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Abstract 
 

Nonlinear partial differential equations (PDEs) play a fundamental role in modeling complex phenomena in physics and 
engineering. However, solving them analytically and numerically remains challenging due to divergence, slow convergence, 
and computational inefficiency. This study implements a refined variation of the homotopy perturbation method (HPM), 
termed the modified homotopy perturbation method (MHPM), to improve accuracy and stability in solving nonlinear PDEs. 
The motivation behind this work stems from the need for a more efficient and reliable approach, particularly for equations 
where traditional methods fail to yield convergent or computationally efficient solutions. By integrating Padé approximants 
and Laplace transforms, MHPM enhances convergence, reduces computational effort, and maintains high precision. To 
validate its effectiveness, the method is applied to several well-known nonlinear equations, including the nonlinear gas 
dynamics equation, nonlinear wave-like equation, cubic complex Ginzburg-Landau equation, one- and two-dimensional 
nonlinear Schrödinger equations, and higher-order nonlinear PDEs that are fundamental in fluid dynamics, wave propagation, 
quantum mechanics, and mathematical modeling. A systematic comparison confirms that MHPM not only improves solution 
accuracy but also provides a practical, computationally efficient alternative to conventional analytical and numerical 
techniques. The results underscore its potential for multi-dimensional and time-dependent PDEs, reinforcing its value in 
nonlinear system analysis across theoretical and applied sciences. 
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1. Introduction 

Nonlinear partial differential equations (PDEs) are central to 

numerous theoretical and practical advancements, serving as 

essential tools for modeling complex phenomena in physics, 

engineering, and applied mathematics. From capturing the 

intricate dynamics of turbulent fluids to modeling wave 

propagation in optical fibers and quantum systems, nonlinear 

PDEs provide a mathematical framework for describing 

processes that are both fundamental and ubiquitous. However, 

solving these equations remains a significant challenge due to 

their nonlinearity, complexity, and, in many cases, the lack of 

exact solutions. 

The importance of nonlinear PDEs extends beyond 

academia, as they underpin critical applications in fluid 

dynamics, where they describe the motion of gases and liquids, 

and in quantum mechanics, where they govern the evolution 

of wave functions. Additionally, they are integral to wave 

mechanics, modeling sound and electromagnetic waves, and 

play a crucial role in engineering applications such as 

structural analysis and material science. Despite their broad 

significance, traditional approaches to solving nonlinear PDEs 

often face limitations in terms of convergence, stability, and 

computational efficiency. 

Although numerous analytical and numerical techniques 

exist for solving nonlinear PDEs, many are limited by 

simplifying assumptions, slow convergence, or high 

computational costs. This study addresses these limitations by 

employing the modified homotopy perturbation method 
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(MHPM) to solve highly nonlinear and complex PDEs in both 

real and complex domains. Rather than modifying MHPM 

itself, this work expands its application to a broader class of 

equations, demonstrating its effectiveness in solving problems 

that conventional methods struggle to resolve. Through a 

systematic analysis of the method's behavior in diverse cases, 

this study highlights MHPM's ability to achieve accurate 

solutions while maintaining computational efficiency. 

Furthermore, a comparative analysis illustrates how MHPM 

performs relative to established techniques in solving 

particularly challenging PDEs. 

Over the years, a variety of analytical methods have been 

proposed to tackle these challenges, including the Adomian 

decomposition method,[1] the variational iteration method,[2] 

asymptotic methods,[3] homotopy perturbation method 

(HPM),[4] fractional calculus,[5,6] traveling wave and soliton 

solutions,[7,8] bifurcation analysis,[9] reproducing kernel-based 

numerical algorithms [10,11], and decomposition techniques for 

fractional and time-fractional PDEs.[12,13] Among these, HPM 

has emerged as a powerful tool due to its ability to deliver 

exact solutions while avoiding discretization, linearization, or 

reliance on a small parameter. The applicability of HPM has 

been extensively studied, with convergence analyses 

confirming its effectiveness in solving a range of problems.[14] 

Additionally, refinements such as Hemeda's extension for 

fractional-order equations in the Caputo sense have further 

expanded its applications.[15] However, like other perturbation-

based approaches, HPM encounters challenges in achieving 

reliable convergence, particularly for highly nonlinear or non-

ideal problems.[16-20] These limitations have driven the 

development of improved techniques to extend HPM's 

applicability and enhance its performance. 

This study builds upon the foundations of HPM and 

introduces a refined approach, referred to as MHPM.[21] By 

incorporating Laplace transforms and Padé approximants into 

the traditional HPM framework, MHPM addresses key 

challenges related to convergence and precision. The Laplace 

transform enhances the method by transforming the series 

solution into a domain more suitable for analysis, while the 

Padé approximant constructs a meromorphic function that 

accelerates convergence and improves stability. The inverse 

Laplace transform then recovers the solution in its original 

form, providing an efficient and reliable pathway to exact 

solutions. 

The versatility of MHPM is demonstrated through its 

application to several pivotal equations, including the 

nonlinear gas dynamics equation, nonlinear wave-like 

equation, nonlinear cubic complex Ginzburg-Landau equation, 

one- and two-dimensional nonlinear Schrödinger equations, 

and higher-order nonlinear PDEs. These examples are not just 

theoretical but also serve as fundamental models in fluid 

dynamics, wave propagation, and quantum mechanics. By 

providing precise and computationally efficient solutions, 

MHPM highlights its potential as a valuable tool for advancing 

the study of nonlinear systems in both theoretical research and 

applied sciences. 

This paper is structured as follows. Section 2 presents the 

fundamental concepts underlying HPM and Padé 

approximants, laying the groundwork for MHPM, along with 

an exploration of its modifications. Section 3 highlights the 

efficiency of MHPM through various benchmark cases and 

real-world scenarios. Section 4 analyzes the outcomes derived 

from MHPM and evaluates its performance relative to 

established approaches. Finally, Section 5 concludes with an 

overview of the findings and their potential impact on 

advancing research in the field. 

 

2. Basic principles 

This section outlines the foundational principles of the HPM 

and the methodology of Pade approximants, which form the 

basis of MHPM. For clarity, in this work, the uppercase 

symbol Ω  is used to denote exact solutions, while the 

lowercase symbol 𝜔 represents estimated solutions. 

 

2.1 Homotopy perturbation method 

To present the central concept, examine the general form of a 

differential Eq. (1): 

𝐿(Ω) + 𝑁(Ω) − 𝐹(𝜈) = 0, 𝜈 ∈ 𝑅                 (1) 

where 𝐿, 𝑁, and 𝐹 are a linear operator, a nonlinear operator, 

and an analytic function, respectively.  

The HPM constructs a homotopy in the following Eqs. (2) 

and (3). 

𝐻(𝜔, 𝑝)  = (1 − 𝑝)[𝐿(𝜔) − 𝐿(Ω0)] + 𝑝[𝐴(𝜔) − 𝐹(𝜈)] = 0  

(2) 

𝐻(𝜔, 𝑝)  = 𝐿(𝜔) − 𝐿(Ω0) + 𝑝𝐿(Ω0) + 𝑝[𝑁(𝜔) − 𝐹(𝜈)] =
0                                                                                                         (3) 

where 𝜔(𝜈, 𝑝): 𝑅 × [0,1] → ℝ, 𝑝 is the embedding parameter, 

and Ω0  is an initial approximation satisfying the boundary 

conditions. When 𝑝 = 0, Eq. (4) simplifies to 

𝐻(𝜔, 0) = 𝐿(𝜔) − 𝐿(Ω0) = 0                 (4) 

and when 𝑝 = 1, 𝐻(𝜔, 𝑝) as shown in Eq. (5): 

𝐻(𝜔, 1) = 𝐿(𝜔) + 𝑁(𝜔) − 𝐹(𝜈) = 0             (5) 

By incrementally adjusting 𝑝  from 0 to 1, 𝜔(𝜈, 𝑝) 
transitions from the initial approximation Ω0(𝜈) to the exact 

solution Ω(𝜈) . This procedure is commonly known as 

deformation in topology, with 𝐿(𝜔) − 𝐿(Ω0)  and 𝐿(𝜔) +
𝑁(𝜔) − 𝐹(𝜈) serving as the homotopy. 

We solve Eqs. (2) and (3) by expanding the power series in 

terms of 𝑝. 

𝜔(𝜒, 𝜁) = 𝜔0 + 𝑝𝜔1 + 𝑝
2𝜔2 +⋯           (6) 

where 𝑝 is a small parameter. By assigning 𝑝 = 1 in Eq. (6), 

the solution approximating the original differential equation is 

obtained as 

Ω = lim
𝑝→1

 𝜔 = 𝜔0 + 𝜔1 + 𝜔2 +⋯           (7) 

The convergence of Eq. (7) is generally ensured under 
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certain conditions on the nonlinear operator 𝑁 . Specifically, 

the series converges if the second derivative of 𝑁(𝜔)  with 

respect to 𝜔 is small and if the norm of 𝐿−1
𝜕𝑁

𝜕𝜔
 remains less 

than one.[4] These conditions help control the rate of 

convergence, particularly when the embedding parameter 𝑝 

approaches unity. For a deeper exploration of HPM and its 

development.[4, 22-26] 

 

2.2 Padé approximants 

The Padé approximation is a widely used technique to improve 

the convergence of a series solution. For a function 𝜙(𝜉), the 

Padé approximant of order [𝛼/𝛽] is defined as 

[
𝛼

𝛽
] (𝜉) =

𝑝𝛼(𝜉)

𝑞𝛽(𝜉)
=

∑  𝛼
𝑖=0  𝑎𝑖𝜉

𝑖

1+∑  
𝛽
𝑗=1  𝑏𝑗𝜉

𝑗
                     (8) 

where 𝑝𝛼(𝜉) and 𝑞𝛽(𝜉) are polynomials of degrees at most 𝛼 

and 𝛽, respectively. To avoid common factors in Eq. (8), the 

scaling condition 𝑞𝛽(0) = 1  is imposed. The series 

representation of 𝜙(𝜉) is expressed as 

𝜙(𝜉) = ∑  ∞
𝑖=1   𝑐𝑖𝜉

𝑖                             (9) 

The difference between the series expansion in Eq. (9) and 

the Padé approximant in Eq. (8) is given by 

𝜙(𝜉) −
𝑝𝛼(𝜉)

𝑞𝛽(𝜉)
= 𝑂(𝜉𝛼+𝛽+1)                    (10) 

By multiplying the series by 𝑞𝛽(𝜉) , a system of linear 

equations for the coefficients of 𝑝𝛼(𝜉) and 𝑞𝛽(𝜉) is obtained 

{
 

 
𝑐𝛼+1 + 𝑐𝛼𝑏1 +⋯+ 𝑐𝛼−𝛽+1𝑏𝛽 = 0

𝑐𝛼+2 + 𝑐𝛼+1𝑏1 +⋯+ 𝑐𝛼−𝛽+2𝑏𝛽 = 0

⋮
𝑐𝛼+𝛽 + 𝑐𝛼+𝛽−1𝑏1 +⋯+ 𝑐𝛼𝑏𝛽 = 0

           (11) 

{
 
 

 
 
𝑐0 = 𝑎0
𝑐0 + 𝑐0𝑏1 = 𝑎1
𝑐2 + 𝑐1𝑏1 + 𝑐0𝑏2 = 𝑎2
⋮
𝑐𝛼 + 𝑐𝛼−1𝑏1 +⋯+ 𝑐0𝑏𝛼 = 𝑎𝛼

                    (12) 

The coefficients 𝑏𝑗 are determined from Eq. (11), and the 

coefficients 𝑎𝑖 follow accordingly from Eq. (12). Minimizing 

the error in Eq. (10) is achieved by ensuring that 𝛼 + 𝛽 + 1 is 

constant, with the degrees of the numerator and denominator 

chosen for optimal accuracy. For additional details on Padé 

approximants.[27,28] 

 

2.3 Modified homotopy perturbation method 

Many analytical and numerical methods provide power series 

solutions for nonlinear PDEs. However, truncated series often 

have limited convergence domains, making them impractical 

for highly nonlinear problems. To overcome this limitation, 

MHPM integrates the Laplace transform and Padé 

approximants, enhancing solution accuracy and convergence. 

The steps of MHPM are as follows 

1. First, we obtain the 6-term series solution using the 

HPM by expanding the solution as a power series and solving 

iteratively for each term. 

2. Next, we extract the solution and express it in the form 

Ω6(𝜒, 𝜁) = 𝑓(𝜁)𝑔(𝜒), where 𝑓(𝜁) is formed by summing the 

relevant series terms. 

3. The Laplace transform is applied to 𝑓(𝜁), converting 

the differential equation into an algebraic form for easier 

manipulation. 

4. We then substitute 𝑠 =
1

𝜁
  to restructure the 

transformed series. 

5. The Padé approximant of order [2/2] is applied to the 

transformed function, converting the power series into a 

rational function to extend the solution's convergence domain. 

6. We recall that 𝜁 =
1

𝑠
 , reversing the previous 

substitution to return the solution to its original domain. 

7. Finally, the inverse Laplace transform is applied to 

retrieve the solution in its original form, yielding the exact 

solution for the nonlinear PDE. 

This approach significantly enhances the classical HPM by 

accelerating convergence and eliminating divergence issues, 

making it highly effective for solving complex nonlinear PDEs 

in applied mathematics and engineering. The integration of 

Laplace transforms and Padé approximants ensures rapid 

approximation of the exact solution without requiring iterative 

corrections. Unlike traditional numerical techniques, MHPM 

does not rely on discretization, linearization, or small 

parameter assumptions, making it particularly suitable for 

strongly nonlinear problems. Additionally, it optimally 

balances accuracy and computational cost, reducing the 

number of terms required in the perturbation series while 

maintaining precision and minimizing computational effort. 

Another important characteristic of MHPM is its versatility, 

as it applies to both real-valued and complex-valued nonlinear 

PDEs. This adaptability makes it useful across various 

disciplines, including fluid dynamics, wave mechanics, and 

quantum systems. The method also ensures solution stability 

even in strongly nonlinear or oscillatory cases by transforming 

the original equation into a more analytically manageable 

form, overcoming a common limitation of traditional 

perturbation methods. Furthermore, MHPM directly yields 

exact closed-form solutions for a wide range of nonlinear 

PDEs, eliminating the need for iterative refinements or 

approximations commonly required in numerical schemes. 

These properties establish MHPM as a powerful and efficient 

tool for addressing complex nonlinear systems, providing a 

significant improvement over conventional perturbation 

techniques. 

 

3 Applications of MHPM 

This section demonstrates the application of MHPM to several 

prominent nonlinear equations, showcasing its efficiency and 

simplicity. The results highlight the method's reliability and 

accuracy in addressing complex problems. Numerical 

outcomes for the Examples 1-6 are presented in Tables 1-6 and 
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Figs. 1-9. Throughout this section, the terms 

Ω̃6, Ω𝐸 , 𝐸Ω, 𝐸𝑅𝑒(Ω) , and 𝐸Im(Ω)  represent the six-term 

approximate solution obtained using HPM, the exact solution, 

the absolute error of Ω, the absolute error of the real part of Ω, 

and the absolute error of the imaginary part of Ω, respectively. 

These results underscore the effectiveness of MHPM in 

producing highly accurate solutions for a variety of nonlinear 

problems. 

 

Example 1. Consider the nonlinear gas dynamic equation (Eq. 

(13)) 

{
Ω𝜁 + Ω(Ω𝜒 + Ω − 1) = 0

Ω(𝜒, 0) = 𝑒−𝜒
               (13) 

By utilizing the homotopy technique, we construct Eq. (14): 

𝜔𝜁 − (Ω0)𝜁 + 𝑝[(Ω0)𝜁 +𝜔(𝜔𝜒 +𝜔 − 1)] = 0      (14) 

Incorporate Eq. (5) into Eq. (13), match terms with 

identical powers of 𝑝 , and derive the solution iteratively to 

obtain Eq. (15): 

𝜔0(𝜒, 𝜁) = 𝑒−𝜒 + 𝜁𝑒−𝜒, 𝜔1(𝜒, 𝜁) =
1

2
𝑒−𝜒𝜁2,

𝜔2(𝜒, 𝜁) =
1

6
𝑒−𝜒𝜁3, 𝜔3(𝜒, 𝜁) =

1

24
𝑒−𝜒𝜁4

𝜔4(𝜒, 𝜁) =
1

120
𝑒−𝜒𝜁5

,     (15) 

The 6-term series solution obtained using HPM for Eq. (13) 

is 

Ω̃6(𝜒, 𝜁, 𝜏) =  𝑒
−𝜒 + 𝜁𝑒−𝜒 +

1

2
𝑒−𝜒𝜁2 +

1

6
𝑒−𝜒𝜁3 +

1

24
𝑒−𝜒𝜁4 +

1

120
𝑒−𝜒𝜁5 = (1 + 𝜁 +

𝜁2

2
+
𝜁3

6
+

𝜁4

24
+

𝜁5

120
) 𝑒−𝜒 =

𝑓(𝜁)𝑒−𝜒                                                                                                      (16) 

where 𝑓(𝜁) = 1 + 𝜁 +
𝜁2

2
+
𝜁3

6
+

𝜁4

24
+

𝜁5

120
. Taking the Laplace 

transform of 𝑓 with respect to 𝜁 results in Eq. (17): 

ℒ[𝑓(𝜁)] =
𝑠5+𝑠4+𝑠3+𝑠2+𝑠+1

𝑠6
                   (17) 

Substituting 𝑠 =
1

𝜁
, the equation above takes the form Eq. 

(18): 

ℒ[𝑓(𝜁)] = 𝜁6 + 𝜁5 + 𝜁4 + 𝜁3 + 𝜁2 + 𝜁          (18) 

Using the Padé approximants, we get Eq. (19): 

[
2

2
] (𝜁) =

𝜁

1−𝜁
                          (19) 

Recall that 𝜁 =
1

𝑠
, and we have Eq. (20): 

[
2

2
] (𝜁) =

1

𝑠−1
                          (20) 

Finally, we perform the inverse Laplace transform on Eq. 

(20), obtaining 𝑓(𝜒) = 𝑒𝜁. Plugging this result into Eq. (16), 

we achieve Eq. (21): 

Ω(𝜒, 𝜁) = 𝑒𝜁−𝜒                       (21) 

This result corresponds to the closed-form solution of Eq. 

(13). 

Table 1: Numerical result of Example 1. 

𝜒 = 𝜁 Ω̃6 Ω𝐸 𝐸Ω 

0 1 1 0 

0.2 0.9999999251 1 7.49 × 10−8 

0.4 0.9999959573 1 4.04 × 10−6 

0.6 0.9999611439 1 3.89 × 10−5 

0.8 0.9998156575 1 1.84 × 10−4 

1 0.9994058152 1 5.94 × 10−4 

 

 
Fig. 1: Surface plot in 3D for 𝐸Ω in Example 1. 

 

 
Fig. 2: Surface plot in 3D for 𝐸Ω in Example 2. 

 

Example 2. Consider the following nonlinear wave-like 

equation Eq. (22): 

{
Ω𝜁 + Ω

2 − Ω𝜒𝜒 − ΩΩ𝜒 − Ω = 0

Ω(𝜒, 0) = 1 + 𝑒𝜒
           (22) 

By utilizing the homotopy technique, we construct Eq. (23): 

𝜔𝜁 − (Ω0)𝜁 + 𝑝[(Ω0)𝜁 − 𝜔𝜒𝜒 − 𝜔𝜔𝜒 −𝜔 + 𝜔
2] = 0   (23) 

The 6-term series solution obtained using HPM for Eq. (22) 

https://www.espublisher.com/


Engineered Science                                                                                                                                                                                Research article        

 

Engineered Science Publisher                                                                                                                                                                     Eng. Sci., 2025, 36, 1573 | 5  

is in Eq. (24): 

Ω̃6(𝜒, 𝜁) = 1 + 𝑒
𝜒 (1 + 𝜁 +

𝜁2

2
+
𝜁3

6
+

𝜁4

24
) = 1 + 𝑓(𝜁)𝑒𝜒  (24) 

where 𝑓(𝜁) = 1 + 𝜁 +
𝜁2

2
+
𝜁3

6
+

𝜁4

24
 . Following a similar 

approach as in the earlier example, taking the Laplace 

transform of 𝑓 with respect to 𝜁, followed by the substitution 

𝑠 =
1

𝜁
, results in Eq. (25): 

ℓ[𝑓(𝜁)] = 𝜁5 + 𝜁4 + 𝜁3 + 𝜁2 + 𝜁             (25) 

Using the Padé approximants and recalling 𝜁 =
1

𝑠
, we have  

Eq. (26): 

[
2

2
] (𝜁) = ℓ[𝑓(𝜁)] =

1

𝑠−1
                    (26) 

Finally, we perform ℓ−1 on Eq. (26), which yields Eq. (27): 

𝑓(𝜁) = 𝑒𝜁                               (27) 

Plugging this result into Eq. (24), we achieve 

Ω(𝜒, 𝜁) = 1 + 𝑒𝜒+𝜁                       (28) 

This result corresponds to the closed-form solution of Eq. 

(28). 
 

Table 2: Numerical result of Example 2. 

𝜒 = 𝜁 Ω̃6 Ω𝐸 𝐸Ω 

0 2 2 0 

0.2 2.4918213288 2.4918246976 3.37 × 10−6 

0.4 3.2254046290 3.2255409285 1.36 × 10−4 

0.6 4.3188071830 4.3201169227 1.31 × 10−3 

0.8 5.9460421595 5.9530324244 6.99 × 10−3 

1 8.3620132854 8.3890560989 2.70 × 10−2 

 

Example 3. Consider the following nonlinear cubic complex 

Ginzburg-Landau equation (Eq. (29)). 

{
Ω𝜁 + (9𝑖 − 1)Ω𝜒𝜒 −

10

9
Ω + (1 − 𝑖)|Ω|2Ω = 0

Ω(𝜒, 0) = 𝑒−
𝑖

3
𝜒

      (29) 

By utilizing the homotopy technique, we construct Eq. (30): 

𝜔𝜁 − (Ω0)𝜁 + 𝑝 [(Ω0)𝜁 + (9𝑖 − 1)𝜔𝜒𝜒 −
10

9
𝜔 + (1 −

𝑖)𝜔‾𝜔2] = 0                                                                         (30) 

where |𝜔|2𝜔 = 𝜔‾𝜔2 and 𝜔‾  is the conjugate of 𝜔. The 6-term 

series solution obtained using HPM for Eq. (29) is Eq. (31): 

Ω̃6(𝜒, 𝜁) = (1 + 2𝑖𝜁 − 2𝜁
2 −

4𝑖𝜁3

3
+
2𝜁4

3
+
4𝑖𝜁5

15
) 𝑒−

𝑖

3
𝜒 =

𝑓(𝜁)𝑒−
𝑖

3
𝜒

                                                                             (31) 

where 𝑓(𝜁) = 1 + 2𝑖𝜁 − 2𝜁2 −
4𝑖𝜁3

3
+
2𝜁4

3
+
4𝑖𝜁5

15
. Following a 

similar approach as in the earlier examples, taking the Laplace 

transform of 𝑓 with respect to 𝜁, followed by the substitution 

𝑠 =
1

𝜁
, results in Eq. (32): 

ℓ[𝑓(𝜁)] = 32𝑖𝜁6 + 16𝜁5 − 8𝑖𝜁4 − 4𝜁3 + 2𝑖𝜁2 + 𝜁    (32) 

Using the Padé approximants, and recalling 𝜁 =
1

𝑠
, we have 

Eq. (33): 

[
2

2
] (𝜁) =

1

𝑠−2𝑖
                         (33) 

Finally, we perform ℓ−1 on Eq. (33), which yields Eq. (34): 

𝑓(𝜁) = 𝑒2𝑖𝜁                            (34) 

Plugging this result into Eq. (31), we achieve Eq. (35): 

Ω(𝜒, 𝜁) = 𝑒
𝑖

3
(6𝜁−𝜒)

                        (35) 

This result corresponds to the closed-form solution of Eq. 

(29).  

 

Example 4. Consider the following nonlinear Schrödinger 

equation (Eq. (36)). 

{
𝑖Ω𝜁 + Ω𝜒𝜒 + 6|Ω|

2Ω = 0

Ω(𝜒, 0) = 𝑒3𝑖𝜒
                  (36) 

By utilizing the homotopy technique, we construct Eq. (37): 

𝜔𝜁 − (Ω0)𝜁 + 𝑝[(Ω0)𝜁 − 𝑖(𝜔𝜒𝜒 + 6𝜔‾𝜔
2)] = 0      (37) 

 

Table 3: Numerical result of Example 3. 

𝜒

= 𝜁 
Ω̃6 Ω𝐸 

𝐸Ω 

𝐸Re( Ω )  𝐸Im (Ω) 

0 1 1 0 0 

0.2 
0.94496262

+ 0.32719464𝑖 

0.94495694

+ 0.32719469𝑖 

5.68

× 10−6 

5.43

× 10−8 

0.4 
0.78624950

+ 0.61836282𝑖 

0.78588726

+ 0.61836980𝑖 

3.62

× 10−4 

6.98

× 10−6 

0.6 
0.54440243

+ 0.84135093𝑖 

0.54030230

+ 0.84147098𝑖 

4.10

× 10−3 

1.20

× 10−4 

0.8 
0.25807151

+ 0.97102972𝑖 

0.23523757

+ 0.97193790𝑖 

2.28

× 10−2 

9.08

× 10−4 

1 
−0.0096039

+ 0.99102471𝑖 

−0.0957235

+ 0.99540795𝑖 

8.61

× 10−2 

4.38

× 10−3 

 

The 6-term series solution obtained using HPM for Eq. (36) 

is Eq. (38): 

Ω̃6(𝜒, 𝜁) = (1 − 3𝑖𝜁 −
9𝜁2

2
+
9𝑖𝜁3

2
+
27𝜁4

8
−
81𝑖𝜁5

40
) 𝑒3𝑖𝜒 =

 𝑓(𝜁)𝑒3𝑖𝜒                                                                            (38) 
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Fig. 3: Surface plot in 3D for 𝐸Re(Ω) in Example 3. 

 

 
Fig. 4: Surface plot in 3D for 𝐸Im(Ω) in Example 3. 

 

where 𝑓(𝜁) = 1 − 3𝑖𝜁 −
9𝜁2

2
+
9𝑖𝜁3

2
+
27𝜁4

8
−
81𝑖𝜁5

40
 . Following 

a similar approach as in the earlier examples, taking the 

Laplace transform of 𝑓  with respect to 𝜁 , followed by the 

substitution 𝑠 =
1

𝜁
, results in Eq. (39): 

ℓ[𝑓(𝜁)] = −243𝑖𝜁6 + 81𝜁5 + 27𝑖𝜁4 − 9𝜁3 − 3𝑖𝜁2 + 𝜁    (39) 

Using the Padé approximants, and recalling 𝜁 =
1

𝑠
, we have 

Eq. (40): 

[
2

2
] (𝜁) =

1

𝑠+3𝑖
                          (40) 

Finally, we perform ℓ−1 on Eq. (40), which yields Eq. (41): 

𝑓(𝜁) = 𝑒−3𝑖𝜁                           (41) 

Plugging this result into Eq. (38), we achieve Eq. (42): 

Ω(𝜒, 𝜁) = 𝑒3𝑖(𝜒−𝜁)                      (42) 

This result corresponds to the closed-form solution of Eq. 

(36). 

 

Example 5. Consider the following two-dimensional 

nonlinear Schrödinger equation 

 

Table 4: Numerical result of Example 4. 

𝜏

= 𝜁 
Ω̃6 Ω𝐸 

𝐸Ω 

𝐸𝑅𝑒(Ω) 𝐸Im (Ω) 

0 1 1 0 0 

0.2 
1.0000562599

+ 0.0000317933𝑖 
1 

5.63

× 10−5 

3.18

× 10−5 

0.4 
1.0021142901

+ 0.0035149986𝑖 
1 

2.11

× 10−3 

3.51

× 10−3 

0.6 
1.0011788842

+ 0.0460749076𝑖 
1 

1.18

× 10−3 

4.61

× 10−2 

0.8 
0.8799765226

+ 0.2239783928𝑖 
1 

1.20

× 10−1 

2.24

× 10−1 

1 
0.1978370663

+ 0.5021060597𝑖 
1 

8.02

× 10−1 

5.02

× 10−1 

 

 
Fig. 5: Surface plot in 3D for 𝐸Re(Ω) in Example 4. 

 

 
Fig. 6: Surface plot in 3D for 𝐸Im(Ω) in Example 4. 
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{
𝑖Ω𝜏 +

1

2
(Ω𝜒𝜒 + Ω𝜁𝜁) + (sin

2 𝜒sin2 𝜁 − 1)Ω − |Ω|2Ω = 0

Ω(𝜒, 𝜁, 0) = sin 𝜒 sin 𝜁
 

(43) 

By utilizing the homotopy technique, we construct Eq. (44) 

𝜔𝜏 − (Ω0)𝜏 + 𝑝 [(Ω0)𝜏 − 𝑖 (
1

2
(𝜔𝜒𝜒 + 𝜔𝜁𝜁) +

(sin2 𝜒 sin2 𝜁 − 1)𝜔 − |𝜔|2𝜔)] = 0                                      (44) 

The 6-term series solution obtained using HPM for Eq. (43) 

is Eq. (45): 

Ω̃6(𝜒, 𝜁, 𝜏) = sin 𝜒 sin 𝜁 (1 − 2𝑖𝜏 − 2𝜏
2 −

4𝑖𝜏3

3
+
2𝜏4

3
+

4𝑖𝜏5

15
) = sin 𝜒 sin 𝜁𝑓(𝜏)                                                        (45) 

where 𝑓(𝜏) = 1 − 2𝑖𝜏 − 2𝜏2 −
4𝑖𝜏3

3
+
2𝜏4

3
+
4𝑖𝜏5

15
. Following a 

similar approach as in the earlier examples, taking the Laplace 

transform of 𝑓 with respect to 𝜏, followed by the substitution 

𝑠 =
1

𝜏
, results in Eq. (46): 

ℓ[𝑓(𝜏)] = 32𝑖𝜏6 + 16𝜏5 − 8𝑖𝜏4 − 4𝜏3 − 2𝑖𝜏2 + 𝜏    (46) 

Using the Padé approximants, and recalling 𝜏 =
1

𝑠
, we have 

Eq. (47): 

[
2

2
] (𝜏) =

1

𝑠+2𝑖
                            (47) 

Finally, we perform ℓ−1 on Eq. (47), which yields Eq. (48): 

𝑓(𝜏) = 𝑒−2𝑖𝜏                              (48) 

Plugging this result into Eq. (45), we achieve Eq. (49): 

Ω(𝜒, 𝜁, 𝜏) = sin 𝜒 sin 𝜁𝑒−2𝑖𝜏               (49) 

This result corresponds to the closed-form solution of Eq. 

(43). 

 

Table 5: Numerical result of Example 5. 

𝜒

= 𝜁

= 𝜏 

Ω̃6 Ω𝐸 

𝐸Ω 

𝐸𝑅𝑒(Ω) 𝐸Im (Ω) 

0 0 0 0 0 

0.2 
0.03635404

− 0.01620544𝑖 

0.03635381

− 0.01537014𝑖 

2.24

× 10−7 

8.35

× 10−4 

0.4 
0.10570782

− 0.13384373𝑖 

0.10565324

− 0.10878464𝑖 

5.46

× 10−5 

2.51

× 10−2 

0.6 
0.11681606

− 0.46779476𝑖 

0.11552731

− 0.29715375𝑖 

1.29

× 10−3 

1.71

× 10−1 

0.8 
-0.00356789-

1.12969331i 

−0.01502607

− 0.51438034𝑖 

1.15

× 10−2 

6.15

× 10−1 

1 
-0.23602447-

2.17142515i 

-0.29466251-

0.64384934i 

5.86

× 10−2 
1.53 

 
Fig. 7: Scatter plot in 3D for 𝐸Re(Ω) in Example 5. 

 

 
Fig. 8: Scatter plot in 3D for 𝐸Im(Ω) in Example 5. 

 

Example 6. Consider the following higher-order nonlinear 

PDE in Eq. (50). 

{
 
 

 
 
Ω𝜒𝜒𝜒 − Ω𝜒𝜁𝜁 − Ω𝜁𝜁𝜒𝜒 + Ω𝜁𝜁𝜁𝜁 − Ω𝜒 − Ω𝜒𝜒Ω𝜁 = 0

Ω(0, 𝜁) = cos 𝜁

Ω𝜒(0, 𝜁) = − sin 𝜁

Ω𝜒𝜒(0, 𝜁) = − cos 𝜁

   (50) 

By utilizing the homotopy technique, we construct Eq. (51): 

𝜔𝜒𝜒𝜒 − (Ω0)𝜒𝜒𝜒 + 𝑝[(Ω0)𝜒𝜒𝜒 − 𝜔𝜒𝜁𝜁 − 𝜔𝜁𝜁𝜒𝜒 +𝜔𝜁𝜁𝜁𝜁 −

𝜔𝜔𝜒 −𝜔𝜒𝜒𝜔𝜁] = 0                                                             (51) 

The 6-term series solution obtained using HPM for Eq. (45) 

is Eq. (52): 

Ω̃6(𝜒, 𝜁) = cos 𝜁 (1 −
𝜒2

2
+
𝜒4

24
) − sin 𝜁 (𝜒 −

𝜒3

6
+

𝜒5

120
)  (52) 

where 𝑓(𝜒) = 1 −
𝜒2

2
+
𝜒4

24
  and 𝑔(𝜒) = 𝜒 −

𝜒3

6
+

𝜒5

120
 . 

Following a similar approach as in the earlier examples, taking 

the Laplace transform of 𝑓 and 𝑔 with respect to 𝜒, followed 

by the substitution 𝑠 =
1

𝜒
, results in Eq. (53): 

{
ℓ[𝑓(𝜒)] = 𝜒5 − 𝜒3 + 𝜒

ℓ[𝑔(𝜒)] = 𝜒6 − 𝜒4 + 𝜒2
                          (53) 
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Using the Padé approximants, and recalling 𝜒 =
1

𝑠
 , we 

have Eq. (54): 

[
2

2
] (𝜒) = {

ℓ[𝑓(𝜒)] =
1

𝑠+2𝑖

ℓ[𝑔(𝜒)] =
1

𝑠2+1

                      (54) 

Finally, we perform ℓ−1 on Eq. (54), which yields Eq. (55): 

{
𝑓(𝜒) = cos 𝜒

𝑔(𝜒) = sin 𝜒
                              (55) 

Plugging this result into Eq. (52), we achieve Eq. (56): 

Ω(𝜒, 𝜁) = cos 𝜁 cos 𝜒 − sin 𝜁 sin 𝜒 =  cos(𝜁 + 𝜒)     (56) 

This result corresponds to the closed-form solution of Eq. 

(50). 
 

Table 6: Numerical result of Example 6. 

𝜒 = 𝜁 Ω̃6 Ω𝐸 𝐸Ω 

0 1 1 0 

0.2 0.9210610806 0.9210609940 8.66 × 10−8 

0.4 0.6967118079 0.6967067093 5.10 × 10−6 

0.6 0.3624077732 0.3623577545 5.00 × 10−5 

0.8 
-

0.0289783231 

-

0.0291995223 
2.21 × 10−4 

1 
-

0.4155743299 

-

0.4161468365 
5.73 × 10−4 

 

 
Fig. 9: Surface plot in 3D for 𝐸Ω in Example 6. 

 

4. Results and discussion 

By applying MHPM to widely studied nonlinear PDEs, this 

study demonstrates its capability and computational efficiency, 

setting it apart from traditional methods such as HPM. The 

findings underscore MHPM's ability to deliver exact solutions, 

effectively addressing the shortcomings of conventional 

numerical techniques. The numerical results are summarized 

in Tables 1-6 and Figs. 1-9, comparing the six-term 

approximate solutions obtained using HPM with the exact 

solutions, which are the same solutions generated by MHPM. 

This demonstrates the precision and robustness of the method, 

even for highly nonlinear or complex-valued equations. 

As the variables 𝜒, 𝜁 , and 𝜏  increase in magnitude, the 

approximation provided by HPM begins to lose accuracy, as 

reflected in the growing absolute error (𝐸Ω) . This decline 

underscores the limitations of HPM in maintaining precision 

for larger values of these variables. In contrast, MHPM 

consistently delivers exact solutions, regardless of the variable 

range, showcasing its ability to handle complex systems 

without degradation in accuracy. This distinction is evident in 

the accompanying figures, which illustrate the steady rise in 

absolute error for HPM as 𝜒, 𝜁, and 𝜏 increase, underscoring 

MHPM's precision. The corresponding tables provide a 

detailed numerical perspective, comparing the analytical 

solutions produced by MHPM with the 6-term series solutions 

from HPM and highlighting the errors, offering clear evidence 

of MHPM's superior performance. 

A significant advantage of MHPM is its ability to address 

challenges typically encountered in solving nonlinear PDEs, 

such as strong nonlinearities, oscillatory behaviors, and 

interactions between variables. Employing Laplace transforms 

alongside Padé approximants, the method effectively 

enhances the convergence of the solution series, enabling it to 

directly reach the exact solution without requiring iterative 

corrections or approximations. This is evident in all examples, 

where MHPM efficiently resolves the nonlinearities inherent 

in the equations while maintaining computational simplicity. 

The versatility of MHPM is evident in its application to 

both real-valued and complex-valued equations. For instance, 

the nonlinear cubic complex Ginzburg-Landau equation and 

the nonlinear Schrödinger equations, which involve intricate 

interactions between real and imaginary components, are 

solved precisely using the method. Similarly, equations with 

exponential or oscillatory solutions (such as the nonlinear gas 

dynamics and wave-like equations) are handled seamlessly, 

further validating MHPM's reliability and flexibility. 

While MHPM delivers remarkable results in the examples 

discussed, certain limitations of the current analysis should be 

noted. This work emphasizes certain categories of PDEs that 

feature relatively straightforward boundary conditions. 

Addressing more intricate boundary configurations or systems 

in higher dimensions may necessitate further adjustments to 

MHPM to ensure its precision and effectiveness. Moreover, 

although the method exhibits notable efficiency for the 

examples considered, its applicability to particularly stiff 

systems remains an open area of exploration, potentially 

requiring additional refinements. Numerical computations and 

graphical results were obtained using MATLAB to implement 

MHPM. 

 

5. Conclusion 

This study presents MHPM as a highly effective approach for 

solving nonlinear partial differential equations (PDEs). By 
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incorporating Laplace transforms and Padé approximants into 

the traditional HPM, MHPM addresses key challenges such as 

slow convergence, instability, and computational inefficiency, 

which often limit conventional analytical and numerical 

techniques. The method successfully produces exact solutions 

for a range of nonlinear PDEs, including those fundamental to 

fluid dynamics, wave propagation, and quantum mechanics, 

demonstrating its versatility in handling both real and complex 

domains. 

A systematic comparison highlights MHPM's advantages 

over standard perturbation methods, showing its ability to 

maintain accuracy across a broad spectrum of problems 

without requiring additional corrections or iterative 

refinements. The numerical results, validated against known 

analytical solutions, confirm that MHPM consistently delivers 

precise solutions while significantly reducing computational 

effort. 

Beyond its demonstrated effectiveness, MHPM opens new 

possibilities for tackling more complex multi-dimensional and 

time-dependent PDEs. Future research can explore its 

integration with numerical methods to enhance its 

applicability to computationally intensive problems. This 

study establishes MHPM as a powerful and reliable tool for 

advancing the study of nonlinear systems, offering a precise, 

computationally efficient, and adaptable framework for 

solving challenging equations in applied mathematics, physics, 

and engineering. 

This study presents MHPM as a highly effective approach 

for solving nonlinear partial differential equations (PDEs). By 

incorporating Laplace transforms and Padé approximants into 

the traditional HPM, MHPM addresses key challenges such as 

slow convergence, instability, and computational inefficiency, 

which often limit conventional analytical and numerical 

techniques. The method successfully produces exact solutions 

for a range of nonlinear PDEs, including those fundamental to 

fluid dynamics, wave propagation, and quantum mechanics, 

demonstrating its versatility in handling both real and complex 

domains. 

A systematic comparison highlights MHPM's advantages 

over standard perturbation methods, showing its ability to 

maintain accuracy across a broad spectrum of problems 

without requiring additional corrections or iterative 

refinements. The numerical results, validated against known 

analytical solutions, confirm that MHPM consistently delivers 

precise solutions while significantly reducing computational 

effort. 

Beyond its demonstrated effectiveness, MHPM opens new 

possibilities for tackling more complex multi-dimensional and 

time-dependent PDEs. Future research can explore its 

integration with numerical methods to enhance its 

applicability to computationally intensive problems. This 

study establishes MHPM as a powerful and reliable tool for 

advancing the study of nonlinear systems, offering a precise, 

computationally efficient, and adaptable framework for 

solving challenging equations in applied mathematics, physics, 

and engineering. Its relevance is further underscored by 

practical applications such as modeling fluid flows in 

aerodynamics, analyzing optical transmission in photonics, 

and simulating quantum transport phenomena in nanoscale 

systems. 
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