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Abstract

The present study is devoted to the one-dimensional system of Boltzmann moment equations in the fifth approximation and
macroscopic boundary conditions. The microscopic Maxwell boundary condition for the one-dimensional Boltzmann
equation was approximated and boundary conditions for the one-dimensional non-linear non-stationary Boltzmann moment
system in the fifth approximation were derived. The initial boundary value problems for the fifth approximation of the
Boltzmann moment system with macroscopic boundary conditions were formulated. The system of Boltzmann moment
equations represents a non-linear symmetric system of hyperbolic equations. The first part substantiates the existence and
uniqueness of the solution to the initial boundary value problem for the one-dimensional system of Boltzmann moment
equations in the fifth approximation with macroscopic boundary conditions in the space of functions that are continuous in
time and square-summable over the spatial variable. In the second part, using a numerical method, an approximate solution
to the initial boundary value problem for the system of Boltzmann moment equations is determined. The differential problem
is approximated by a finite-difference scheme, and an algorithm and program for numerical implementation on a computer
are compiled. At the end of the article, tables of values and graphs of the moments of the particle distribution function
corresponding to the fifth approximation of the moment equations are presented.
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1. Introduction

Rarefied gas dynamics problems require the solution to one or
another problem for the Boltzmann equation. The description
of a rarefied gas using the particle distribution function refers
to the transition regime between the continuous medium and
free-molecular flows, and it is a rather complicated problem.
The prediction of aerodynamic characteristics of aircraft at
very high speeds and at high altitudes is an important problem
in aerospace engineering. It is impossible to determine the
aerodynamic characteristics of aircraft at high altitudes. The
interaction of gas molecules with the surfaces of real bodies
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has been poorly studied. The aerodynamic characteristics of
aircraft at very high speeds and at high altitudes can be
determined by the methods of the rarefied gas theory.l'! To
analyze the aerodynamic characteristics of aircraft in the
transient regime, the complete integro-differential Boltzmann
equation with appropriate boundary conditions is used. The
determination of the boundary conditions on the surfaces that
are streamlined with a rarefied gas is one of the most important
questions in the kinetic theory of gases. In high-altitude
aerodynamics, the interaction of gas with the surface of a
streamlined body plays an important role.! The role of the
laws of interaction of molecules with the surface is more
pronounced, the more rarefied the gas. The boundary
conditions for the Boltzmann equation are the conditions
connecting the distribution function of incident and reflected
molecules. The aerothermodynamic characteristics of an
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aircraft are determined by the collisions of molecules of the
oncoming gas flow with the surface of the aircraft without
taking into account intermolecular collisions.

The aerothermodynamic characteristics of bodies to the
gas flow are determined by the transfer of momentum and
energy to the surface of the body, that is, the connection
between the velocities and the energies of the molecules
incident on the surface and the molecules reflected from it,
which is the essence of the kinetic boundary conditions on the
surface. Maxwell's boundary condition for solving specific
problems more accurately describes the interaction of gas
molecules with the surface.

There are several approaches to modeling rarefied flows:
numerical solution of the Boltzmann equation directly, direct
statistical modeling (DSM), numerical solution of model
kinetic equations and the use of moment equations. Each of
the listed approaches has its own advantages and
disadvantages. The Boltzmann equation is the main and most
general mathematical model of rarefied gas dynamics and acts
as a kind of gold standard in this list. However, the Boltzmann
equation is a complex nonlinear integral-differential equation.
On the right-hand side, there is a five-dimensional integral that
must be calculated for each point in space and each velocity at
each time step. Thus, using the Boltzmann equation for
numerical modeling of rarefied flows is difficult. The DSMC
method is most widely used in rarefied gas dynamics Direct
Simulation Monte-Carlo (DSMC),"! allowing for much lower
costs to perform numerical modeling of stationary flows.
However, DSMC has difficulties with modeling slow and
unsteady flows. Model kinetic and moment equations are free
from the disadvantages of the first two approaches. Moment
equations are a type of continuous medium equations and
describe the state of a rarefied gas in a transient regime. Model
equations are kinetic nonlinear equations and are similar to the
Boltzmann equation, from which they differ by a much
simpler collision term. In addition, the Chapman-Enskog
method is used to construct an approximate solution to the
Boltzmann equation. The main assumption underlying the
Chapman-Enskog method and its modifications is that the
time between collisions of molecules is much shorter than all
other characteristic time scales under consideration and,
therefore, the gas at each point is in a state very close to the
equilibrium position.[¥! The small parameter in the Chapman-
Enskog theory is equal to the ratio of the mean free path to the
characteristic macroscopic size. The ratio of the mean free
path to the characteristic macroscopic size is usually called the
Knudsen number. For the Chapman-Enskog theory to be
applicable, the Knudsen number must be small. The advantage
of the Chapman-Enskog method is that it leads directly to the
Navier-Stokes-Fourier equations for a viscous compressible
fluid. However, this method leads to higher-order equations
whose status is unclear and whose practical value is negligible.
The moment method is applicable to constructing an
approximate solution to the Boltzmann equation for any
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values of the Knudsen number. The moment method is often
used to solve the initial-boundary value and initial-value
problems for the Boltzmann equation.

With the help of the moment method, it is possible to
determine the aerodynamic characteristics of aircraft, such as
atmospheric parameters, flight speed, geometric parameters,
etc. It should be noted that two new models of boundary
conditions were proposed: diffusive-moment and specular-
moment, generalizing the known boundary conditions of
Cherchinyani,’! and aerodynamic characteristics of space
vehicles were studied by the method of direct static modeling
(Monte Carlo method) and various model of the interaction of
gas molecules with the surface and their effect on aerodynamic
characteristic.[*’

The physiological boundary conditions are considered at
the inlets and outlets of the arterial network in terms of the
lattice Boltzmann variables.”” The following boundary
conditions: for pressure and blood flow at the inlet of the
vascular network, boundary conditions for pressure and blood
flow for the vessel bifurcations, wave reflection conditions
(correspond to complete occlusion of the vessel) and wave
absorption at the ends of the vessels (these conditions
correspond to the passage of the wave without distortion), as
well as RCR (Resistance—Capacitance—Resistance model)-
type conditions, which are similar to electrical circuits and
consist of two resistors (corresponding to the impedance of the
vessel, at the end of which the boundary conditions are set and
the friction forces in microcirculatory bed) and one capacitor
(describing the elastic properties of arterioles). The numerical
simulations were performed: the propagation of blood in a
network of three vessels was considered, the boundary
conditions for the blood flow were set at the entrance of the
network, RCR boundary conditions were stated at the ends of
the network. The solutions to lattice Boltzmann model are
compared with the benchmark solutions (based on numerical
calculations for second-order McCormack difference scheme
without viscous terms), it is shown that the both approaches
give very similar results. An approach to justifying the choice
of boundary conditions on a solid surface for flows of varying
degrees of nonequilibrium is proposed.[®! Various options for
setting boundary conditions are considered: no-slip boundary
conditions, boundary conditions for boundary layer sliding, as
well as an explicit description of the intermolecular interaction
of gas molecules with molecules of a solid surface by
specifying the distribution function of molecules by velocities.
Numerical experiments are carried out for a plane Couette
flow.

Moment methods are different from each other as sets of
various systems of basic functions. For example, G. Grad
derived moment system through decomposition of particles
distribution function by Hermite polynomials near the local
Maxwell’s distributions.®!'”) Grad used Cartesian coordinates
of velocities and Grad’s moment system contained unknown
hydrodynamic characteristics as density, temperature, average
speed, efc. The moment system which differs from the system
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of equations of Grad was obtained.!'!l In this case, spherical
coordinates of velocity and distribution function used is
decomposed into a series by the eigenfunctions of the
linearized collision operator,['? which is the product of the
Sonin polynomials and spherical functions. The expansion
coefficients, the moments of the distribution function are
defined differently from Grad. The resulting system of
equations corresponding to the partial sum of the series, which
are called the Boltzmann’s moment system equations, is a non-
linear hyperbolic system relative to the moments of the
particles distribution function. Differential part of the resulting
system is linear and quadratic non-linearity is shaped as
moments of the distribution function. Quadratic forms — the
moments of the non-linear collision integrals — are
calculated, " and expressed in terms of Talmi,!'*! and Klebsh-
Gordon coefficients.!'>) A comparison of the Grad system of
equations and the Boltzmann system of moment equations is
given at the end of this article.

Moment systems for the spatially homogeneous
Boltzmann equation and the conditions for the representability
of the solution to the spatially homogeneous Boltzmann
equation in the form of the Poincare series were obtained.!'”-'®!
The application of the Fourier transform with respect to the
velocity variable in the isotropic case greatly simplified the
collision integral, and hence the calculation of moments from
the collision integral.'”7 The result for the anisotropic
scattering is generalized.!"®!

A systematic non-perturbative derivation of a closed
system moment equations hierarchy corresponding to any
classical theory is presented.l'”) The first member of the
hierarchy is Euler system, which is based on Maxwellian
velocity distributions, while the second one is based on non-
isotropic Gaussian velocity distributions. The closure
procedure has two steps: the first step ensures that every
member of hierarchy is hyperbolic, has an entropy and
possesses realizability of its predicted moments, and the
second step involves modification of the collisional terms that
is a non-linear generalization of the "diagonal approximation"
of Grad, which ensures that members of the hierarchy outside
the Gaussian closure will restore the correct Navier-Stokes
behavior. The work of C.D. Levermore is a fundamental work
for cases when closed systems of moment equations describe
a transition regime.!"”’

Boltzmann equation is equivalent to an infinite system of
differential equations relative to the moments of the particle
distribution function in the complete system of eigenfunctions
of linearized operator. As a rule, we have limited our study to
finite system of equations, since the solution to an infinite
system of equations is not possible. Finite moment system of
equations for a specific task with a certain degree of accuracy
replaces the Boltzmann equation. It is necessary to replace the
boundary conditions for the particle distribution function with
a series of macroscopic conditions for the moments, i.e., a
problem about the boundary conditions for a finite system of
equations approximating the microscopic boundary conditions
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for the Boltzmann equation is raised. The question of
boundary conditions for a finite moment system of equations
can be divided into two parts: how many conditions must be
imposed and how they should be prepared. From microscopic
boundary conditions for the Boltzmann equation, an infinite
set of boundary conditions for each type of decomposition is
obtained. However, the number of boundary conditions is
determined not by the number of moment equations, i.e., it is
impossible, for example, to take as many boundary conditions
as equations, although the number of moment equations
affects the number of boundary conditions. In addition, the
boundary conditions must be consistent with the moment
equations and the resulting problem must be correct.

Grad described the construction of an infinite sequence of
boundary conditions without matching the order of
approximation of the decomposition of the boundary
conditions and the decomposition of the Boltzmann equation.!
Boundary conditions, even one-dimensional system of Grad
moment equations, are very difficult, because this system of
equations is hyperbolic and contains such unknown
parameters as density, temperature, average speed, efc. as
coefficients. In this case, the characteristic equation also
depends on the unknown parameters and therefore it is very
difficult to formulate boundary conditions for the moment
system. The boundary conditions for the 13-moment Grad
system are discussed.?”!

A new computational algorithm is proposed that will
become an integral part of the moment method for solving the
Boltzmann equation.?'’ The consideration is based on the
principle of collision integral invariance with respect to the
choice of the basic system of functions, according to which the
expansion of the distribution function is carried out. The
relationships between the matrix interaction elements are
systematically studied in detail. For the axisymmetric case,
recurrent relationships between the matrix elements are
derived.

Approximation of the Boltzmann equation based on the
moment method was shown.??l The authors propose some
generalization for the formulation of the problem of moment
closure from relative entropy to @e-divergences and the
corresponding closure based on the minimization of ¢@-
divergences. The proposed description includes the classical
Grad closure based on expansion in Hermite polynomials and
the Levermore closure based on entropy. It is found that the
generalization of  divergence-based closure allows
constructing extended thermodynamic theories that avoid
significant limitations of standard moment closure
formulations, such as the inadmissibility of the approximate
phase space distribution, the potential loss of hyperbolicity,
and the singularity of flux functions at local equilibrium. The
divergence-based closure leads to a hierarchy of tractable
symmetric hyperbolic systems that preserve the fundamental
structural properties of Boltzmann equation.

The development of continuum models for describing
gases is discussed, in which particle collisions are unable to
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maintain thermal equilibrium.’! Such situations typically
arise in rarefied or diluted gases, for flows in microscopic
conditions, or in general when the Knudsen number becomes
significant. Continuum models in the kinetic theory of gases
are based on the stochastic description of the gas using the
Boltzmann equation. Extended fluid dynamics equations can
be derived using moment approximations such as the
regularized 13-moment equations. Moment equations are
described in detail, and typical results are discussed for flow
in a channel, in a cavity, and past a sphere under low Mach
number conditions. Both the evolution equations and the
boundary conditions are well known. In contrast, non-linear
high-speed processes require special closures that are still
under development. Modern approaches are discussed, as well
as the problem of calculating shock wave profiles based on
continuum equations.

The convergence of stable Hermite approximations (stable
Hermite approximations obtained by the method of setting
stable boundary conditions for Hermite approximations of
arbitrary order in the case of linear kinetic equations) is studied
and explicit convergence rates under suitable regularity
assumptions on the exact solution are proven.*! The
convergence rates presented are confirmed through numerical
experiments involving the linearized BGK equation of rarefied
gas dynamics.

A globally hyperbolic regularization was proposed to the
general Grad’s moment system in multidimensional spaces.*’]
Systems with moments up to an arbitrary order are studied.
The characteristic rates of the regularized moment system can
be analytically given and depend only on the macroscopic
velocity and the temperature. The structure of the eigenvalues
and eigenvectors of the coefficient matrix are fully clarified.
In addition, all characteristic waves are proven to be genuinely
non-linear or linearly degenerate, and the studies on the
properties of rarefaction waves, contact discontinuities, and
shock waves are included.

In the last two decades, the maximum entropy principle
(MEP) has been successfully employed to construct
macroscopic models that describe the charge and heat
transport in semiconductor devices. These models are
obtained, starting from the Boltzmann transport equations, for
the charge and the phonon distribution functions, by taking, as
macroscopic variables, suitable moments of the distributions
and exploiting MEP to close the evolution equations for the
chosen moments. Significant results have also been obtained
for the description of charge transport in devices made of both
elemental and compound semiconductors, in cases where
charge confinement is present, and the carrier flow is two-
dimensional or one-dimensional.2®]

Various mathematical theories and simulation methods
were developed in the past to describe gas flows in non-
equilibrium, in particular, in the hypersonic rarefied mode.
These methods range from the mesoscale models like
Boltzmann equations and the DSMC to the high order
hydrodynamic equations. The moment equations can be
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derived by introducing the statistical averages in velocity
space and then combining them with the Boltzmann kinetic
equation. On the basis of Eu’s generalized hydrodynamics and
the balanced closure that was recently developed by Myong,
the second-order constitutive model of Boltzmann equations
that is applicable for numerical simulation of hypersonic
rarefied flows is  presented.?””  Multidimensional
computational models of the second-order constitutive
equations are also developed based on the concept of
decomposition and method of iterations. Finally, some
practical applications of the second-order constitutive model
to hypersonic rarefied flows like reentry vehicles with
complicated geometry are described.

Approximation of the homogeneous boundary condition
for the particle distribution function was shown and the
correctness of the initial boundary value problem for non-
stationary non-linear system of Boltzmann moment equations
in a three-dimensional space was proven.!''l More precisely,
the existence of a unique generalized solution to the initial
boundary value problem for the system of Boltzmann moment
equations in the space of functions that are continuous in time
and square-summable over the spatial variable was proven. In
addition, the same study showed the approximation of the
microscopic boundary conditions for Boltzmann equations.
The boundary condition can be formulated as follows: to
determine the specular half of the distribution function from
the known one, corresponding to the falling particles. The
boundary condition is specified as an integral relation between
particles falling to the boundary and particles reflected from
the boundary (assuming that the probability of an event is
known where a particle falling on a boundary with velocity v;
is reflected with velocity v;.).

The application of Boltzmann equations is devoted to
determine the aerodynamic characteristic of aircrafts.l?*331 To
analyze the aerodynamic characteristics of an aircraft in the
transient mode, the complete integro-differential Boltzmann
equation is used, including the term depending on the speed of
the aircraft. In this case, the condition on the moving boundary
must contain a parameter that depends on the surface
temperature of the aircraft. In the above-mentioned works, the
derivation of a new system of moment equations and Maxwell
boundary condition approximation are given. The new system
of equations depends on the velocity of motion and the
temperature of the aircraft surface, and the macroscopic
boundary conditions depend on the temperature of the aircraft
surface. This system of equations differs from the Grad system
of equations!”’ and Boltzmann system of moment equations,'"
and is called the Auzhani system of moment equations. The
correctness of the initial boundary value problem for the
Auzhani system of moment equations under macroscopic
boundary conditions in the space of functions continuous in
time and square-summable over the spatial variable was
proven. In addition, the aerodynamic characteristics of aircraft,
such as flight speed and surface temperature, as well as
atmospheric parameters, are determined. A new two-
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dimensional system of moment equations is derived that takes
into account the speed of motion and the surface temperature
of a body immersed in a liquid.??”! The microscopic Maxwell
boundary condition for the particle distribution function is
approximated, taking into account the surface temperature of
a body immersed in a liquid. The issues of existence and
uniqueness of a solution to the initial-boundary value problem
for a nonlinear two-dimensional non-stationary system of
moment equations under macroscopic boundary conditions
arising from the approximation of the microscopic Maxwell
boundary condition for the particle distribution function are
studied.

In this paper, an approximation of microscopic boundary
conditions is presented, when some molecules are reflected
from the boundary specularly, and some - diffusely with a
Maxwell distribution. In this case, the macroscopic boundary
conditions for the system of Boltzmann moment equations are
obtained from Maxwell’s microscopic boundary conditions.
The number of macroscopic boundary conditions at the ends
of the interval is six. First, we show the correctness of the new
initial boundary value problem for the system of Boltzmann
moment equations. We will prove the existence and
uniqueness of solutions of the initial boundary value problem
for the fifth approximation of one-dimensional system of
Boltzmann moment equations with macroscopic boundary
conditions in space of functions continuous in time and
square-summable over the spatial variable. Then, to construct
an approximate solution to the initial boundary value problem

conditions, which are obtained from the Maxwell’s
microscopic boundary conditions, and the formulation of the
initial boundary value problem for the system of Boltzmann
moment equations. Note that the theorem on the existence of
global in time solutions of initial boundary value problem for
the 3-dimensional non-linear Boltzmann equation with the
boundary conditions of Maxwell is proved.>¥

Statement of the problem: Find solution to initial
boundary value problem for a one-dimensional Boltzmann
equation is solved by Egs. (1)-(3):
2—i+ [v| cos 9% =I(F,F),t € (0,T],x € (—a,a),v € R¥ (1)
satisfying initial condition

Fli=o = F°(x,v), (x,v) € [-a,a] x RY ()

and boundary condition
F*(t,x,v1,v,,v3) = BF~(t,x,v1,v5,—v3) + (1 —
B) exp( ZRg), vy = |v|cos8,(n,v) = (n,|v|cos ) >
0,x=—aorx=a

3)

where F = F(t, x,v) - particle distribution function in space
of velocity and time; F°(x,v) - particle distribution at the
initial time (fixed function); I(F,F) = [[F(v)F(p') —
F(W)F(p)] o(cos x)dpdn - non-linear collision operator,
recorded for Maxwell molecules, 7 - unit outer normal vector
of the boundary, y - angle between relative velocities of the
particles before and after collision as shown in Fig. 1, and

for the fifth approximation of the one-dimensional system of J(F,F) - function of t,x,v. 1 being the unit vector Of the

Boltzmann moment equations, we apply the finite difference
method. The differential problem is approximated by a finite-
difference scheme, and an algorithm and a program for
numerical implementation on a computer are compiled. At the
end of the article, graphs of the moments of the particle
distribution function are given.

2. Formulation of the initial boundary value problem for a
one-dimensional non-linear non-stationary system of
Boltzmann moment equations in fifth approximation
In the case of gas flow within a region bounded by a closed or
unclosed surface, or close to a solid, the boundary conditions
are specified as the ratio between the particles incident on the
boundary and reflected from it. If the initial distribution of gas
molecules is known, then further evolution of the gas is
described by the Boltzmann integro-differential equation.
Thus, the problem is reduced to solving the initial boundary
value problem for the Boltzmann equation. In this section, we
present the formulation of the initial boundary value problem
for the one-dimensional non-stationary Boltzmann equation
under Maxwell's boundary conditions, without specifying the
interaction of gas with the wall. We will approximate the initial
boundary value problem for the Boltzmann equation with the
corresponding problem for the system of Boltzmann moment
equations in the fifth approximation.

Let us present the derivation of macroscopic boundary
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relative velocity after collision.

According to boundary Eq. (3), some part of particles
falling to the boundary F* (¢, x, v, V,, v3) is reflected specular
F~(t, x,v4,v,, —V3), and other particles are absorbed into the
wall and emits with Maxwell distribution, which corresponds
to wall temperature @ . For parameter § € (0,1) , B =
1 corresponds to pure specular reflection from the wall. Eq. (3)
refers to the case of a wall at rest; otherwise v must be
replaced by v —uy,uy being the velocity of the wall.
B, 0, uymay vary from point to point and over time.!'?!

P

|| (V+p) F—§

v =7l
= 2
Fig. 1: Particle velocmes before and after collision.
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Boltzmann equation is a complex integro-differential
equation. Therefore, it is impossible to find an exact solution
to the problem Egs. (1)-(3). To find an approximate solution
to the problem Eqgs. (1)-(3), various methods are used, for
example, moment method, numerical methods, Direct
Simulation Monte Carlo, efc.

To find an approximate solution to the problem Egs. (1)-
(3), we apply the moment method. For one-dimensional
problems, the eigenfunctions of linearized operator are
presented as follows in Eq. (4):[112]

_( VmEni(21+1) alv\' (1+1/,
g (av) = <2r(n+l+3/2)) (ﬁ) n
2n+1=0,1.2,..

(a Ivi® )Pl (cos 9),
(4)

+1/, (a?lv|? . .
where S ( > ) - Sonin polynomials, P;(cos ) -

Legendre polynomials, /" - Gamma function, a? = 1/(R@), R
- Boltzmann constant.

The approximate solution to the one-dimensional problem
Egs. (1)-(3) is defined as follows Egs. (5)-(8):
Fs(t,x,v) = Fo(alvD) X3p41=0 Fru(t, X) gru(@v) (5)

va (6F5 + |V| cos 8_ _](FS! FS)) gnl(a—v)dv — 0' Zn +

1=01,...,5(x)€ (O, T] X (—a, a) 6)
[ [F5(0,2,%) = F2(x,v)] gy (av)dv = 0, 2n + 1 =
3
S5 x€(-a,a)2n+1=0,1,...,5, x € (—a,a) (7)
[ o @xmgna@)
(n,v)>0
- B (nl V) (ty X, V)gn,ZZ(aV)dV
(n,v)<0
1-8) (n,v) ('”'2) (@v)dv = 0
-(1- nv)exp| — === | gnz (@av)dv =
(n,v)<0 2RTO a2t

2(n+1) =0.24,x=—aorx = —a ®
where n = (0,0,1) withx = a and n = (0,0,—1) with x =
—-a, FO (alv]) - global Maxwell distribution; Fy(a|v]) =

2|V|2

(&)
b . e 2
2m

Fo(Ul|V|) ngz:oF

Fo(x,v) =

T(L)l(x)gnl (av), Fr(l)l(x) =

fR;’ FF? (X, v)gnl(av)dv,
Fu(t, x) = ng Fs(t, x,v) g (av) dv

In the general case, the approximation of the boundary
condition Eq. (3) depends on the parity or oddness of the
approximation of the system of Boltzmann moment
equations.?! When approximating a microscopic boundary
condition, we took into account the approximation of the
Boltzmann equation by moment equations corresponding to
the fifth approximation. Thus, the approximation orders for
the expansion of the boundary condition and the expansion of
the Boltzmann equation are consistent. Macroscopic
conditions Eq. (8) were called Maxwell — Auzhan boundary
conditions.?”l System of Boltzmann moment Egq. (6),
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corresponding to the decomposition Eq. (5), can be written in
the expanded form:3¢!

0w 10 | ( [20440p) o
at + a dx [l < (2l-1)(21+1) Fn,l—1
__2(n+D) 2(nti+%/) _
@D Fn+1,l—1> tUaD ( (21+1)(21+3) Friq
2n
an—l,l+1> =Iy2n+1=01,..5

where the moments of the collision integral can be expressed
in terms of coefficients Talmi and Klebsh-Gordon as
follows:!!3-16]

Generalized Talmi coefficients (Eq. (10))

)

INES
Z(N3L3n3l3: l|nl00 l)(N3L3n313: llnlllnzlz: l)(110l20/
lo)(013 - O-O)fnlllfnzlzf (N3L3ngls:lnglynyly: 1)

where (1,01,0/10) - Klebsh-Gordon coefficients.

Let us present the fifth approximation of the system of
Boltzmann moment equations in expanded form. If in Eq. (9),
2n + L is from 0 to 5, we get the following system of equations

(Egs. (11)-(23)):

(10)

dFyy  10Fy

at +oz dx =0 (11)
aF, 19 (2 3 2V2
2t +E£(\/_§Fo1 + 5 Fos — x/_F“) = loz (12)
dF, 19 1 2 5
a—?+;£<4 (v_?F“ - JEF“) +5F°5> o ()
JF,
iz s e
dF, [ 10 7 2 3
o +E$<2 (\/;Fn —ﬁFm) +3 <ﬁF13 -
2
\’;FOS)) =1 (135
6F12 7 2 3
+;£<2 (\/;:Fll —EF21> +3 <EF13 -
2
\’EFM)) =1I; (16)
dF. 19 2
a—i°+aax<fF21 ﬁF“> ~he (0
J0F, 10 2 ’
621+55(F00 +EF02_ 2/3F10>=0 (18)
OFp3 , 10 1 2 4 =
7’75[3 (TrsFoz - \/;Flz> +T7F04] =los (19)
dF,
Tt ae GR) =l 0)
9Fu 10 ( |5 _2 ZF,. -
at +aax<w’ /3F10 \/§F2° +2 <\/3-5F12
2
\}EF02>) =1 1)
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oF; 10 [ 9 4 |2 dF, , 10
ot +;a<EF12 —;\ﬁFM) =h:s @2 a_;(]+Z£<_\/2/3 Fout /3 Fn) =0 G
Let us introduce hydrodynamic quantities into
agil + %%(\/g Fy0 — %Fu) =I,,,x € (—a,a),t > 0 (23) consideration (mass m = 1) in Egs. (36) and (37):
p=n=[Fdv,V ==[vFdv,P; = [C,CFdv (36)
where FOO = Foo(t, x), Foz = Foz(t, X), . "le = FZl(t’ x) 1 5 3 1,1,
are the moments of particles distribution function; qi = Ef C*CiFdv,>RO = ;f S C°Fdv (37)
Iz, Loar 112, 150, 193, Ios, 111, 113, 1,1 are  the moments of

collision integral. Moments of collision integral are non-sign
defined square forms. To calculate the moments of the
collision integral, we use a table and a program.['>:1¢]

Ip; = (0 — Uo)(foofoz - f021/\/§)/2
loz = %(03 + 301 — 409) foofos + %(20’1 + 09 —
303)fo1/fo2 (25)

I1; = (01 — 0p) <foof11 + %\Eflofm - \/%f(nfoz) (26)

24)

loy = _%\E(fﬁ — 7o) foofos — é (04 — 09) (f00f04 -

%f01f03) (27)
— 3 02—0¢ _ﬂ 2
ha =357 6 ( oy Joz t f00f12) (28)
$17% 1 2(0,-0p) [ 1
120 = 0'120'0 (fzofoo + \/_§f11f01) + O'f/go'o (\/_Efzofoo _
V5 1
S+ gfh) 29)

010y

247
_1 )_
mf02f03 25
g3—0g 1 7
N (\/ﬁfmfm - ﬁfozf%) -
- 2,37 2V3
g;_\/;o (0:79‘/§f05f00 — 7 foafor + \/ﬁfozf%)
5 5 1
Iys = (0, — 0y) (gfoofos + Zf01fo4 + ﬁfmfoz) -
5 5 1
—(03 — 0y) (gfoofos + §f01f04 + ﬁfmfoz) + (01 —

113

(0,79\/§f05f00 +0,79V3foafo1 +

3 1443
(ﬁfmfm + S_ﬁfozfo3) +

02— 09

0,145 0,177
o) (0;063f00f05 + = forfoa t ﬁfosfoz) — (04 —
0,145 0,177
o) (0.063f00f05 + Tf01f04 + Vs f03f02) (31)
0,62V5
Iy = (01 — 09p) (_0»154f00f05 T fo1fos +

0,6 0,565 V5
Efmfoz) — (02 — 0p) (Tfoofos + ?f01f04 +

3
ﬁfmfoz) + (05 — 09) (0'14f00f05 + 0,14fo1foa +
0,531
~v5 Josf 02)

The system of Eqgs. (24-32) contains three homogenous
equations corresponding to the law of conservation of mass
(Eq. (1)), the law of conservation of momentum (Eq. (8)), and
the law of conservation of energy (Eq. (5)). We present these
equations separately in Egs. (33-35):

BFOO 1 6F01 _
ot Taox =0 (33)

10 2 ;
+ ;a(FOO + EFOZ - 2/3 FIO) - 0 (34)

Engineered Science Publisher

(32)

0Fyq
at

where n - number of particles per unit volume of gas, p -
density of gas, V - average velocity of gas, P;; - stress tensor,
q; - components of heat flow, @ - temperature of gas, R -
Boltzmann's constant, C = v — V - thermal or own velocity of
gas. The moments of the particle distribution function can be
expressed in terms of hydrodynamic characteristics:

Foo = [ Fgoodv = [ Fdv = p; F012: JFgoidv =
[Fdvcos0dv = aVp; Fy, = [ Fgg,dv = Za—ﬁ(P33 + pV32);

3
Fo3 = [ Fgosdv = %(Zq + 9VpRO + V3p);

5 2 3P V2
ngmdv:a\EpV—\/;oc3 <q+VP33 +pV(E;+7)>

(38)
If we substitute the values of Fyg, Fy1, Fo2, F19, F11 into the
system of Egs. (24) from (38), we obtain the following system

of equations:
ap
at

Fig =

dpVv

apV
at

2= =0, (39)

+—(Pj+pV?) =0
2 2
Zp(e+2) +%(pv(5+%+v7) +q) = 0,e = 2RO/(40)
The system of Egs. (39) and (40) is not closed, because the
number of equations is three and the number of unknowns is
five. To close the system of Egs. (39) and (40), we express Ps3
and g through the moments of lower orders. If P33 = p,q =0

(30) (ideal fluid), we obtain the Euler' system equations (Egs. (41-

43)):
dp |, 0pV _
E-I'E =0 41)
9V L o 2y =
5 +ax(p+pV)—0 (42)

So(eriv) r 2y (er2eiv] =0 @

For Navier-Stokes and Fourier fluid (viscous heat-
conducting fluid), we get Eq. (44):

20

_ 4 v
Py3=p—cug ,q=—k -

where p - pressure, u - viscosity coefficient, k¥ - heat
conducting coefficient. If we substitute the values of
coefficients P33 and q from Eq. (44) into Eq. (40), we obtain

the Navier-Stokes and Fourier system of equations (Eq. (45-
47)):

(44)

apv

ap _
St =0 (45)
o oy _4 0%V dp
p(E-l'VE)_s dx2 dx (46)
de de 2’0 4 (av\?  av 3
p(Gitvi)=riz+iu(5) —p5e=1RO (47)

The number of equations in Egs. (11)-(23) is twelve,

Eng. Sci., 2025, 34, 1455 | 7


https://www.espublisher.com/

Research article

Engineered Science

therefore the fifth approximation of the system of Boltzmann
moment equations contains twelve for the moments of the
particle distribution function. Equality Eq. (8) is an

approximation of Maxwell's microscopic condition Eq. (3). Eq.

(8) presents macroscopic boundary condition corresponding to
the fifth approximation of the system of Boltzmann moment
equations, and integration in Eq. (8) is carried out over the
velocity half-space. We will write the macroscopic condition
in expanded form.

At the boundary x = —a or x =a, we will set the
following boundary conditions (normal vector n = (0,0, —1)
with x = —a and n = (0,0,1) with x = a.

fooo fol fozn(_|V|M)F5+ (t, —a,v) gn2i(av)dv —
BT 10 [ (—WDuFS (8, ~a,v) gnoi(av)dv — (1 —

2
B Iy Sy ST v exp (- 20) g a(andv =0 @8)
where 2(n+1)=0,2,4=>n=1=0, n=0,l=1;n=
,LI=0;n=0;l=2;n=11l=1,n=2,1=0
w0 1 02

Iy Jo I3l uFg (¢, a,v) g i (av)dv —

o 0 2 _
B I J Wl uFs (t,a,v) gna(av)dv — (1 -

o 0
B 0, 1wl wexp (— 22 gy pu(av)dy = 0 (49)
where 2n+0)=0,24=>n=1=0,n=0,l=1;,n=
Li=0n=0l=2,n=,l=1n=2,1=0;u=
cos@,dv = |v|2d|v|dyd(p, F&(t,x,v) =
Fo(alv]) X3nsi= oF (t, x) g (av)
Let's write FSJ-r (t, —a,v) in the following form:
Fsi(t, —-a,v) = %[FSi(t, —-a,v) — Fsi(t, —a, —v)] +
%[Fsi(t,—a, v) + Fsi(t,—a, —v)] (50)

Notice, that

FE(t,—a,v) — FE(t,—a,—v) =

Zgn+l=0 Frj_—l (t, —a) [gu(av) — g (—av)] (51)
FE(t,—a,v) + F(t,—a,—v) =

Zgn+l=0 Frj_—l (t, —a) [gu(av) + g (—av)] (52)
gulav) £ gnll/(z_av) =

Van!(2i+1) alv\!
(Gt ) (<) 55172 (0 () £ P (-10)] (53)
0,l=2m—-1 0, listheodd
P () + P (—p) = {21) (), 1=2m = {ZPzz(u) (54)

0, listheeven
Pp) = Pi(=) = {2P21+1(u) listheodd
Taking into account the last relations for the Legendre
polynomials, the expressions Fsi(t,—a, V) + FS"—L(t,—a, —v)

(55)

and FZ(t,—a,v) — FX(t,—a,—v), which can be written in
the following form:

FE(t,—a,v) + FE(t,—a,—v) =

2 n41=0 Frfzz(t, —a)gn2(av) (56)
Fsi(t —a, v) FS’—L(t —a,—v) =

222n+l oF 21+1(t —a)Gn21+1(av) (57)
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Then Eq.(11) can be rewritten in the following form:

f f fm(—| | {22n+l o[ 21+1(t —a)gn21+1(av) +
n,21(t: a)gn_y(av)]}gkﬂ(av)dv -

B Iy Iy I3 ) {B im0l Fraier (6 =) g area (av) +

Foo(t, — a)gn,zl(av)]}gk‘u(av)dv -(1-

“f (~476), @)
B)J‘ ( )kzL

From Eq. (58), it follows that the number of boundary
conditions at the left end of the interval (—a, a) is equal to 6.
In a similar way, it can be shown that the number of boundary
conditions at the right end of the interval (—a, a) is also equal
to 6. If in Egs. (48) and (49) instead of g, »; (av), we substitute
the values

f_llf fOan |viuexp 2(k + L) =0,2,4 (58)

Goo =1

alv|
Joz(av) = ﬁ(ﬁ) ~(Bcos?6-1)

\/%(Ciy_/l) (35c0s*0 —30co0s?6 + 3)
2
a2|v|2>
V2

2(3
910((11/):\];(5—
wF(% -5 Jemre-s
f [ __azvz) a

Then after integration, we obtain the macroscopic
boundary conditions for fifth approximation of the system
Boltzmann moment equations®! (omitting cumbersome
calculations of boundary integrals): at x = —a

1|1 2 V2 1 1
g[ﬁ(‘ﬁf&) - \/;foJ'z +a=fat Ffio—Ffh+

Goalav) =

22 2,,2

v
2

1 11 ~ [z,
_me2%> + f0+1] B4 [ﬁ(ﬁfoo + \/;foz -
x=—a

V2o 1 o 1 1 -

Trosfor — Ffio + Hfiz — _mem) +f01] -
x=—a

a-pm 1 _

T W 55

o [\%(‘Jgfo_o — 22 -5 szoz +fib+ i —
f11 ve—q 2a [\/— (ffoo

_ 13 [2 _ _ 2 _ _
zﬁfoz*‘?\/;fm_fm_ﬁfu+ﬁf20>+ﬁfo1+

1 2 3
ﬁfz%) + ﬁfoﬁ + \/—gfo+3

3 . 2v2 _ 1-pm 1 _

\/_gf03_ﬁf11] I~ (60)
A2+ 26 A e S o 18 ey
Za[\/ﬁ(\/zwfoo 3\/%f02 7\/Ef°4 3«/§f1° \/245f12
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L of+ Ak g Sk % 20y _ AL (2 - 26 o~ 4 - 5 -
Zﬁfzo)]+\/7f03+3f05 3\/;f13] . B+, \/E( 5 Jo0 T 55502 — 75 foa t 555 10
AL (2 -, 26 4 - 5 - 13 ,_ 1 L 4 _ 5. 4 |2 ._
'BZa[\/E( \/210f°°+3\/7_0f02 7\/Ef°4+3\/£f10 _\/mfn +ﬁf20) _\/_7f03_§f05 +§\/;f13] -
18 ooy 1) 4o Seo 4|2 _ 1-p)n 1
Nor ALY +2ﬁf20) +75fo3 +5fos 3\/;f13] . (m/’%)”ﬁz 0 (67)
(1-p)m 1
—=—==0 (61) 1 5 3
afr 83 o \/—(\/—foo o —sfia—Fo -t
1171 5 6 3
—|=(=fb+fh——=fh—=fh——=r%+ 5 2 5 101 1 ,_
2“[‘5(‘5 e e s ﬁff&)"‘ o — 3 —ﬁg[\/—;(—ﬁfoo—
5 2 . 5 ._ a-pn 1 x=a
—f20 _\/ifm +\/:f11] + =0 (62) __ 5 .. 6 ,._ 3 _ 5 2 .
2V10 ) 3 3 x=—a aT 16V210 foz +3—\/§f04+ﬁf10 +ﬁf1z_ﬁfzo) + §f01_
11 1 2 34 5 - (1-p)n 1
Z[ﬁ(‘ﬁf&) +ﬁfo§ mfm rf10 7\/§f1§_ \Efll] _ aVr 16v210 (68)
23 [2 2 7 9

_fz*b)_3\/ifo_3+2\/:fﬁ+_f1§_ 3 3 4

35 35 15 e B\ —F oo + Floz + Hforn — o — 75/ -
4 L, 111 - 2, 13 ._
JR— —_ —_ | — R —_ +
G R C s (o LY O N I P g
3 34 23 [2 2 7
PR o W Y .
mflo 7\/Ef12 4\/;f20> 35f03 15f11 Efzﬁ] ) ﬁm[\/—<\/—foo \/—fOZ — f04
9 _ 4 (1-B)n 1 -
=iz —7=/2 ] - —==0 (63) 23
V35 vis 2l x=—a am 435 \/—f10 \/—f12 fzo +3 f03 f11
DA (i L Lo 5 e 23V2 o _ _ 1-pn 1
Py [\/;(2\/1—5][00 srefor =55 fou T s o — J—f12 Efm-{-ﬁfm] - aﬁﬁ"ﬁ: (69)
15 04\ _ 2 e+ o |7 c4 L1 (- =f x=a
ﬁfzo) \/§f11+\/;f21] N [ﬁ( NEfoo"‘ o1 1 233
1 1 __ 23v3 B Z[\/_—(_Z\/—foo_ﬁfoz_ﬁfm _melo 4\/—f12
sifor t oo — g fio t N—fn \/—fzo) - 15 1 ~
- (g 1 \/_Efzo \/—f11 fz1 gﬁ(——szoo+
==/t |3/ ~ e =0 (64)

x=—a Lf —f __f 23‘/_f f—)+if—_
245 02 27 04 2410 10 4435 12 Ve 20 V3 11
atx = a
7 o A-pm 1 _

T \Efn] ~ el TR (70)

x=a

2 1
—|=|—V2foo — [ fob + fo4 b= —=fi +
2a |Vm 3 \/W V3 V21 i
s Let introduce the following vectors and matrices:
L opr ) e £l1L R L R L SR
sz”) fo1] ey 2@ [x/E (ﬁfoo + \/;foz Tios fou U = (Foo, Foz, Foa, F10, F12, F20, Fou, Fos, Fos, Fi1, Fi3, Fo1),
_G-pm 1

AP U S S U, U) = (0,103 Ios, 0, 112, L0, 0, Ioz, Ios, I, Iy, I1),
\/_§f10+ﬁf12_ﬁf20>_f01:| a\/_ 4\/_ 0(65) ]( ) ( 02,104 12,420 034052111, 113 21)

x=a A1 _ (12' 1(4)1)

1)1 2 13 [2 2
E[J_E(_\/;fog_Zﬁfoz_g\/:f&*'ﬁé"'ffﬁ_ _

1 0o 00 O
1 2z 3 &2
ﬁf;{)) \/—f01 \/—fo3 \/—f11 rea [r<ffoo YERRE S 15
4 V2
-0 = -0 -2 9
-, 13 [2 ._ -2 - - - V73 V7
2V2fs +?\/;f04_f10_ﬁf12 +mfzo>_ﬁf01_ o1 27
if‘+2f‘]| S@Em L (66) ‘I 0\/; o 0
V3103 TisTitley avm 8Ve 0 PN (A B
_[_(_f+_£f++Lf+_Lf++if+_ T VE7 V35 AT 35
2a lvm \V210 00 3V70 02 72 04 3V35 10 V245 1z 2 7
1 4 5 4 |2 L 0 0 0 V3 0 3
ﬁf{a) — 5 /o3 =5 /65 +§f;f1+3” -
xX=a
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V2 \/2 —\/Z 1 1 1
3 105—£ E —ﬁ
2 26 2 1
s W2 ogml oF iR
5 13 1
1| |2 26 _ 4 33 V245 27
B = o= 105 370 7V2
1 5 6 3 __5
5 ! ;w2 V@
1 2 13 3 34 2342
TV21 V7 V245 Vid 72z 435
11 1 5 232 15
2V15  2v5 2v7 T 210 4v3s vz

6= (it L 2

Then the initial boundary value problem for the system of
Boltzmann moment Eqs. (11)-(23) with initial condition Eq.
(8) and boundary conditions Egs. (59)-(70) can be written in
vector-matrix form:

Z_lt’ + AIZ_Z =J(U,U),t € (0,T],x € (—a,a) (71)
Ulizo = Up(x),x € (—a,a) (72)
_ B 1
(Ap* = Bu®)lye—q = BUAP™ + BU ) ymrq + —= (1 -
B)G,t € (0,T] (73)
B _ 1
(Ap* + Bu™)|y—q = BAp~ — Bu )|y=q + ﬁ(l -
B)G,t € (0,T] (74)
where A - transposed  matrix; U = (u, p)',u =

(Foo, Foz, Foar F1o, F12, F20), 0 = (Foy, Fos, Fos, F11, Fi3, F21),
u(p) - the vector of even (odd) moments on [ (second index)
of the particle distribution  function, Uy(x) =

problem Egs. (71)-(74) is substantiated.
For the problem Egs. (59)-(73), the following theorem takes
place.

Theorem. If U, = (uo (), po (x)) € L?[—a,a] , then
problem Egs. (71)-(74) has unique solution in [—a, a] X [0, T],
belonging to the space C ([0, T]; L?[—a, a]), moreover

”U”C([O,T];Lz[—a,a]) <( (”UO”LZ[—a,a] - 7”1(0)) (75)

where C; - constant independent from U and T~0(||U0|| —
1

" (0))L2[—a,a]’
equation (Eq. (79)), that was built in explicit form.

Proof. Let U, € L?[—a, a]. Let’s prove estimation Eq. (75).
We multiply system of equation (Eq. (71)) by U = (u,p) and
integrate from —a to a:

Sarlalew) + @p)ldx + [, (457 ) +

r,(t) - particular solution to the Riccati

%)
(4250 dx = [ [U1w) + (o, p)]dx (76)
After integration by parts, we receive
S I L) + (o p)ldx + (™, Ap )l xmq —
W™, Ap ) x=—a = [, [U1w) + (2, p)]dx. (77)

Taking into account boundary conditions Egs. (73) and
(74), the equality (Eq. (77) can be written in the following
form:

1d ra

o)l + (0, p)ldx + (Bu™, u7)|x=q +
(Bu™,u ) |yeq — —%((ApJr —Buf)u7)| ___+

5 ((p* +BuD),u)| _ + (FLu ) lema + (Fru)limmg =
= [° LU0 wp),w + B pplde  (78)

(Fgo (), Fop (x), Fify (x), Fou (x), Fia (x), F3o(x), Fy (%), Fo3 (%), Fgs (), FYy (’&)Lg}ﬁ’ F31)',
G

- given initial vector functions, p*,u*(p~,u™) - moments of
falling to the boundary (reflected from boundary) particle
distribution function.

The matrices 4 and B are non-singular. So instead of the
problem Egs. (1)-(3), we obtain new problem Egs. (71)-(74)
related to moments of the particle distribution function. The
system of equations represents non-linear symmetric system
of hyperbolic equations. The initial boundary value problem
Egs. (71)-(74) is studied for the first time.

3. Initial boundary value problem for one-dimensional
system of Boltzmann moment equations with boundary
conditions of Maxwell-Auzhan

This section discusses the existence and uniqueness of
solution to the initial boundary value problem for one-
dimensional system of Boltzmann moment equations with
boundary conditions of Maxwell-Auzhan in space of functions
continuous in time and square-summable over the spatial
variable on the method of work.?” It is required to find a
solution to the system of Eq. (71) satisfying the initial
condition (Egs. (71)) and boundary conditions Egs. (72) and
(73). First, the existence and uniqueness of the solution to

10| Eng. Sci., 2025, 34, 1455

where F1 = 05,8—\/5 .

Let’s use spherical representation®! of a vector U(t, x) =
r(t)w(tl x) s where (,U(t, x) = ((U1 (tl x)l (l)z(t, x)) ’ T(t) =
”U(ti')”Lz[—a,a]' ”w”LZ[—a,a] =1.

Substituting the values u = r(t)w,(t,x),p = r(t)w,(t, x)
into Eq. (78), we have that Eq. (79):

%+rP(t) =r2Q(t) — f(t) (79)

where
) P(t) = (Bwy, w1)|x=a + (Bw1, 0)|y=—a +
+5[(A07, 1) x=q + (BT, 0] |x=q + (BOT, 07)|x=q —
a (Aw;I wI)lx:—a]g
Q) = 2, [U1(w1, w3), w1) + (2 (w1, w2), wp)]dx,
f(t) = (Flv wl_)lx=a + (Flv w1_)|x=—a'
Let’s study Eq. (79) with initial condition
r(0) = 1Uoll = 0ol 2[-a,a1

Let 14 (t) is the particular solution to Riccati Eq. (79). Then
general solution to Eq. (79) have the form

r(t) =r(t) +exp (fOt(ZQ(T)Tl(T) — P(T))d‘[) [C _

(80)
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£ Q@ exp(f}(20@)m (&) - P©)dg) de| 81)

Hence taking into consideration initial condition (Eq. (80)),

we obtain
r(t) =r(t) + exp (f;(ZQ(T)rl(r) - P(‘L’))d‘[) .

[5me — Jo 0@ exp(f (20O () - P©)de) de]
(82)
IFR(E) = [ Q1) exp ([ 2Q(€)r(§) — P(D))d8), dr <

0, Vt, then second term of 7(t) is bounded for Vt € [0, +0).
Let R(t) > 0. Let denote by T; the moment of time at which

m f Q) exP(f (ZQ(f)ﬁ(f) - P(f))df) dr =
0 (83)
Then r(t) — r;(t) is bounded for Vt € [0,T), where T <
1
Ty and T, ~0 (||uo||—r1(o))'
Now let’s found one particular solution to the equation (Eq.

(79)). The non-linear Riccati equation can always be reduced
to a second order linear ordinary differential equation’>

[y

y' + )y + £,y =0 (84)
where
y(©) = exp (- f; Qr@dr), f() = LLLLO p ) =
QOF(®).

A solution to this equation will lead to solution to r(t) =

of the original Riccati equation. By substitution

Q(t)
y(t) = z(t) exp (=3 [; fi(D)dr) (85)
Eq. (31) can be written in following form:B”
z’ () +al®)z(t)=0 (86)

where a(t) = fo(t) =5 fi(t) = 3 f2().
Substituting instead of f;(t) and f,(t) values from Eq.

(85), we get

2(Q%p'-Q"0+0?)+(eP-Q)’*

a() = Qf (1) - r (87)
In work, 1 it was proven that function
z(8) = 1+ Y=y b (0) (88)
is the solution to Eq. (86), where
t ¢
b, (t) = —f f a(t) dtdé
0 Jo
be(©) = — [} [¥ a(®) by_y (2)drdE (89)
Then
w 1t
y =+ Zp b)) exp (-1 fi(Ddr)  (90)
and
Y ()L
(@) =~ 2 = FOFOAO oD

YQ z(H)e®)

where r; (t) is a particular solution to Riccati equation.
The value of

Engineered Science Publisher

_ Z@—52(0:0) £ (0)

n0=-—5w 20 ©2)

since z'(0) = 0.

Now instead of f;(0), substitute the value P(0) — ?2(—(0?,

P(0)Q(0)-Q'(0

we get 11 (0) = P@e®-0© )Séz)(o)Q( )

The value

Q0) = [, (Ur(wy, wa), wp) + U (wy, wo), wp)| _ dx (93)

where
1wy, wz), wi)le=o = Uoz(Wy, wa), Wop)le=o =

0,—0, w9,)?
UOZ(leWZ) W1) == %((W(())OW(()JO — (wt) )W((J)2>

V3
wp = (Woo'Woz'W10)" Wy = (W01'W03'W11)'

J2(wy, wy), wi)le=o = [Joz (W1, w3), wo3) +

1
11wy, wo), wi)]le=0 == (Z (03 + 301 —

0.0
4ay)wgowos +

1
e (20, + 0y — 303)W81W82) wds + +(0oy — ap) [w&)wfl +

1[5 2
E\/;Wfowt?l - \/;W&Wgz] wiy
P(O) = (Bw{"~ ;W1 x=q + (Bw™ .W1 )lx——a
_[(AW W1 )lx a+ +(BW1 'Wl )lx a

(Bwl ,W1 )lx——a (AWZ 'Wl )lx——a]

Let choose the initial functions such that Q(0) # 0, then

Q0
_ ()_Q((?) : : :
r,(0) = 200 S finite number. Expansion form of the
function is shown as follows:
S QWPBH-Q'®)
r(t) = 20 [Z (t)f a(®)z(t)dr + ) (94)

It is not difficult to prove by immediate substitution that a
function r; (t) satisfies Riccati equation (Eq. (29)).
From Egs. (36) and (37), we obtain

r(t) = () < C(I1Ull —11(0)) (95)
Hence Ut 2(-a,0) = 71(8) < C(I1Uoll =71(0))  and
WU llcqome2-aa) — TicloT] |||U(t M iz—aa — T1(t)| <

C(”Uo | — 7'1(0))

Let take the segment [0 ] as interval of solution

1Uoll- T1(0)
existence to the problem Egs. (78) and (79) since integrand
Q(1) exp(fOT(ZQ(f)rl(f) — P(§))d¢) is bounded. Hence,
vt € [0,T], where T < T; takes place a priori estimation Eq.
(76).

Now let’s prove the existence of a solution for Egs. (59)-
(73) with the help of Galerkin method. Let {w,(x)};2; is a
basis in space L?[—a, a], where dimension of vector w; (x) is
equal to dimension of vector U. For each m, we define an
approximate solution U, of Egs. (71)-(74) as follows:

Um ] 1 C]m (t)'l]] (X) (96)
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12 (B2 + 4 52) i) dx = [, (W), 0:00) d,
i=1,m,te(0,T] 97)

Um|t=0 = UOm(x):x ER (98)

— - _ 1 1-
(Apm + Bum)|x=¢a = E (Ap;l + Bu&)lx:ia + (1F)r G(99)

apVm
where U,y is the orthogonal projection in L? of function U,

on the subspace, spanned by vy,...v, JU,) =
(]1 (um' Pm):fz (um' pm)) .
Represent v;(x) in the form vj (x) = (vj(l), ](2)) ’

= (Vv “13) ” = (Vs vjs, ”1‘6) :
The coefﬁc1ents Cim (t) are determined from the equations
=1 {dC]mf (v], Vi )dx + CJm [(Bv (1))|
—(1) —(1) -1
(By; ) G [
+ 3 ((Av;(z) + Bv;'(l)), vj_(l))

(B @ ,V,-_“))Ix:_a

where 17

2 ((Av.+<2) — By @), v )| (AP + -
x=-—a
A +<1) §®
),v; )|x=a 5 (Avj Bv; e

(1))| + (Fl'vi_(l))|x=—a +

@
O O, (45

@, L
<A'%,v].()>) } I(J(Z L CmV)), Vi) dx, i = 1,m,t €

(0,T], cin(0) = djppyi = 1,m (100)

where i = 1,m,t € (0,T], ¢;,(0) = d
i-th component of U,y,.
Multiply Eq. (97) by ¢, (t) and sum over i from 1 to m:

f_aa((aum 44, %m), Um) dx = [* (J(Upn), Up)dx (101)

With the help of above shown arguments, let’s prove that
T, (t) is bounded in some time interval [0,T,,], where

U (t,2) = 1 (D)0 (£,2), Ty = 0 (1 Uoml —
-1
Tml(O)) ),Tm >TVm . and ||Um||C([O,T];L2[—a,a]) <
C, (||U0||L2[—a,a] — rl(O)) , where C, - constant and
independent from m.
Then, the solution to the system of Egs. (96)-(99) or Eq.
(100) follows from estimation Eq. (41). Thus, the sequence

{U,,} of approximate solutions of problem Egs. (5)-(7) is
uniformly bounded in function space ([0,T];L?*[—a,al).

(Fl'

(Fu,v;

im'i = l,m, dim is the

. 1 .
Moreover, homogeneous system of equations TE + ;Af with

respect to 7, & has only trivial solution. Then, it follows from
results in Ref. [41] that U, - U is week in
Cc([0,T]; L*[-a,a]) and J(U,) - J(U) is week in
C([0,T]; L?[—a, a]) as m — oo. Further, it can be shown by
standard methods that limit element is a weak solution to the
problem Egs. (72)-(74). The theorem is proven.

12| Eng. Sci., 2025, 34, 1455

3. Numerical solution to the initial boundary value
problem for one-dimensional system of Boltzmann
moment equations with boundary conditions of Maxwell-
Auzhan

It is impossible to find an exact solution to the problem Egs.
(71)-(74), so we use numerical method to construct an
approximate solution to the problem Eqgs. (71)-(74). The
differential problem is approximated by a finite-difference
scheme, and an algorithm and a program for numerical
implementation on a computer are compiled. At the end, the
graphs of the moments of the particle distribution function are
given.

Let us construct a finite-difference scheme for the
numerical solution to problems Eqs. (71)-(74). Let divide the
segment [0, T] into N; equal parts and the segment [—a, a]
into N, equal parts. Let introduce the grid functions u;; =
u(ti,x]-), pij = p(ti,xj). Le t us approximate the differential
problem Egs. (71)-(74) by the following finite difference
scheme:

n+1 n+1 n+1 n+1

i+1,j ij +Apl] hpl] 1 ]1(11?]-.17{})

T
i=01,.. N,—-1;j=1,..,N (102)
pn++11 pn+1 n-_|-+11 _ g ntl
L L r 7, L

e iy A CH B 1))
i=01,....,N;—1; j=N, —1,...,0; (103)
ugtt =), pgit =wp, j=01,...,N, (104)

m(1-B) .

(Ap~ +Bu )¢t = E(Aer — Bu)}, — oy G, i=
01,...,N (105)
- n+1 _ n(1-B) R

(Ap~ — Bu )iy, = (Ap + Bu)iy, + e G, i=
0,1,...,N (106)

T —time step, # —space variable step.
In order to find a numerical solution to the problem Egs.
(102)-(106) and (78)-(84), we use the iterative method.
Ati=0, j =0,1,...,N,, the solution to the problem can
be determined using the initial conditions Eq. (80). Let i =
0, j = 1. With the help of Eq. (77), we obtain the following
Eq. (107):

n+1

n+1
Uig

—Uoq

n+1_,, n+
+A Po1 _—Woo

1
P = J1(ug1, po1) (107)

where ufft = ulift — A(Pn+1 —pog ") + /1 (UG, p)-

Leti=0, j=2.In thls case, we get the following ratio in
Eq. (108):

B =gt — 2 AWST — ot + U (W2 pEy)

Uy

(108)

And so on, ati = 0, j = N, we get the following ratio in Eq.
(109):

T
uln! = ugy) — ;A(Pgﬁzl - p(T)HI\—I;—l) + 13 (ugNZ' P(T)lNz) (109)
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Using the value of uﬁ,’zl, from the boundary condition Eq.

(84), we find (i =1, j = N,) in Eq. (110):

(1 ﬁ)
piit = A7 [2 (Apl, + Buly,) + TG + Bupil] (110)
In this way, we found all the values of the vector u{‘j“ on

the first layer of the difference grid, except for uly .

To determine the values of p”+1 we use Eq. (79) and
perform the calculations from right to left. If i =0, j = N, —
1 we get Egs. (111)-(113)

T ’
P??\lelq P(r)lm—l - ;A (uﬁl; - uQE_l) +
)2 (U vy -1, PO N, 1) (111)
Ati=0, j =N, — 2 we have
T '
PNy -2 = Poiy-2 — 3 A(ubN-1 — ubhi-2) +
)2 (Ul y, -2 DO, -2) (112)

And so on. At i=0, j=0, we get the following

correlation
Pt = ot — A (un+1 uggl) + T]z(ug,mp(r)l,o) (113)

Using the found value from p'$* the boundary condition
Eq. (80), we find (i = 1, j = 0) in Eq. (114):

n+l _
Uz,0

a-p)
=B~ [ﬁ(APw_Bum)_nalgﬁﬁG

Thus, we have defined all the values u"+1 and py ;

n+1] (114)

41 o the

first layer of the difference grid, mcludmg the left and right
boundaries of the interval ( a, a). Let's continue this process

for the values of i = 1, .. — 1 and define the values un]+1
and p"+1 at all nodes of the dlfference grid.[#2-47]

Let start the iterative process for n and continue the
calculations  untii we  achieve the  following
conditions: |u{}+1 — um <e¢g, |pitt — pm <egi=

01,...N—-1;j=1,...,
small number.
The numerical experiment was carried out with the

N,, where € - a given sufciently

following data: [—a, a] = [0,1], oy, = 120, 0, = —24.
Segment [0,1] is divided into 10 equal parts, step h = 0.1

in space variable x. Let denote by 1 the time step and choose

T = 0.02. The inequality % < 1 (1=0.02, h=0.1) satisfies the

stability condition of the finite-difference scheme. Fulfilment
of the stability condition and analysis of the results of the
numerical experiment confirms the convergence of the
difference scheme.

The initial functions are chosen as follows: Fyy = 1 — x;
Foo =1—x/2; Fou =x(1 —x); Fjo =x—1/2; F;, = (1 —
X)/2; Fop =x(1—x)/2; Fo1 =% Fy; =x—2;Fps = x(1 —
X, Fh=x+1LF,=1—x/3;F,=x(2—x)/2;, B=1,;
a = 5.41334827830624; ©=346 K, Boltzmann constant =
8.617333 - 105 eV/K, betta=1; sigma0=120; sigmal=0;
sigma2=-24; sigma3=0; sigma4=0; sigma5=0;u = (Fyo, Fy2,
Foa, Fro, Fia, Fao ), p = (For, Fos, Fos, Fi1, Fi3, Fay ), where
[0; 1] -x axis segment, [0; 0,2] -t axis segment, the vertical
axis shows the value of distribution function moments. Fy, =
p - gas density; Fy; = apV - the production of gas
densityandthe average velocity of gas and « = 1/VRO ,
where R - the Boltzmann constant, ® - the temperature of
wall; Fo Fo3,...,Fp; will be expressed through the
hydrodynamic characteristics of the gas.

We will further present tables of values and graphs of the
particle distribution moments: Fyq = p - gas density; Fp; =
apV - the production of gas densityandthe average velocity of
gasanda = 1/ VRO , where R - the Boltzmann constant, © -
the temperature of wall ; Fy, Fys, ..., F>; will be expressed
through the hydrodynamic characteristics of the gas. We will
further present tables of values and Figs. 2-13 of the particle

2
Fop = %(Pn +pV?) , Fpz=

3
jT_5(2q+9VpR9+V3p) , Floza\/ng—\/éa3<q+

distribution moments.

3P v?
VP33 + pV (5 s + 7)), and efc. However, they do not possess

a definite physical meaning.

F 00

Xg X, Xz Xg Xy Xg Xy X5 Xg Xg X0

t 1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t, | 0 1 0.5000 0.8000 0.7000 0.6000 0.5000 0.4000 0.3000 0.2000 0.1000 0
t.| 0.02 | 1.0000 | 0.8947 0.7947 0.6947 0.5947 0.4947 0.3947 0.2947 0.1947 0.0947 -0.0053
ty| 0.04 | 1.0000 | 0.9892 0.7895 0.6895 0.5895 0.4895 0.3895 0.2895 0.1855 0.0895 -0.0109
t,| 0.06 | 1.0000 | 0.9885 0.7752 0.6842 0.5842 0.4842 0.3842 0.2842 0.1842 0.0842 -0.0170
t;| 0.08 | 1.0000 | 1.0877 0.7684 0.6792 0.5730 0.4730 0.3790 0.2790 0.1730 0.0730 -0.0237
ts| 0.1 1.0000 | 1.0520 0.7522 0.6745 0.5737 0.4737 0.3737 0.2737 0.1737 0.0737 -0.0311
t-| 0.12 | 1.0000 | 1.1964 0.7348 0.6703 0.5684 0.4684 0.3684 0.2684 0.1684 0.0684 -0.0354
fp| 0.14 | 1.0000 | 1.2061 0.7114 0.6669 0.5630 0.4632 0.3632 0.2632 0.1632 0.0632 -0.0487
ty,| 0.16 | 1.0000 | 1.3164 0.6863 0.6644 0.3576 0.4579 0.3579 0.2579 0.1579 0.0579 -0.0531
t,4 0.18 | 1.0000 | 1.3321 0.6544 0.6630 0.5520 0.4527 0.3527 0.2527 0.1527 0.0527 -0.0710
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"bo(t.x) 0

15«

0.5 -

-05
-1
0.2
Fig. 2: Fy,.- gas density.
Foq
Xp Xy Xa Xg Xy Xz Xg Xg Xg Xg X0
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.3 1
t.[0 |0 0.1000 0.2000 0.3000 0.4000 0.5000 0.6000 0.7000 0.8000 0.5000 1
t,| 002 [0 0.0994 0.1994 0.2994 0.3994 0.4994 0.5994 0.6994 0.7994 0.8994 1.1349
t,| 0.04 [0 0.0040 0.1987 0.2987 0.3987 0.4987 0.5987 0.6987 0.7987 0.8987 1.3234
t,| 006 [0 0.0040 0.1570 0.2979 0.3979 0.4579 0.5979 0.6979 0.7979 0.8979 1.5775
t | 0.08 [0 -0.0910 0.1955 0.2966 0.3969 0.4969 0.5969 0.6969 0.7969 0.8969 18058
t.|01 |0 -0.0908 0.1936 0.2948 0.3958 0.4958 0.5958 0.6958 0.7958 0.8957 2.3126
t,[ 012 [0 -0.1858 0.1924 0.2921 0.3946 0.4946 0.5946 0.6945 0.7945 0.3945 2.7974
tg| 0.4 [0 -0.1857 0.1911 0.2886 0.3933 0.4933 0.5932 0.6931 0.7931 0.8930 3.3553
t| 016 [0 -0.2811 0.1910 0.2840 0.3918 0.4918 0.5917 0.6916 0.7915 0.8914 3.9788
t.d 018 [0 -0.2816 1.1914 0.2781 0.3903 0.4502 0.5917 0.6500 0.7898 0.8897 4.6592

Fig. 3: Fy; - the production of gas density, the average velocity of gas and « = 1/VR6.
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X X, Xa X A X5 Xg Xz Xa Xg X190
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t, |0 1 0.9500 0.9000 0.8500 0.8000 0.7500 0.7000 0.6500 0.6000 0.5500 0.5000
t,| 0.02 | 1.0000 | 0.9141 0.8700 0.8260 0.7821 0.7382 0.6944 0.6506 0.6069 0.5632 0.5196
t;| 0.04 | 1.0000 | 0.9910 0.8414 0.8031 0.7650 0.7271 0.6893 0.6516 0.6142 0.5768 0.5270
t,| 0.06 | 1.0000 | 0.9688 0.8053 0.7813 0.7488 0.7166 0.6847 0.6531 0.6218 0.5908 0.5224
t;| 0.08 | 1.0000 | 1.0457 0.7702 0.7610 0.7334 0.7067 0.6306 0.6549 0.6297 0.6051 0.5088
tg] 0.1 1.0000 1.0233 0.7275 0.7422 0.7187 0.6575 0.6770 0.6572 0.6381 0.61597 0.4918
t.| 0.2 | 1.0000 | 1.0999 0.6856 0.7255 0.7046 0.6388 0.6738 0.6598 0.6468 0.6348 0.4815
ty| 0.14 | 1.0000 | 1.0769 0.6359 0.7108 0.6911 0.6807 0.6711 0.6628 0.6558 0.6502 0.4924
ty| 0.16 | 1.0000 | 1.1527 0.5868 0.6988 0.6780 0.6731 0.5688 0.6662 0.6652 0.6660 0.5434
t,d 0.18 | 1.0000 | 1.1284 0.5296 0.6895 0.6652 0.6661 0.6670 0.6700 0.6750 0.6822 0.6573
1.5~
1
0.5
Foa(t:x) 0~
Fig. 4: Fy, - the particle distribution moments.
0
-5 4
Fos(tx)
-10
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Fo3
Xp X X Xg Xy X5 Xg X Xg Xg Xy
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t,]0 0.5000 | 0.5500 0.6000 0.6500 0.7000 0.7500 0.8000 0.8500 0.9000 0.9500 0
t.| 002 |0 0.5467 0.5967 0.6468 0.6969 0.7471 0.7972 0.8473 0.8974 0.9476 -0.8785
t;] 004 [0 0.5207 0.5935 0.6437 0.6939 0.7441 0.7944 0.8446 0.8949 0.9452 -2.5826
t,] 006 [0 0.4943 0.5890 0.6405 0.6908 0.7412 0.7915 0.8419 0.8923 0.9427 -4.0837
t.] 008 [0 0.4710 0.5834 0.6373 0.6878 0.7382 0.7887 0.8392 0.8898 0.9403 -5.3541
t. |01 |0 0.4471 0.5769 0.6340 0.6848 0.7353 0.7859 0.8365 0.8872 0.9379 -5.3682
t,] 012 [0 0.4262 0.5694 0.6306 0.6817 0.7324 0.7831 0.8338 0.8846 0.9355 -7.1018
ts] 014 [0 0.4046 0.5612 0.6270 0.6786 0.7295 0.7803 0.8312 0.8821 0.9331 -7.5331
t,| 0.16 |0 0.3859 0.5524 0.6231 0.6755 0.7265 0.7775 0.8285 0.8795 0.9306 -7.6427
t,q 018 [0 0.3664 0.5429 0.6191 0.6724 0.7236 0.7747 0.8258 0.8770 0.9282 -7.4133
Fos
Xp X X Xg Xa X5 Xg Xy Xg Xg X0
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t, |0 0 0.0900 | 0.1600 0.2100 0.2400 0.2500 0.2400 0.2100 0.1600 0.0900 0
t.| 0.02 | 2.7756e-16 | 0.0937 | 0.1628 0.2120 0.2411 0.2501 0.2392 0.2083 0.1574 0.0864 -0.0045
t; | 0.04 | -6.0162e-16 | 0.1073 | 0.1656 0.2139 0.2421 0.2502 0.2384 0.2065 0.1574 0.0828 -0.0108
t,| 0.06 | 3.8858e-16 | 0.1212 | 0.1684 0.2157 0.2430 0.2503 0.2375 0.2047 0.1519 0.0791 -0.0189
t, | 0.08 | -2.7756e-16 | 0.1354 | 0.1709 0.2176 0.2439 0.2502 0.2365 0.2028 0.1491 0.0754 -0.0288
t,| 0.1 |5.5511e-16 | 0.1499 | 0.1733 0.2294 0.2448 0.2502 0.2355 0.2009 0.1463 0.0716 -0.0404
t.| 0.12 | -5.5511e-16 | 0.1648 | 0.1754 0.2213 0.2456 0.2500 0.2345 0.19890 0.1434 0.0678 -0.0538
ty| 0.14 | 4.4409e-16 | 0.1801 | 0.1772 0.2232 0.2463 0.2499 0.2334 0.1969 0.1404 0.0639 -0.0688
t, | 0.16 | -2.7756e-16 | 0.1958 | 0.1785 0.2252 0.2470 0.2497 0.2322 0.1948 0.1374 0.0600 -0.0855
t,J 0.18 | 4.4409e-16 | 0.2120 | 0.1793 0.2274 0.2476 0.2494 0.2310 0.1927 0.1343 0.0560 -0.1037
0.3 -
0.2 4
0.1 4
Foalt,x)
0-
-0.1 4
0.2
Fig. 6: Fy, - the particle distribution moments.
Fos
X X, Xa Xz Xy Xz Xg Xz Xg Xg Xy
{ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t, |0 i 0.0900 0.1600 0.2100 0.2400 0.2500 0.2400 0.2100 0.1600 0.0900 0
t.| 002 [0 0.0740 0.1449 0.1964 0.2283 0.2407 0.2334 0.2064 0.1596 0.0930 1.4706
t,| 0.04 [0 0.0199 0.1307 0.1834 0.2170 0.2315 0.2268 0.2026 0.1589 0.0957 2.8687
t,|0.06 |0 0.0.165 0.1174 0.1709 0.2061 0.2225 0.2201 0.1987 0.1580 0.0980 4.,1189
t;|0.08 [0 -0.0353 0.1050 0.1589 0.1954 0.2137 0.2135 0.1946 0.1569 0.1001 5.1557
t. |01 [0 -0.0366 0.0940 0.1473 0.1851 0.2050 0.2069 0.1905 0.1555 0.1018 5.9316
t.| 012 [0 -0.0865 0.0839 0.1361 0.1751 0.1965 0.2003 0.1862 0.1540 0.1032 6.4269
ts| 014 [0 -0.0860 0.0754 0.1253 1.1654 0.1881 0.1937 0.1818 0.1522 0.1043 6.6582
to| 0.16 | O -0.1342 0.0679 0.1148 0.1559 0.1798 0.1871 0.1774 0.1502 0.1052 6.6884
t,d 018 [0 -0.1321 0.0623 0.1045 0.1467 0.1717 0.1805 0.1728 0.1480 0.1057 6.6335
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Fig. 7: Fy5 - the particle distribution moments.

Fio

Xg X, X, Xy Xy X5 Xg g Xg Xg X

t 1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t, | 0 0.5000 | -0.4000 -0.3000 -0.2000 -0.1000 0 0.1000 0.2000 0.3000 0.4000 0.5000
t,] 0.02 | 0.5000 | -0.4709 -0.3709 -0.2709 -0.1708 -0.0709 0.0291 0.1291 0.2291 0.3291 0.4291
ty | 0.04 | 0.5000 | -0.5180 -0.4430 -0.3432 -0.2433 -0.1435 -0.0436 0.0562 0.1561 0.2559 0.3215
.| 0.06 | 0.5000 | -0.5684 -0.5156 -0.4170 -0.3174 -0.2179 -0.1184 -0.0183 0.0806 0.1800 0.1817
t; | 0.08 | 0.5000 | -0.6201 -0.5895 -0.4924 -0.3935 -0.2944 -0.1954 -0.0964 0.0025 -0.1013 -0.0172
fg1 01 |0.5000 |-0.6753 -0.6641 -0.5695 -0.4716 -0.3732 -0.2748 -0.1766 -0.0785 -0.0196 -0.1618
t; | 0.12 | 0.5000 | -0.7324 -0.7402 -0.6483 -0.5520 -0.4544 -0.3570 -0.2597 -0.1625 -0.0656 -0.3435
tg | 0.14 | 0.5000 | -0.7935 -0.8171 -0.7289 -0.6348 -0.5383 -0.4419 -0.3458 -0.2439 -0.1543 -0.5143
ty | 0.16 | 0.5000 | -0.85659 -0.8958 -0.8114 -0.7203 -0.6250 -0.5239 -0.4353 -0.3409 -0.2469 -0.6604
f,o 0.18 | 0.5000 | -0.5248 -0.9755 -0.8960 -0.8086 -0.7147 -0.6213 -0.5283 -0.4358 -0.3437 -0.7676

0.3 ~

0.2 4

0.1 4

Fio(t,x)

04

-0.1 4
0.2

0 o

Fig. 8: F;, - the particle distribution moments.
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Fig. 10: F;, - the particle distribution moments.

Fiq
Xg X, Xa Xg Xa Xs Xg Xy Xg Xg Xip
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
AE 1.1000 1.2000 1.3000 1.4000 1.5000 1.6000 1.7000 1.8000 1.5000 2
t.| 002 |0 1.0532 1.1559 1.2587 13617 1.4648 1.5680 1.6714 17749 1.8785 3.5024
t,| 0.04 |0 1.0268 1.1137 12193 13252 14313 1.5378 1.6447 17518 1.8593 4.7662
t.[ 006 |0 0.9784 1.0661 11817 1.2904 1.3997 1.5095 1.6199 1.7308 1.8422 5.6864
t;[0.08 [0 0.9603 1.0196 1.1460 1.2574 1.3698 1.4830 1.5970 17118 1.8274 6.1781
AL 0.5201 0.9676 11121 1.2260 1.3416 1.4582 1.5759 1.6947 1.8147 6.1826
t,[ 012 0 0.5098 0.5167 1.0800 11962 1.3150 1.4251 1.5567 1.6797 1.8043 5.6699
t| 014 |0 0.8772 0.8599 1.0498 11677 1.2500 14137 1.5393 1.6667 17961 4.6360
t,| 016 |0 0.8744 0.8044 1.0216 1.1406 1.2666 1.3940 15237 1.6557 17961 3.0970
t o180 0.8490 0.7423 0.9951 11147 1.2446 1.3759 1.5099 1.6468 17866 1.0820
Fia(tx)
Fig. 9: F,; - the particle distribution moments.
Fip
Xg ESY X2 Xg X Xz Xg Xy Xg Xg EST
i 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t,[0 |05000 | 04500 0.4000 0.3500 0.3000 0.2500 0.2000 0.1500 0.1000 0.0500 0
t. | 0.02 | -0.5000 | 0.4477 0.3977 0.3477 0.2576 0.2476 0.1576 0.1476 0.0975 0.0475 0.0025
t; | 0.04 | 0.5000 [ 0.4841 0.3954 0.3453 0.2953 0.2452 0.1952 0.1451 0.0951 0.0450 0.0051
t. | 0.06 | -0.5000 [0.4729 0.3906 0.3430 0.2929 0.2428 0.1928 0.1427 0.0926 0.0425 0.0076
ts | 0.08 | 0.5000 [0.5117 0.3856 0.3408 0.2905 0.2404 0.1903 0.1402 0.0901 0.0400 -0.0098
ts| 0.1 |-0.5000 |0.5028 0.3780 0.3386 0.2882 0.2380 0.1879 0.1378 0.0876 0.0375 0.0114
t, | 0.12 | 0.5000 | 0.5441 0.3700 0.3366 0.2858 0.2357 0.1855 0.1353 0.0852 0.0350 0.0123
ty | 0.14 | -0.5000 [ 0.5378 0.3593 0.3349 0.2834 0.2333 0.1831 0.1329 0.0827 0.0325 0.0122
ty | 0.16 | 0.5000 | 0.5816 0.3480 0.3335 0.2809 0.2309 0.1807 0.1304 0.0802 0.0300 0.0109
t,o 0.18 | -0.5000 | 0.5780 0.3336 0.3325 0.2784 0.2285 0.1782 0.1280 0.0778 0.0275 -0.0020
0.3
0.2 -
0.1
Fia(tx)
04
0.1 4
0.2
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Fi3
Xy X, X Xz Xy Xg Xg X Xg Xg X0
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
|0 1 0.9667 0.9333 0.9000 0.8667 0.8333 0.8000 0.7667 0.7333 0.7000 0.6666
t;| 002 [0 0.9671 0.9339 0.5007 0.8674 0.8342 0.8009 0.7676 0.7344 0.7011 -0.9223
t;| 004 [0 0.9152 0.9344 0.5013 0.8682 0.8350 0.8018 0.7686 0.7354 0.7022 -2.3731
t,| 006 [0 0.8657 0.9324 0.5020 0.8689 0.8358 0.8027 0.7696 0.7365 0.7033 -3.6597
t;| 008 [0 0.8226 0.9283 0.9025 0.8696 0.8366 0.8036 0.7706 0.7375 0.7045 -4.7575
t:101 [0 0.7817 0.5221 0.5028 0.8704 0.8375 0.8045 0.7715 0.7385 0.7056 -5.6436
t:{012 [0 0.7389 0.9142 0.9028 0.8711 0.8383 0.8054 0.7725 0.7336 0.7067 -6.2969
t| 014 [0 0.7021 0.9046 0.9023 0.8718 0.8381 0.8063 0.7735 0.7406 0.7078 -6.6987
t;[0.16 [0 0.6632 0.8938 0.5015 0.8724 0.8339 0.8072 0.7744 0.7416 0.7088 -6.8320
g 0.18 [0 0.6301 0.8817 0.5001 0.8729 0.8407 0.8080 0.7754 0.7426 0.7099 -6.6813
2
0
-2
Fys(tx) 4
-6
0 o
Fig. 11: F;; - the particle distribution moments.
Fao
Xg X, X X3 Xy X Xg Xz Xg Xq X
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
|0 0 0.0450 | 0.0800 0.1050 0.1200 0.1250 0.1200 0.1050 0.0800 0.0450 0
t,| 0.02 | 2.7575e-17 | 0.0520 | 0.0811 0.1015 0.1130 0.1155 0.1089 0.0930 0.677 0.0329 -0.0116
t;| 004 [0 0.0822 | 0.0840 0.0334 0.1070 0.1066 0.0978 0.0805 0.0543 0.0130 -0.0429
t,| 0.06 | 2.7575e-17 [ 0.1147 | 0.0882 0.0953 0.1026 0.0987 0.0872 0.0678 0.0401 0.0036 -0.0984
ts | 0.08 | -5.5511e-17 [ 0.1488 | 0.0939 0.1017 0.1001 0.0923 0.0775 0.0554 0.0254 -0.0130 -0.1774
t;| 0.1 |8.27266e-17 | 0.1854 | 0.1015 0.1072 0.1000 0.0878 0.0692 0.0438 0.0108 -0.0302 -0.2714
t-|0.12 [-1.3788e-16 [ 0.2244 | 0.1113 0.1164 0.1027 0.0857 0.0628 0.0334 -0.0032 -0.0478 -0.3607
ty| 0.14 | 1.6445e-16 [ 0.2662 | 0.1236 0.1300 0.1089 0.0866 0.0587 0.0247 -0.0162 -0.0650 -0.4139
to| 0.16 | -1.7924e-16 | 0.3112 | 0.1389 0.1488 0.1189 0.0910 0.0577 0.0185 -0.0275 -0.0814 -0.3888
t,q 0.18 | 2.0681-el6 [ 0.3595 | 0.1576 0.1733 0.1334 0.0938 0.0604 0.0154 -0.0356 -0.0926 -0.2375
Fao(tx)
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F 21
Xy X, Xo Xg Xy X5 Xg Xz Xg Xg Xp
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t,| 0 0 0.0950 0.1800 0.2550 0.2200 0.2750 0.4200 0.4550 0.4800 0.4950 0.5000
t.) 002 |0 0.0900 0.1756 0.2512 0.2167 0.3722 0.4177 0.4533 0.4788 0.4943 1.4263
t;] 0,04 | O 0.0879 0.1712 0.2473 0.2134 0.32694 0.4155 0.4515 0.4775 0.4936 2.1956
t,| 0,06 |0 0.0832 0.1668 0.2434 0.2100 0.2666 0.4132 0.4497 0.4762 0.4528 2.7944
t;| 0.08 | O 0.0814 0.1624 0.2395 0.3066 0.3637 0.4108 0.4479 0.4743 0.4520 3.20895
tg] 0.1 0 0.0771 0.1580 0.2325 0.2032 0.32609 0.4085 0.4460 0.4736 0.4912 3.4282
t;] 012 |0 0.0757 0.1537 0.2316 0.2998 0.3580 0.4061 0.4442 0.4723 0.4904 3.4381
tg| 0.14 | 0 0.0717 0.1454 0.2276 0.2963 0.3550 0.4037 0.4423 0.4709 0.4885 3.2279
t,| 0.16 | O 0.0706 0.1451 0.2237 0.2928 0.3521 0.4012 0.4404 0.46595 0.4886 2.7873
t,d 018 | O 0.0669 0.1408 0.2157 0.2893 0.34591 0.3988 0.4384 0.4681 0.4877 2.1086

Fig. 13: F,, - the particle distribution moments.

4. Conclusion

We formulate initial boundary value problem for fifth
approximation of one-dimensional non-linear non-stationary
system of Boltzmann moment equations with macroscopic
boundary conditions. We proved the theorem of existence and
uniqueness of the local solution to the initial boundary value
problem for one-dimensional system of Boltzmann moment
equations with macroscopic boundary conditions in space of
functions continuous in time and square-summable over the
spatial variable, because the solution existence time depends
on the norm of the initial vector function at the power minus
one. Therefore, the smaller the norm of the initial vector
function is, the longer the solution existence time of the initial
boundary value problem for one-dimensional system of
Boltzmann moment equations in fifth approximation and vice
versa. In order to find an approximate solution to the initial
boundary value problem for the system of Boltzmann moment
equations, we used a numerical method. The differential
problem is approximated by a finite-difference scheme, an
algorithm and a program for numerical implementation on a
computer are compiled. The moments of the particle
distribution function are determined, which characterize
atmospheric parameters, such as density, average speed and
temperature, efc.

20 | Eng. Sci., 2025, 34, 1455

The obtained results are being used to establish the
dependence of the solution to the initial boundary value
problem for a non-stationary non-linear one-dimensional
system of Boltzmann moment equations on the temperature of
the reflecting wall. The approximate value of the particle
distribution function corresponding to the fifth approximation
of the moment equations has the form Fg(¢t, x,v) =
Fo(alv]) X3n4120 Fui (£, x) g (av) 0, x€ [0,1], where the
values of F;(t,x) at 2n+1=0,1,...,5 are defined above
(see tables of values Fyg, Fyq, ..., F51), and the values of the
eigenfunctions g,; (av) are known.

The Maxwell boundary condition contains a term that
depends on the wall temperature, which describes the particles
reflected from the boundary according to the Maxwell
distribution F*(t,x,v1,vy,v3) = BF(t,x,vq,V,, —V3) +

2
(1-pB)exp (— %), where © is the temperature of the

reflecting wall, B € (0,1). By changing the values of the
parameters O and B, we obtain different values of F5(t, x,v)
depending on the wall temperature and the parameter . For
example, when B=1/2, half of the particles F2 (t,%, vy, vy, V3)
falling on the boundary are reflected from the boundary
specularly, and the other half is reflected from the boundary
diffusely following the Maxwell distribution. Thus,

Engineered Science Publisher
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approximate values of the particle distribution function will be
determined depending on the temperature of the reflecting
wall and the value of the parameter B. In general, the
parameters ® and  will depend on the coordinates and time.
These studies concerning the establishment of the dependence
of the solution to the initial boundary value problem for a non-
stationary non-linear one-dimensional system of Boltzmann
moment equations on the temperature of the reflecting wall
and the parameter § will be carried out in subsequent works.
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