of the linear finite element method and 

the nonlinear finite element method. 

 

5. Experimental verification 

5.1 Model experiment 

An equivalent simplified model of the folded wing is 

manufactured based on the principles of functional and 

structural similarity, and structural dynamics tests are carried 

out to further verify the accuracy of the dynamic numerical 

model. The structural design and analysis method of the model 

are based on the basic equations of the structural mechanics of 

the folded wingtip. The focus is on restoring the principle of 

functional similarity of the folded wingtip, as well as the 

equivalent characteristics of the mass matrix and stiffness 

matrix of the structure. A folded - rotating wing model with a 

core plate as the base is manufactured. The model is divided 

into two parts: the inner wing and the outer wing. The root of 

the inner wing is supported by three solid support points at the 

base. In contrast, the outer wing can rotate around the rotary 

axis located between the inner and outer wings and is driven 

by a single - axis servo. The inner and outer wings are 

connected by three spring tabs; the intermediate spring tab is 

connected to the driven servo. The entire folded area is 

attached to the end rib of the inner wing, and the connector is 

fixed to it as well. The wings are fabricated from 2mm thick 

glass fiber composite plates, which have an elastic modulus of 

10GPa, a poisson's ratio of 0.3, and a density of 1.6×10³ kg/m³. 

A programmable logic controller (PLC) controls the steering 

gear, enabling the continuous angle change of the folding wing. 

The wing experimental model features a chord length of 

800mm, a span length of 800mm, a forward sweep angle of 27°, 

and a backward sweep angle of -4°. The main material of the 

wing is a glass fibre composite panel structure. The composite 

panels are made of glass fibre cloth orthogonally laminated 

and bonded by a curing agent with a thickness of 0.1 mm. The 

3D modeling and manufactured sample are shown in Fig. 10. 

The main vibration modes of the structure are obtained 

through the ground experiment of the experimental model. 

The experimental model is fixedly installed on the 

experimental platform with the end face of the fixture root. 

Points representing geometric features are selected on the 

folded wing as the input of the model information. The 

hammering method is used to excite the model. The vibration 

signals of the model are collected by the acceleration sensors 

pasted on the surface of the model. The data collected by the 

signal acquisition card are transmitted to the computer 

processor. Finally, the post-processing software LMS Test 

Lab is used to process the data and fit to obtain the modal 

frequencies and vibration modes of the equivalent model. The 

experimental process of the model is shown in Fig. 11 below. 

For the model experiments, the sensors were placed at 

locations where the structural response was significant and 

therefore placed at the leading edge of the model. In addition, 

the data were collected five times for each structural feature 

point, and abnormal data were directly deleted when they 

appeared to ensure that the data obtained were highly accurate.  

 

5.2 Experimental results and discussion 

The hammering method is used to obtain the vibration modes 

and natural frequencies of the folded wing model at different  
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Fig. 11: Model experiment. 

 

Folding angles. The results obtained by the numerical 

calculation and finite element simulation methods are 

compared with the experimental results. Since the vibration 

patterns of the folded wing model in different Folding angle 

states are similar, only the results at a 0° Folding angle are 

selected for comparison. The results are shown in Table 2. 

Table 2 presents the vibration modes of the folded wing 

model obtained by different analysis methods. From the modal 

vibration mode diagrams, it can be seen that the vibration 

patterns of the folded wing obtained by different calculation 

methods are basically in agreement. The vibration modes of 

the first four orders of the folded wing are respectively the 

bending mode, the torsional mode, the secondary bending 

mode, and the secondary torsional mode. In order to more 

accurately demonstrate the dynamic characteristics of the 

structures solved by different methods, a precise comparison 

is made through the natural frequencies of the structures. 

Fig. 12 shows the natural frequencies of the folded wing 

structure obtained by different research methods. The data 

shows that the first four-order natural frequencies of the 

structure solved by the finite-element model and the rigid- 

flexible coupling nonlinear dynamics equation are in high

Table 2: Vibration modes of the folded wing. 

Mode Numerical Calculation Finite Element Simulation Experiment 

1 

  
 

2 

 
 

 

3 

  

 

4 
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Fig. 12: Natural frequencies of the folded wing, (a) Folding angle 0°, (b) Folding angle 20°, and (c) Folding angle 40°. 

Table 3: Frequency of vibration and error of the structure at 0° folding angle. 

Model 1st 2nd 3th 4th 

Experiment 3.5 9.4 15.1 25.3 

Linear Numerical  3.49 10.57 16.71 22.8 

Parameter Error 0.3% 12.4% 10.7% 9.9% 

Nonlinear Numerical 3.49 9.94 14.64 26.01 

Parameter Error 0.3% 5.7% 3% 2.8% 

agreement with the results of the model experiment. The first 

two-order natural frequencies solved by the uncoupled linear 

dynamics equation have relatively high accuracy. However, 

there is a large error in solving the high-order natural 

frequencies, which does not conform to the real situation of 

the structure. Table 3 is the frequency of vibration and error of 

the structure at 0° folding angle, the data show that the 

vibration frequency errors of the rigid-flexible coupled 

nonlinear dynamics model for solving the structure are smaller 

than those of the linear model, which also confirms the high 

accuracy of the rigid-flexible coupled model. In conclusion, 

the data of the experimental model further verifies the 

accuracy of the rigid-flexible coupling dynamics equation. 

 

6. Conclusion 

This paper conducts an in-depth study on the nonlinear  

dynamic characteristics of the rigid-flexible coupling structure 

of the folding wing, and draws the following conclusions: 

The proposed dynamic model of the rigid-flexible coupling 

structure is more consistent with the reality compared with the 

linear model. By simplifying the folding wing into a thin plate 

system, using the mixed coordinate method, Kirchhoff thin 

plate theory, assumed mode method and Lagrange equation, 

the nonlinear dynamic equations of the rigid-flexible coupling 

are successfully constructed, clearly revealing the coupling the 

influence of the additional stiffness caused by the flexible-

rigid coupling deformation amount on the structure. The 

example analysis shows that the dynamic model with the 

additional stiffness of the rigid-flexible coupling deformation 

is more in line with the structural dynamic characteristics and 

motion laws. As the frequency of the driving torque increases, 

the vibration response of the dynamic system of the folding 
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wing increases. In the system without rigid-flexible coupling, 

the time-domain amplitude gradually increases until it 

diverges, while in the rigid-flexible coupling model, the 

vibration response increases slightly, and the overall trend 

remains unchanged. 

The rigid-flexible coupling dynamic model has a high 

precision in solving the structural dynamic response. It is 

found in the study that the nonlinear deformation caused by 

the large deformation of the folding wing structure has little 

influence on the first two order natural frequencies. However, 

as the number of structural degrees of freedom increases, the 

calculation error gradually increases. There is no unified 

variation law for the natural frequencies under different 

Folding angles. The research taking the transverse external 

excitation as the control parameter shows that the calculation 

results of the nonlinear numerical model are highly consistent 

with those of the finite element method, which conforms to the 

characteristics of the vibration response. In the finite element 

model, there are slight differences between the linear and 

nonlinear calculation results. 

The experimental model verifies the accuracy of the rigid-

flexible coupling dynamic equations. An equivalent simplified 

model of the folding wing is manufactured based on the 

principles of functional and structural similarity and 

experiments are carried out. The vibration modes and natural 

frequencies under different Folding angles are obtained 

through the hammering method. The experimental results 

show that the first four order natural frequencies solved by the 

finite element model and the rigid-flexible coupling nonlinear 

dynamic equations are highly consistent with the experimental 

results, while there is a large error in solving the high order 

natural frequencies by the non-coupling linear dynamic 

equations. This further verifies the accuracy of the rigid-

flexible coupling dynamic equations, providing a solid 

theoretical basis and technical support for the structural design 

and optimization of the folding wing, and it is of great 

significance for the development of the morphing aircraft. 

In addition, the results of this study have certain feasibility 

for practical application in the design of folding wing aircraft, 

but also face some potential challenges. From a feasibility 

perspective, the rigid flexible coupled nonlinear dynamic 

equation constructed in this study can accurately describe the 

dynamic behavior of the folding wing in its working state, 

providing key theoretical references for the structural design 

of actual folding wing aircraft. In the process of structural 

design, key parameters such as stiffness and strength of the 

folding wing can be optimized based on this equation to 

achieve lightweight and high-performance folding wing 

aircraft. 

However, applying the results of this research to the design 

of practical folding wing aircraft also faces some challenges. 

On the one hand, the actual flight environment is extremely 

complex, with multiple uncertain factors such as airflow 

disturbances, temperature changes, etc., which can have a 

significant impact on the dynamic characteristics of folding 

wings. However, this study did not fully consider the 

comprehensive effects of these complex factors. On the other 

hand, in the actual manufacturing process, there may be a 

certain degree of discreteness in the material properties, and 

the manufacturing process may also introduce errors, which 

will lead to deviations between the dynamic characteristics of 

the actual structure and the theoretical model. 
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