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Abstract 
 

The present study is devoted to the one-dimensional system of Boltzmann moment equations in the fifth approximation and 
macroscopic boundary conditions. The microscopic Maxwell boundary condition for the one-dimensional Boltzmann 
equation was approximated and boundary conditions for the one-dimensional non-linear non-stationary Boltzmann moment 
system in the fifth approximation were derived. The initial boundary value problems for the fifth approximation of the 
Boltzmann moment system with macroscopic boundary conditions were formulated. The system of Boltzmann moment 
equations represents a non-linear symmetric system of hyperbolic equations. The first part substantiates the existence and 
uniqueness of the solution to the initial boundary value problem for the one-dimensional system of Boltzmann moment 
equations in the fifth approximation with macroscopic boundary conditions in the space of functions that are continuous in 
time and square-summable over the spatial variable. In the second part, using a numerical method, an approximate solution 
to the initial boundary value problem for the system of Boltzmann moment equations is determined. The differential problem 
is approximated by a finite-difference scheme, and an algorithm and program for numerical implementation on a computer 
are compiled. At the end of the article, tables of values and graphs of the moments of the particle distribution function 
corresponding to the fifth approximation of the moment equations are presented.  
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1. Introduction 

Rarefied gas dynamics problems require the solution to one or 

another problem for the Boltzmann equation. The description 

of a rarefied gas using the particle distribution function refers 

to the transition regime between the continuous medium and 

free-molecular flows, and it is a rather complicated problem. 

The prediction of aerodynamic characteristics of aircraft at 

very high speeds and at high altitudes is an important problem 

in aerospace engineering. It is impossible to determine the 

aerodynamic characteristics of aircraft at high altitudes. The 

interaction of gas molecules with the surfaces of real bodies 

has been poorly studied. The aerodynamic characteristics of 

aircraft at very high speeds and at high altitudes can be 

determined by the methods of the rarefied gas theory.[1] To 

analyze the aerodynamic characteristics of aircraft in the 

transient regime, the complete integro-differential Boltzmann 

equation with appropriate boundary conditions is used. The 

determination of the boundary conditions on the surfaces that 

are streamlined with a rarefied gas is one of the most important 

questions in the kinetic theory of gases. In high-altitude 

aerodynamics, the interaction of gas with the surface of a 

streamlined body plays an important role.[2] The role of the 

laws of interaction of molecules with the surface is more 

pronounced, the more rarefied the gas. The boundary 

conditions for the Boltzmann equation are the conditions 

connecting the distribution function of incident and reflected 

molecules. The aerothermodynamic characteristics of an 
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aircraft are determined by the collisions of molecules of the 

oncoming gas flow with the surface of the aircraft without 

taking into account intermolecular collisions. 

The aerothermodynamic characteristics of bodies to the 

gas flow are determined by the transfer of momentum and 

energy to the surface of the body, that is, the connection 

between the velocities and the energies of the molecules 

incident on the surface and the molecules reflected from it, 

which is the essence of the kinetic boundary conditions on the 

surface. Maxwell's boundary condition for solving specific 

problems more accurately describes the interaction of gas 

molecules with the surface. 

There are several approaches to modeling rarefied flows: 

numerical solution of the Boltzmann equation directly, direct 

statistical modeling (DSM), numerical solution of model 

kinetic equations and the use of moment equations. Each of 

the listed approaches has its own advantages and 

disadvantages. The Boltzmann equation is the main and most 

general mathematical model of rarefied gas dynamics and acts 

as a kind of gold standard in this list. However, the Boltzmann 

equation is a complex nonlinear integral-differential equation. 

On the right-hand side, there is a five-dimensional integral that 

must be calculated for each point in space and each velocity at 

each time step. Thus, using the Boltzmann equation for 

numerical modeling of rarefied flows is difficult. The DSMC 

method is most widely used in rarefied gas dynamics Direct 

Simulation Monte-Carlo (DSMC),[3] allowing for much lower 

costs to perform numerical modeling of stationary flows. 

However, DSMC has difficulties with modeling slow and 

unsteady flows. Model kinetic and moment equations are free 

from the disadvantages of the first two approaches. Moment 

equations are a type of continuous medium equations and 

describe the state of a rarefied gas in a transient regime. Model 

equations are kinetic nonlinear equations and are similar to the 

Boltzmann equation, from which they differ by a much 

simpler collision term. In addition, the Chapman-Enskog 

method is used to construct an approximate solution to the 

Boltzmann equation. The main assumption underlying the 

Chapman-Enskog method and its modifications is that the 

time between collisions of molecules is much shorter than all 

other characteristic time scales under consideration and, 

therefore, the gas at each point is in a state very close to the 

equilibrium position.[4] The small parameter in the Chapman-

Enskog theory is equal to the ratio of the mean free path to the 

characteristic macroscopic size. The ratio of the mean free 

path to the characteristic macroscopic size is usually called the 

Knudsen number. For the Chapman-Enskog theory to be 

applicable, the Knudsen number must be small. The advantage 

of the Chapman-Enskog method is that it leads directly to the 

Navier-Stokes-Fourier equations for a viscous compressible 

fluid. However, this method leads to higher-order equations 

whose status is unclear and whose practical value is negligible. 

The moment method is applicable to constructing an 

approximate solution to the Boltzmann equation for any 

values of the Knudsen number. The moment method is often 

used to solve the initial-boundary value and initial-value 

problems for the Boltzmann equation.   

With the help of the moment method, it is possible to 

determine the aerodynamic characteristics of aircraft, such as 

atmospheric parameters, flight speed, geometric parameters, 

etc. It should be noted that two new models of boundary 

conditions were proposed: diffusive-moment and specular-

moment, generalizing the known boundary conditions of 

Cherchinyani,[5] and aerodynamic characteristics of space 

vehicles were studied by the method of direct static modeling 

(Monte Carlo method) and various model of the interaction of 

gas molecules with the surface and their effect on aerodynamic 

characteristic.[6]  

The physiological boundary conditions are considered at 

the inlets and outlets of the arterial network in terms of the 

lattice Boltzmann variables.[7] The following boundary 

conditions: for pressure and blood flow at the inlet of the 

vascular network, boundary conditions for pressure and blood 

flow for the vessel bifurcations, wave reflection conditions 

(correspond to complete occlusion of the vessel) and wave 

absorption at the ends of the vessels (these conditions 

correspond to the passage of the wave without distortion), as 

well as RCR (Resistance–Capacitance–Resistance model)-

type conditions, which are similar to electrical circuits and 

consist of two resistors (corresponding to the impedance of the 

vessel, at the end of which the boundary conditions are set and 

the friction forces in microcirculatory bed) and one capacitor 

(describing the elastic properties of arterioles). The numerical 

simulations were performed: the propagation of blood in a 

network of three vessels was considered, the boundary 

conditions for the blood flow were set at the entrance of the 

network, RCR boundary conditions were stated at the ends of 

the network. The solutions to lattice Boltzmann model are 

compared with the benchmark solutions (based on numerical 

calculations for second-order McCormack difference scheme 

without viscous terms), it is shown that the both approaches 

give very similar results. An approach to justifying the choice 

of boundary conditions on a solid surface for flows of varying 

degrees of nonequilibrium is proposed.[8] Various options for 

setting boundary conditions are considered: no-slip boundary 

conditions, boundary conditions for boundary layer sliding, as 

well as an explicit description of the intermolecular interaction 

of gas molecules with molecules of a solid surface by 

specifying the distribution function of molecules by velocities. 

Numerical experiments are carried out for a plane Couette 

flow. 

Moment methods are different from each other as sets of 

various systems of basic functions. For example, G. Grad 

derived moment system through decomposition of particles 

distribution function by Hermite polynomials near the local 

Maxwell’s distributions.[9,10] Grad used Cartesian coordinates 

of velocities and Grad’s moment system contained unknown 

hydrodynamic characteristics as density, temperature, average 

speed, etc. The moment system which differs from the system 
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of equations of Grad was obtained.[11] In this case, spherical 

coordinates of velocity and distribution function used is 

decomposed into a series by the eigenfunctions of the 

linearized collision operator,[1,12] which is the product of the 

Sonin polynomials and spherical functions. The expansion 

coefficients, the moments of the distribution function are 

defined differently from Grad. The resulting system of 

equations corresponding to the partial sum of the series, which 

are called the Boltzmann’s moment system equations, is a non-

linear hyperbolic system relative to the moments of the 

particles distribution function. Differential part of the resulting 

system is linear and quadratic non-linearity is shaped as 

moments of the distribution function. Quadratic forms – the 

moments of the non-linear collision integrals – are 

calculated,[13] and expressed in terms of Talmi,[14] and Klebsh-

Gordon coefficients.[15] A comparison of the Grad system of 

equations and the Boltzmann system of moment equations is 

given at the end of this article. 

Moment systems for the spatially homogeneous 

Boltzmann equation and the conditions for the representability 

of the solution to the spatially homogeneous Boltzmann 

equation in the form of the Poincare series were obtained.[17,18] 

The application of the Fourier transform with respect to the 

velocity variable in the isotropic case greatly simplified the 

collision integral, and hence the calculation of moments from 

the collision integral.[17] The result for the anisotropic 

scattering is generalized.[18] 

A systematic non-perturbative derivation of a closed 

system moment equations hierarchy corresponding to any 

classical theory is presented.[19] The first member of the 

hierarchy is Euler system, which is based on Maxwellian 

velocity distributions, while the second one is based on non-

isotropic Gaussian velocity distributions. The closure 

procedure has two steps: the first step ensures that every 

member of hierarchy is hyperbolic, has an entropy and 

possesses realizability of its predicted moments, and the 

second step involves modification of the collisional terms that 

is a non-linear generalization of the "diagonal approximation" 

of Grad, which ensures that members of the hierarchy outside 

the Gaussian closure will restore the correct Navier-Stokes 

behavior. The work of C.D. Levermore is a fundamental work 

for cases when closed systems of moment equations describe 

a transition regime.[19] 

Boltzmann equation is equivalent to an infinite system of 

differential equations relative to the moments of the particle 

distribution function in the complete system of eigenfunctions 

of linearized operator. As a rule, we have limited our study to 

finite system of equations, since the solution to an infinite 

system of equations is not possible. Finite moment system of 

equations for a specific task with a certain degree of accuracy 

replaces the Boltzmann equation. It is necessary to replace the 

boundary conditions for the particle distribution function with 

a series of macroscopic conditions for the moments, i.e., a 

problem about the boundary conditions for a finite system of 

equations approximating the microscopic boundary conditions 

for the Boltzmann equation is raised. The question of 

boundary conditions for a finite moment system of equations 

can be divided into two parts: how many conditions must be 

imposed and how they should be prepared. From microscopic 

boundary conditions for the Boltzmann equation, an infinite 

set of boundary conditions for each type of decomposition is 

obtained. However, the number of boundary conditions is 

determined not by the number of moment equations, i.e., it is 

impossible, for example, to take as many boundary conditions 

as equations, although the number of moment equations 

affects the number of boundary conditions. In addition, the 

boundary conditions must be consistent with the moment 

equations and the resulting problem must be correct. 

Grad described the construction of an infinite sequence of 

boundary conditions without matching the order of 

approximation of the decomposition of the boundary 

conditions and the decomposition of the Boltzmann equation.[9] 

Boundary conditions, even one-dimensional system of Grad 

moment equations, are very difficult, because this system of 

equations is hyperbolic and contains such unknown 

parameters as density, temperature, average speed, etc. as 

coefficients. In this case, the characteristic equation also 

depends on the unknown parameters and therefore it is very 

difficult to formulate boundary conditions for the moment 

system. The boundary conditions for the 13-moment Grad 

system are discussed.[20]  

A new computational algorithm is proposed that will 

become an integral part of the moment method for solving the 

Boltzmann equation.[21] The consideration is based on the 

principle of collision integral invariance with respect to the 

choice of the basic system of functions, according to which the 

expansion of the distribution function is carried out. The 

relationships between the matrix interaction elements are 

systematically studied in detail. For the axisymmetric case, 

recurrent relationships between the matrix elements are 

derived.  

Approximation of the Boltzmann equation based on the 

moment method was shown.[22] The authors propose some 

generalization for the formulation of the problem of moment 

closure from relative entropy to φφ-divergences and the 

corresponding closure based on the minimization of φφ-

divergences. The proposed description includes the classical 

Grad closure based on expansion in Hermite polynomials and 

the Levermore closure based on entropy. It is found that the 

generalization of divergence-based closure allows 

constructing extended thermodynamic theories that avoid 

significant limitations of standard moment closure 

formulations, such as the inadmissibility of the approximate 

phase space distribution, the potential loss of hyperbolicity, 

and the singularity of flux functions at local equilibrium. The 

divergence-based closure leads to a hierarchy of tractable 

symmetric hyperbolic systems that preserve the fundamental 

structural properties of Boltzmann equation. 

The development of continuum models for describing 

gases is discussed, in which particle collisions are unable to 
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maintain thermal equilibrium.[23] Such situations typically 

arise in rarefied or diluted gases, for flows in microscopic 

conditions, or in general when the Knudsen number becomes 

significant. Continuum models in the kinetic theory of gases 

are based on the stochastic description of the gas using the 

Boltzmann equation. Extended fluid dynamics equations can 

be derived using moment approximations such as the 

regularized 13-moment equations. Moment equations are 

described in detail, and typical results are discussed for flow 

in a channel, in a cavity, and past a sphere under low Mach 

number conditions. Both the evolution equations and the 

boundary conditions are well known. In contrast, non-linear 

high-speed processes require special closures that are still 

under development. Modern approaches are discussed, as well 

as the problem of calculating shock wave profiles based on 

continuum equations. 

The convergence of stable Hermite approximations (stable 

Hermite approximations obtained by the method of setting 

stable boundary conditions for Hermite approximations of 

arbitrary order in the case of linear kinetic equations) is studied 

and explicit convergence rates under suitable regularity 

assumptions on the exact solution are proven.[24] The 

convergence rates presented are confirmed through numerical 

experiments involving the linearized BGK equation of rarefied 

gas dynamics.  

 A globally hyperbolic regularization was proposed to the 

general Grad’s moment system in multidimensional spaces.[25] 

Systems with moments up to an arbitrary order are studied. 

The characteristic rates of the regularized moment system can 

be analytically given and depend only on the macroscopic 

velocity and the temperature. The structure of the eigenvalues 

and eigenvectors of the coefficient matrix are fully clarified. 

In addition, all characteristic waves are proven to be genuinely 

non-linear or linearly degenerate, and the studies on the 

properties of rarefaction waves, contact discontinuities, and 

shock waves are included. 

In the last two decades, the maximum entropy principle 

(MEP) has been successfully employed to construct 

macroscopic models that describe the charge and heat 

transport in semiconductor devices. These models are 

obtained, starting from the Boltzmann transport equations, for 

the charge and the phonon distribution functions, by taking, as 

macroscopic variables, suitable moments of the distributions 

and exploiting MEP to close the evolution equations for the 

chosen moments. Significant results have also been obtained 

for the description of charge transport in devices made of both 

elemental and compound semiconductors, in cases where 

charge confinement is present, and the carrier flow is two-

dimensional or one-dimensional.[26] 

Various mathematical theories and simulation methods 

were developed in the past to describe gas flows in non-

equilibrium, in particular, in the hypersonic rarefied mode. 

These methods range from the mesoscale models like 

Boltzmann equations and the DSMC to the high order 

hydrodynamic equations. The moment equations can be 

derived by introducing the statistical averages in velocity 

space and then combining them with the Boltzmann kinetic 

equation. On the basis of Eu’s generalized hydrodynamics and 

the balanced closure that was recently developed by Myong, 

the second-order constitutive model of Boltzmann equations 

that is applicable for numerical simulation of hypersonic 

rarefied flows is presented.[27] Multidimensional 

computational models of the second-order constitutive 

equations are also developed based on the concept of 

decomposition and method of iterations. Finally, some 

practical applications of the second-order constitutive model 

to hypersonic rarefied flows like reentry vehicles with 

complicated geometry are described. 

Approximation of the homogeneous boundary condition 

for the particle distribution function was shown and the 

correctness of the initial boundary value problem for non-

stationary non-linear system of Boltzmann moment equations 

in a three-dimensional space was proven.[11] More precisely, 

the existence of a unique generalized solution to the initial 

boundary value problem for the system of Boltzmann moment 

equations in the space of functions that are continuous in time 

and square-summable over the spatial variable was proven. In 

addition, the same study showed the approximation of the 

microscopic boundary conditions for Boltzmann equations. 

The boundary condition can be formulated as follows: to 

determine the specular half of the distribution function from 

the known one, corresponding to the falling particles. The 

boundary condition is specified as an integral relation between 

particles falling to the boundary and particles reflected from 

the boundary (assuming that the probability of an event is 

known where a particle falling on a boundary with velocity 𝑣𝑖 

is reflected with velocity 𝑣𝑟). 

The application of Boltzmann equations is devoted to 

determine the aerodynamic characteristic of aircrafts.[28-33] To 

analyze the aerodynamic characteristics of an aircraft in the 

transient mode, the complete integro-differential Boltzmann 

equation is used, including the term depending on the speed of 

the aircraft. In this case, the condition on the moving boundary 

must contain a parameter that depends on the surface 

temperature of the aircraft. In the above-mentioned works, the 

derivation of a new system of moment equations and Maxwell 

boundary condition approximation are given. The new system 

of equations depends on the velocity of motion and the 

temperature of the aircraft surface, and the macroscopic 

boundary conditions depend on the temperature of the aircraft 

surface. This system of equations differs from the Grad system 

of equations[9] and Boltzmann system of moment equations,[11] 

and is called the Auzhani system of moment equations. The 

correctness of the initial boundary value problem for the 

Auzhani system of moment equations under macroscopic 

boundary conditions in the space of functions continuous in 

time and square-summable over the spatial variable was 

proven. In addition, the aerodynamic characteristics of aircraft, 

such as flight speed and surface temperature, as well as 

atmospheric parameters, are determined. A new two-
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dimensional system of moment equations is derived that takes 

into account the speed of motion and the surface temperature 

of a body immersed in a liquid.[29] The microscopic Maxwell 

boundary condition for the particle distribution function is 

approximated, taking into account the surface temperature of 

a body immersed in a liquid. The issues of existence and 

uniqueness of a solution to the initial-boundary value problem 

for a nonlinear two-dimensional non-stationary system of 

moment equations under macroscopic boundary conditions 

arising from the approximation of the microscopic Maxwell 

boundary condition for the particle distribution function are 

studied. 

In this paper, an approximation of microscopic boundary 

conditions is presented, when some molecules are reflected 

from the boundary specularly, and some - diffusely with a 

Maxwell distribution. In this case, the macroscopic boundary 

conditions for the system of Boltzmann moment equations are 

obtained from Maxwell’s microscopic boundary conditions. 

The number of macroscopic boundary conditions at the ends 

of the interval is six. First, we show the correctness of the new 

initial boundary value problem for the system of Boltzmann 

moment equations. We will prove the existence and 

uniqueness of solutions of the initial boundary value problem 

for the fifth approximation of one-dimensional system of 

Boltzmann moment equations with macroscopic boundary 

conditions in space of functions continuous in time and 

square-summable over the spatial variable. Then, to construct 

an approximate solution to the initial boundary value problem 

for the fifth approximation of the one-dimensional system of 

Boltzmann moment equations, we apply the finite difference 

method. The differential problem is approximated by a finite-

difference scheme, and an algorithm and a program for 

numerical implementation on a computer are compiled. At the 

end of the article, graphs of the moments of the particle 

distribution function are given. 

 

2. Formulation of the initial boundary value problem for a 

one-dimensional non-linear non-stationary system of 

Boltzmann moment equations in fifth approximation 

In the case of gas flow within a region bounded by a closed or 

unclosed surface, or close to a solid, the boundary conditions 

are specified as the ratio between the particles incident on the 

boundary and reflected from it. If the initial distribution of gas 

molecules is known, then further evolution of the gas is 

described by the Boltzmann integro-differential equation. 

Thus, the problem is reduced to solving the initial boundary 

value problem for the Boltzmann equation. In this section, we 

present the formulation of the initial boundary value problem 

for the one-dimensional non-stationary Boltzmann equation 

under Maxwell's boundary conditions, without specifying the 

interaction of gas with the wall. We will approximate the initial 

boundary value problem for the Boltzmann equation with the 

corresponding problem for the system of Boltzmann moment 

equations in the fifth approximation. 

Let us present the derivation of macroscopic boundary 

conditions, which are obtained from the Maxwell’s 

microscopic boundary conditions, and the formulation of the 

initial boundary value problem for the system of Boltzmann 

moment equations. Note that the theorem on the existence of 

global in time solutions of initial boundary value problem for 

the 3-dimensional non-linear Boltzmann equation with the 

boundary conditions of Maxwell is proved.[34]  

Statement of the problem: Find solution to initial 

boundary value problem for a one-dimensional Boltzmann 

equation is solved by Eqs. (1)-(3): 

𝜕𝐹

𝜕𝑡
+ |𝜈| 𝑐𝑜𝑠 𝜃

𝜕𝐹

𝜕𝑡
= 𝐼(𝐹, 𝐹), 𝑡 ∈ (0, 𝛵], 𝑥 ∈ (−𝑎, 𝑎), 𝜈 ∈ 𝑅3

𝜈 (1) 

satisfying initial condition 

𝐹|𝑡=0 = 𝐹0(𝑥, 𝜈), (𝑥, 𝜈) ∈ [−𝑎, 𝑎] × 𝑅3
𝜈               (2) 

and boundary condition 

𝐹+(𝑡, 𝑥, 𝜈1, 𝜈2, 𝜈3) = 𝛽𝐹−(𝑡, 𝑥, 𝜈1, 𝜈2, −𝜈3) + (1 −

𝛽) 𝑒𝑥𝑝 (−
|𝜈|2

2𝑅𝛩
) , 𝜈3 = |𝜈| 𝑐𝑜𝑠 𝜃 , (𝑛, 𝜈) = (𝑛, |𝜈| 𝑐𝑜𝑠 𝜃) >

0, 𝑥 = −𝑎 or 𝑥 = 𝑎                                                               (3) 

where 𝐹 ≡ 𝐹(𝑡, 𝑥, 𝜈) - particle distribution function in space 

of velocity and time; 𝐹0(𝑥, 𝜈)  - particle distribution at the 

initial time (fixed function); 𝐼(𝐹, 𝐹) ≡ ∫[𝐹(𝜈′)𝐹(𝜌′) −

𝐹(𝜈)𝐹(𝜌)] 𝜎(𝑐𝑜𝑠 𝑥)𝑑𝜌𝑑𝑛  - non-linear collision operator, 

recorded for Maxwell molecules, n - unit outer normal vector 

of the boundary, 𝜒  - angle between relative velocities of the 

particles before and after collision as shown in Fig. 1, and 

𝐽(𝐹, 𝐹)  - function of 𝑡, 𝑥, 𝑣.   𝑛⃗   being the unit vector of the 

relative velocity after collision.  
According to boundary Eq. (3), some part of particles 

falling to the boundary 𝐹+(𝑡, 𝑥, 𝜈1, 𝜈2, 𝜈3) is reflected specular  

𝐹−(𝑡, 𝑥, 𝜈1, 𝜈2, −𝜈3), and other particles are absorbed into the 

wall and emits with Maxwell distribution, which corresponds 

to wall temperature  𝛩 .  For parameter 𝛽 ∈ (0,1)  , 𝛽 =
1 corresponds to pure specular reflection from the wall. Eq. (3) 

refers to the case of a wall at rest; otherwise 𝑣  must be 

replaced by 𝑣 − 𝑢0, 𝑢0  being the velocity of the wall. 

𝛽, 𝛩, 𝑢0may vary from point to point and over time.[12]       

 
Fig. 1: Particle velocities before and after collision. 
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Boltzmann equation is a complex integro-differential 

equation. Therefore, it is impossible to find an exact solution 

to the problem Eqs. (1)-(3). To find an approximate solution 

to the problem Eqs. (1)-(3), various methods are used, for 

example, moment method, numerical methods, Direct 

Simulation Monte Carlo, etc. 

To find an approximate solution to the problem Eqs. (1)-

(3), we apply the moment method. For one-dimensional 

problems, the eigenfunctions of linearized operator are 

presented as follows in Eq. (4):[1,12] 

𝑔𝑛𝑙(𝛼𝜈) = (
√𝜋𝑛!(2𝑙+1)

2𝛤(𝑛+𝑙+3
2⁄ )

)
2

(
𝛼|𝜈|

√2
)
𝑙

𝑆𝑛

𝑙+1
2⁄ (

𝛼2|𝜈|2

2
)𝑃𝑙(𝑐𝑜𝑠 𝜃), 

2𝑛 + 𝑙 = 0,1,2, . ..                                                                  (4) 

where 𝑆𝑛

𝑙+1
2⁄ (

𝛼2|𝜈|2

2
)  - Sonin polynomials, 𝑃𝑙(𝑐𝑜𝑠 𝜃)  - 

Legendre polynomials, Г - Gamma function, 𝛼2 = 1/(𝑅𝛩), 𝑅 

- Boltzmann constant. 

The approximate solution to the one-dimensional problem 

Eqs. (1)-(3) is defined as follows Eqs. (5)-(8): 

𝐹5(𝑡, 𝑥, 𝜈) = 𝐹0(𝛼|𝜈|) ∑ 𝐹𝑛𝑙(𝑡, 𝑥)𝑔𝑛𝑙(𝛼𝜈)5
2𝑛+𝑙=0                   (5) 

∫ (
𝜕𝐹5

𝜕𝑡
+ |𝜈| 𝑐𝑜𝑠 𝜃

𝜕𝐹5

𝜕𝑥
− 𝐽(𝐹5, 𝐹5))𝑅3

𝜈 𝑔𝑛𝑙(𝛼𝜈)𝑑𝜈 = 0, 2𝑛 +

𝑙 = 0,1, . . . ,5, (𝑡, 𝑥) ∈ (0, 𝛵] × (−𝑎, 𝑎)                                          (6) 

∫ [𝐹5(0, 𝑥, 𝜈) − 𝐹5
0(𝑥, 𝜈)]

𝑅3
𝜈 𝑔𝑛𝑙(𝛼𝜈)𝑑𝜈 = 0, 2𝑛 + 𝑙 =

0,1, . . . ,5, 𝑥 ∈ (−𝑎, 𝑎)2𝑛 + 𝑙 = 0,1, . . . ,5, 𝑥 ∈ (−𝑎, 𝑎)     (7) 

∫ (𝑛, 𝜈)
(𝑛,𝜈)>0

(𝑡, 𝑥, 𝜈)𝑔𝑛,2𝑙(𝛼𝜈)

− 𝛽 ∫ (𝑛, 𝜈)
(𝑛,𝜈)<0

(𝑡, 𝑥, 𝜈)𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈

− (1 − 𝛽)∫ (𝑛, 𝜈) 𝑒𝑥𝑝 (−
|𝜈|2

2𝑅𝛵0
)𝑔𝑛,2𝑙

(𝑛,𝜈)<0

(𝛼𝜈)𝑑𝜈 = 0 

2(𝑛 + 𝑙) = 0,2,4, 𝑥 = −𝛼or 𝑥 = −𝛼                                   (8) 

where 𝑛 = (0,0,1)  with 𝑥 = 𝛼   and  𝑛 = (0,0,−1)  with 𝑥 =
−𝛼,  𝐹0(𝛼|𝜈|)  - global Maxwell distribution; 𝐹0(𝛼|𝜈|) =

(
𝛼2

2𝜋
)

3

2
⋅ 𝑒−

𝛼2|𝜈|2

2 ;  𝐹5
0(𝑥, 𝜈) =

𝐹0(𝛼|𝜈|) ∑ 𝐹𝑛𝑙
0 (𝑥)𝑔𝑛𝑙

5
2𝑛+𝑙=0 (𝛼𝜈),  𝐹𝑛𝑙

0 (𝑥) =

∫ 𝐹5
0

𝑅3
𝜈 (𝑥, 𝜈)𝑔𝑛𝑙(𝛼𝜈)𝑑𝜈,  

𝐹𝑛𝑙(𝑡, 𝑥) = ∫ 𝐹5(𝑡, 𝑥, 𝑣)𝑔𝑛𝑙(𝛼𝑣)
𝑅3

𝑣 𝑑𝑣  

In the general case, the approximation of the boundary 

condition Eq. (3) depends on the parity or oddness of the 

approximation of the system of Boltzmann moment 

equations.[28] When approximating a microscopic boundary 

condition, we took into account the approximation of the 

Boltzmann equation by moment equations corresponding to 

the fifth approximation. Thus, the approximation orders for 

the expansion of the boundary condition and the expansion of 

the Boltzmann equation are consistent. Macroscopic 

conditions Eq. (8) were called Maxwell – Auzhan boundary 

conditions.[27] System of Boltzmann moment Eq. (6), 

corresponding to the decomposition Eq. (5), can be written in 

the expanded form:[36] 

𝜕𝐹𝑛𝑙

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
[𝑙 (√

2(𝑛+𝑙+1
2⁄ )

(2𝑙−1)(2𝑙+1)
𝐹𝑛,𝑙−1 −

√
2(𝑛+1)

(2𝑙−1)(2𝑙+1)
𝐹𝑛+1,𝑙−1) + (𝑙 + 1) (√

2(𝑛+𝑙+3
2⁄ )

(2𝑙+1)(2𝑙+3)
𝐹𝑛,𝑙+1 −

√
2𝑛

(2𝑙+1)(2𝑙+3)
𝐹𝑛−1,𝑙+1) = 𝐼𝑛𝑙 , 2𝑛 + 𝑙 = 0,1, . . . ,5,                     (9) 

where the moments of the collision integral can be expressed 

in terms of coefficients Talmi and Klebsh-Gordon as 

follows:[13-16]  

Generalized Talmi coefficients (Eq. (10)) 

𝐼𝑛𝑙 =
∑⟨𝑁3𝐿3𝑛3𝑙3: 𝑙|𝑛𝑙00: 𝑙⟩⟨𝑁3𝐿3𝑛3𝑙3: 𝑙|𝑛1𝑙1𝑛2𝑙2: 𝑙⟩⟨𝑙10𝑙20/

𝑙0⟩(𝜎𝑙3 − 𝜎0)𝑓𝑛1𝑙1𝑓𝑛2𝑙2 , ⟨𝑁3𝐿3𝑛3𝑙3: 𝑙|𝑛1𝑙1𝑛2𝑙2: 𝑙⟩                 (10) 

where (𝑙10𝑙20/𝑙0) - Klebsh-Gordon coefficients. 

Let us present the fifth approximation of the system of 

Boltzmann moment equations in expanded form. If in Eq. (9), 

2𝑛 + 𝑙 is from 0 to 5, we get the following system of equations 

(Eqs. (11)-(23)): 
𝜕𝐹00

𝜕𝑡
+

1

𝛼

𝜕𝐹01

𝜕𝑥
= 0                              (11) 

𝜕𝐹02

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(

2

√3
𝐹01 +

3

√5
𝐹03 −

2√2

√15
𝐹11) = 𝐼02        (12) 

𝜕𝐹04

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(4 (

1

√7
𝐹03 − √

2

7⋅9
𝐹13) +

5

3
𝐹05) = 𝐼04      (13) 

𝜕𝐹10

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(−√2

3⁄ 𝐹01 + √5
3⁄ 𝐹11) = 0           (14) 

𝜕𝐹12

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(2(√

7

3⋅5
𝐹11 −

2

√3⋅5
𝐹21) + 3(

3

√5⋅7
𝐹13 −

√
2

5⋅7
𝐹03)) = 𝐼12                                                                  (15) 

𝜕𝐹12

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(2(√

7

3⋅5
𝐹11 −

2

√3⋅5
𝐹21) + 3(

3

√5⋅7
𝐹13 −

√
2

5⋅7
𝐹03)) = 𝐼12                                                                               (16) 

𝜕𝐹20

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(√

7

3
𝐹21 −

2

√3
𝐹11) = 𝐼20      (17) 

𝜕𝐹01

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(𝐹00 +

2

√3
𝐹02 − √2

3⁄ 𝐹10) = 0      (18) 

𝜕𝐹03

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
[3 (

1

√5
𝐹02 − √

2

5⋅7
𝐹12) +

4

√7
𝐹04] = 𝐼03     (19) 

𝜕𝐹05

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(
5

3
𝐹04) = 𝐼05      (20) 

𝜕𝐹11

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(√5

3⁄ 𝐹10 −
2

√3
𝐹20 + 2(√

7

3⋅5
𝐹12 −

√
2

3⋅5
𝐹02)) = 𝐼11                                                                 (21) 
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𝜕𝐹13

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(

9

√5⋅7
𝐹12 −

4

3
√

2

7
𝐹04) = 𝐼13          (22) 

𝜕𝐹21

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(√

7

3
𝐹20 −

2

√3⋅5
𝐹12) = 𝐼21, 𝑥 ∈ (−𝑎, 𝑎), 𝑡 > 0  (23) 

where 𝐹00 = 𝐹00(𝑡, 𝑥), 𝐹02 = 𝐹02(𝑡, 𝑥), . . . , 𝐹21 = 𝐹21(𝑡, 𝑥) 

are the moments of particles distribution function; 

𝐼02, 𝐼04, 𝐼12, 𝐼20, 𝐼03, 𝐼05, 𝐼11, 𝐼13, 𝐼21  are the moments of 

collision integral. Moments of collision integral are non-sign 

defined square forms. To calculate the moments of the 

collision integral, we use a table and a program.[15,16] 

𝐼02 = (𝜎2 − 𝜎0)(𝑓00𝑓02 − 𝑓01
2 /√3)/2          (24) 

𝐼03 =
1

4
(𝜎3 + 3𝜎1 − 4𝜎0)𝑓00𝑓03 +

1

4√5
(2𝜎1 + 𝜎0 −

3𝜎3)𝑓01𝑓02                                                                             (25) 

𝐼11 = (𝜎1 − 𝜎0) (𝑓00𝑓11 +
1

2
√

5

3
𝑓10𝑓01 −

√2

√15
𝑓01𝑓02)    (26) 

𝐼04 = −
1

2
√

3

2
(𝜎1 − 𝜎0)𝑓00𝑓04 −

1

8
(𝜎4 − 𝜎0) (𝑓00𝑓04 −

2

√7
𝑓01𝑓03)                                                                             (27) 

𝐼12 =
3

70√10

𝜎2−𝜎0

6
(−

2√2

21
𝑓02

2 + 𝑓00𝑓12)        (28) 

𝐼20 =
𝜎1−𝜎0

2
(𝑓20𝑓00 +

1

√3
𝑓11𝑓01) +

2(𝜎2−𝜎0)

√6
(

1

√6
𝑓20𝑓00 −

√5

3
𝑓10

2 +
1

3√5
𝑓20

2 )                                                                     (29) 

𝐼13 =
𝜎1−𝜎0

2√7
(0,79√3𝑓05𝑓00 + 0,79√3𝑓04𝑓01 +

1

√5∗70
𝑓02𝑓03) −

𝜎2−𝜎0

2√5
(

3

√5∗70
𝑓04𝑓01 +

14√3

5√2
𝑓02𝑓03) +

𝜎3−𝜎0

√51
(

1

√70∗5
𝑓04𝑓01 −

7

5√3∗15
𝑓02𝑓03) −

𝜎4−𝜎0

2√7
(0,79√3𝑓05𝑓00 −

2,37

√5
𝑓04𝑓01 +

2√3

√70∗15
𝑓02𝑓03)              (30) 

𝐼05 = (𝜎2 − 𝜎0) (
5

8
𝑓00𝑓05 +

5

24
𝑓01𝑓04 +

1

2√6
𝑓03𝑓02) −

−(𝜎3 − 𝜎0) (
5

8
𝑓00𝑓05 +

5

24
𝑓01𝑓04 +

1

2√6
𝑓03𝑓02) + (𝜎1 −

𝜎0) (0,063𝑓00𝑓05 +
0,14√5

3
𝑓01𝑓04 +

0,177

√15
𝑓03𝑓02) − (𝜎4 −

𝜎0) (0,063𝑓00𝑓05 +
0,14√5

3
𝑓01𝑓04 +

0,177

√15
𝑓03𝑓02)                  (31) 

𝐼21 = (𝜎1 − 𝜎0) (−0,154𝑓00𝑓05 +
0,62√5

3
𝑓01𝑓04 +

0,6

√35
𝑓03𝑓02) − (𝜎2 − 𝜎0) (

0,56√5

2
𝑓00𝑓05 +

√5

6
𝑓01𝑓04 +

3

4√35
𝑓03𝑓02) + (𝜎5 − 𝜎0) (0,14𝑓00𝑓05 + 0,14𝑓01𝑓04 +

0,531

2√7
𝑓03𝑓02)                                                                                               (32) 

The system of Eqs. (24-32) contains three homogenous 

equations corresponding to the law of conservation of mass 

(Eq. (1)), the law of conservation of momentum (Eq. (8)), and 

the law of conservation of energy (Eq. (5)). We present these 

equations separately in Eqs. (33-35): 

𝜕𝐹00

𝜕𝑡
+

1

𝛼

𝜕𝐹01

𝜕𝑥
= 0                         (33) 

𝜕𝐹01

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(𝐹00 +

2

√3
𝐹02 − √2

3⁄ 𝐹10) = 0       (34) 

𝜕𝐹10

𝜕𝑡
+

1

𝛼

𝜕

𝜕𝑥
(−√2

3⁄ 𝐹01 + √5
3⁄ 𝐹11) = 0        (35) 

Let us introduce hydrodynamic quantities into 

consideration (mass 𝑚 = 1) in Eqs. (36) and (37): 

𝜌 = 𝑛 = ∫𝐹𝑑𝜈, 𝑉 =
1

𝑛
∫ 𝜈𝐹𝑑𝜈 , 𝑃𝑖𝑗 = ∫𝐶𝑖𝐶𝑗𝐹𝑑𝜈    (36) 

𝑞𝑖 =
1

2
∫𝐶2𝐶𝑖𝐹𝑑𝜈 ,

3

2
𝑅𝛩 =

1

𝑛
∫

1

2
𝐶2𝐹𝑑𝜈            (37) 

where 𝑛  - number of particles per unit volume of gas, 𝜌  - 
density of gas, 𝑉 - average velocity of gas, 𝑃𝑖𝑗 - stress tensor, 

𝑞𝑖  - components of heat flow, Θ  - temperature of gas, 𝑅  - 

Boltzmann's constant, С = 𝑣 − 𝑉 - thermal or own velocity of 

gas. The moments of the particle distribution function can be 

expressed in terms of hydrodynamic characteristics:  

𝐹00 = ∫𝐹𝑔00𝑑𝜈 = ∫𝐹𝑑𝜈 = 𝜌;  𝐹01 = ∫𝐹𝑔01𝑑𝜈 =

∫𝐹𝑑𝜈 𝑐𝑜𝑠 𝜃 𝑑𝜈 = 𝛼𝑉𝜌; 𝐹02 = ∫𝐹𝑔02𝑑𝜈 =
𝛼2

2√3
(𝑃33 + 𝜌𝑉2);  

𝐹03 = ∫𝐹𝑔03𝑑𝜈 =
𝛼3

√15
(2𝑞 + 9𝑉𝜌𝑅𝜃 + 𝑉3𝜌);  𝐹10 =

∫𝐹𝑔10𝑑𝜈 = 𝛼√
5

2
𝜌𝑉 − √

2

5
𝛼3 (𝑞 + 𝑉𝑃33 + 𝜌𝑉 (

3

2

𝑃

𝜌
+

𝑉2

2
))   

(38) 

If we substitute the values of 𝐹00, 𝐹01, 𝐹02, 𝐹10, 𝐹11 into the 

system of Eqs. (24) from (38), we obtain the following system 

of equations: 
𝜕𝜌

𝜕𝑡
+

𝜕𝜌𝑉

𝜕𝑥
= 0,

𝜕𝜌𝑉

𝜕𝑡
+

𝜕

𝜕𝑥
(𝑃𝑖𝑗 + 𝜌𝑉2) = 0          (39) 

𝜕

𝜕𝑡
𝜌 (𝜀 +

𝑉2

2
) +

𝜕

𝜕𝑥
(𝜌𝑉 (𝜀 +

𝑃33

𝜌
+

𝑉2

2
) + 𝑞) = 0, 𝜀 =

3

2
𝑅𝜃 (40) 

The system of Eqs. (39) and (40) is not closed, because the 

number of equations is three and the number of unknowns is 

five. To close the system of Eqs. (39) and (40), we express 𝑃33 

and 𝑞 through the moments of lower orders. If 𝑃33 = 𝑝, 𝑞 = 0 

(ideal fluid), we obtain the Euler' system equations (Eqs. (41-

43)): 
𝜕𝜌

𝜕𝑡
+

𝜕𝜌𝑉

𝜕𝑥
= 0                            (41) 

𝜕𝜌𝑉

𝜕𝑡
+

𝜕

𝜕𝑥
(𝑝 + 𝜌𝑉2) = 0                    (42) 

𝜕

𝜕𝑡
[𝜌 (𝜀 +

1

2
𝑉2)] +

𝜕

𝜕𝑥
[𝜌𝑉 (𝜀 +

𝑝

𝜌
+

1

2
𝑉2)] = 0      (43) 

For Navier-Stokes and Fourier fluid (viscous heat-

conducting fluid), we get Eq. (44):  

𝑃33 = 𝑝 −
4

3
𝜇

𝜕𝑉

𝜕𝑥
, 𝑞 = −𝜅

𝜕𝛩

𝜕𝑥
                      (44) 

where  𝑝  - pressure, 𝜇  - viscosity coefficient, 𝜅  - heat 

conducting coefficient. If we substitute the values of 

coefficients 𝑃33 and 𝑞 from Eq. (44) into Eq. (40), we obtain 

the Navier-Stokes and Fourier system of equations (Eq. (45-

47)):  
𝜕𝜌

𝜕𝑡
+

𝜕𝜌𝑉

𝜕𝑥
= 0                            (45) 

𝜌 (
𝜕𝑉

𝜕𝑡
+ 𝑉

𝜕𝑉

𝜕𝑥
) =

4

3
𝜇

𝜕2𝑉

𝜕𝑥2 −
𝜕𝑝

𝜕𝑥
                    (46) 

𝜌 (
𝜕𝜀

𝜕𝑡
+ 𝑉

𝜕𝜀

𝜕𝑥
) = 𝜅

𝜕2𝛩

𝜕𝑥2 +
4

3
𝜇 (

𝜕𝑉

𝜕𝑥
)
2
− 𝑝

𝜕𝑉

𝜕𝑥
, 𝜀 =

3

2
𝑅𝛩   (47) 

The number of equations in Eqs. (11)-(23) is twelve, 
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therefore the fifth approximation of the system of Boltzmann 

moment equations contains twelve for the moments of the 

particle distribution function. Equality Eq. (8) is an 

approximation of Maxwell's microscopic condition Eq. (3). Eq. 

(8) presents macroscopic boundary condition corresponding to 

the fifth approximation of the system of Boltzmann moment 

equations, and integration in Eq. (8) is carried out over the 

velocity half-space.  We will write the macroscopic condition 

in expanded form. 

At the boundary 𝑥 = −𝑎  or 𝑥 = 𝑎 , we will set the 

following boundary conditions (normal vector 𝑛 = (0,0,−1) 

with 𝑥 = −𝑎 and 𝑛 = (0,0,1) with 𝑥 = 𝑎. 

∫ ∫ ∫ (−|𝜈|𝜇)𝐹5
+(𝑡, −𝑎, 𝜈)

2𝜋

0

1

0

∞

0
𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈 −

𝛽 ∫ ∫ ∫ (−|𝜈|)𝜇𝐹5
−(𝑡, −𝑎, 𝜈)

2𝜋

0

0

−1

∞

0
𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈 − (1 −

𝛽) ∫ ∫ ∫ (−|𝜈|𝜇)
2𝜋

0

1

0

∞

0
𝑒𝑥𝑝 (−

|𝜈|2

2𝑅𝛩
)𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈 = 0           (48) 

where 2(𝑛 + 𝑙) = 0, 2, 4 ⇒ 𝑛 = 1 = 0 , 𝑛 = 0, 𝑙 = 1; 𝑛 =
1, 𝑙 = 0; 𝑛 = 0; 𝑙 = 2; 𝑛 = 1, 𝑙 = 1; 𝑛 = 2, 𝑙 = 0 

∫ ∫ ∫ |𝜈|
2𝜋

0
𝜇𝐹5

+(𝑡, 𝑎, 𝜈)𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈 −
1

0

∞

0

𝛽 ∫ ∫ ∫ |𝜈|
2𝜋

0
𝜇𝐹5

−(𝑡, 𝑎, 𝜈)𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈
0

−1

∞

0
 − (1 −

𝛽) ∫ ∫ ∫ |𝜈|
2𝜋

0
𝜇 𝑒𝑥𝑝 (−

|𝜈|2

2𝑅𝛩
) 𝑔𝑛,2𝑙(𝛼𝜈)𝑑𝜈 = 0

0

−1

∞

0
               (49) 

where 2(𝑛 + 𝑙) = 0, 2, 4 ⇒ 𝑛 = 𝑙 = 0;  𝑛 = 0, 𝑙 = 1;  𝑛 =
1, 𝑙 = 0;  𝑛 = 0; 𝑙 = 2;  𝑛 = 1, 𝑙 = 1;  𝑛 = 2, 𝑙 = 0;  𝜇 =

𝑐𝑜𝑠 𝜃 , 𝑑𝜈 = |𝜈|2𝑑|𝜈|𝑑𝜇𝑑𝜑,  𝐹5
±(𝑡, 𝑥, 𝜈) =

𝐹0(𝛼|𝜈|) ∑ 𝐹𝑛𝑙
±(𝑡, 𝑥)𝑔𝑛𝑙(𝛼𝜈)5

2𝑛+𝑙=0  

Let's write 𝐹5
±(𝑡, −𝑎, 𝜈) in the following form: 

𝐹5
±(𝑡, −𝑎, 𝜈) =

1

2
[𝐹5

±(𝑡, −𝑎, 𝜈) − 𝐹5
±(𝑡, −𝑎,−𝜈)] +

1

2
[𝐹5

±(𝑡, −𝑎, 𝜈) + 𝐹5
±(𝑡, −𝑎,−𝜈)]                                                  (50) 

Notice, that 

𝐹5
±(𝑡, −𝑎, 𝜈) − 𝐹5

±(𝑡, −𝑎,−𝜈) =

∑ 𝐹𝑛𝑙
±(𝑡, −𝑎)5

2𝑛+𝑙=0 [𝑔𝑛𝑙(𝛼𝜈) − 𝑔𝑛𝑙(−𝛼𝜈)]                              (51) 

𝐹5
±(𝑡, −𝑎, 𝜈) + 𝐹5

±(𝑡, −𝑎,−𝜈) =

∑ 𝐹𝑛𝑙
±(𝑡, −𝑎)5

2𝑛+𝑙=0 [𝑔𝑛𝑙(𝛼𝜈) + 𝑔𝑛𝑙(−𝛼𝜈)]                        (52) 

𝑔𝑛𝑙(𝛼𝜈) ± 𝑔𝑛𝑙(−𝛼𝜈) =

(
√𝜋𝑛!(2𝑙+1)

2𝛤(𝑛+𝑙+3/2)
)
1/2

(
𝛼|𝜈|

√2
)
𝑙

𝑆𝑛
𝑙+1/2

(
𝛼2𝜈2

2
) [𝑃𝑙(𝜇) ± 𝑃𝑙(−𝜇)]   (53) 

𝑃𝑙(𝜇) + 𝑃𝑙(−𝜇) = {
0, 𝑙 = 2𝑚 − 1
2𝑃𝑙(𝜇), 𝑙 = 2𝑚

= {
0, 𝑙𝑖𝑠𝑡ℎ𝑒𝑜𝑑𝑑
2𝑃2𝑙(𝜇)

        (54) 

𝑃𝑙(𝜇) − 𝑃𝑙(−𝜇) = {
0, 𝑙𝑖𝑠𝑡ℎ𝑒𝑒𝑣𝑒𝑛
2𝑃2𝑙+1(𝜇), 𝑙𝑖𝑠𝑡ℎ𝑒𝑜𝑑𝑑

                         (55) 

Taking into account the last relations for the Legendre 

polynomials, the expressions 𝐹5
±(𝑡, −𝑎, 𝜈) + 𝐹5

±(𝑡, −𝑎,−𝜈) 

and 𝐹5
±(𝑡, −𝑎, 𝜈) − 𝐹5

±(𝑡, −𝑎,−𝜈) , which can be written in 

the following form: 

𝐹5
±(𝑡, −𝑎, 𝜈) + 𝐹5

±(𝑡, −𝑎,−𝜈) =

2∑ 𝐹𝑛,2𝑙
± (𝑡, −𝑎)𝑔𝑛,2𝑙(𝛼𝜈)2

2𝑛+𝑙=0                                          (56) 

𝐹5
±(𝑡, −𝑎, 𝜈) − 𝐹5

±(𝑡, −𝑎,−𝜈) =

2∑ 𝐹𝑛,2𝑙+1
± (𝑡, −𝑎)𝑔𝑛,2𝑙+1(𝛼𝜈)2

2𝑛+𝑙=0                                  (57) 

Then Eq.(11) can be rewritten in the following form: 

∫ ∫ ∫ (−|𝜈|𝜇)
2𝜋

0

0

−1

∞

0
{∑ [𝐹𝑛,2𝑙+1

+ (𝑡, −𝑎)𝑔𝑛,2𝑙+1(𝛼𝜈) +2
2𝑛+𝑙=0

𝐹𝑛,2𝑙
+ (𝑡, −𝑎)𝑔𝑛,2𝑙(𝛼𝜈)]}𝑔𝑘,2𝐿(𝛼𝜈)𝑑𝜈 −

𝛽 ∫ ∫ ∫ (|𝜈|𝜇)
2𝜋

0

1

0

∞

0
{∑ [𝐹𝑛,2𝑙+1

− (𝑡, −𝑎)𝑔𝑛,2𝑙+1(𝛼𝜈) +2
2𝑛+𝑙=0

𝐹𝑛,2𝑙
− (𝑡, −𝑎)𝑔𝑛,2𝑙(𝛼𝜈)]}𝑔𝑘,2𝐿(𝛼𝜈)𝑑𝜈 − (1 −

𝛽) ∫ ∫ ∫ |𝜈|𝜇𝑒𝑥𝑝
2𝜋∫

0
2(𝑘 + 𝐿) = 0,2,4 

1∫

−1

∞∫ (−
|𝜈|2

2𝑅𝛩
)
𝑘,2𝐿

(𝛼𝜈)

0
   (58) 

From Eq. (58), it follows that the number of boundary 

conditions at the left end of the interval (−𝑎, 𝑎) is equal to 6. 

In a similar way, it can be shown that the number of boundary 

conditions at the right end of the interval (−𝑎, 𝑎) is also equal 

to 6. If in Eqs. (48) and (49) instead of 𝑔𝑛,2𝑙(𝛼𝜈), we substitute 

the values 

𝑔00 = 1 

𝑔02(𝛼𝜈) = √
4

3
(
𝛼|𝜈|

√2
)

2
1

2
(3 𝑐𝑜𝑠2 𝜃 − 1) 

𝑔04(𝛼𝜈) =

1

√105
(
𝛼|𝜈|

√2
)

4

(35 𝑐𝑜𝑠4 𝜃 − 30 𝑐𝑜𝑠2 𝜃 + 3)

2
 

𝑔10(𝛼𝜈) = √
2

3
(
3

2
−

𝛼2|𝜈|2

√2
) 

 𝑔12 = √
2

21
(
𝛼|𝜈|

√2
)

2

(
7

2
−

𝛼2𝜈2

2
) (3 𝑐𝑜𝑠2 𝜃 − 1) 

𝑔20 = √
2

15
[(

3

2
−

𝛼2𝜈2

2
) (

5

2
− 𝛼2𝜈2) −

𝛼2𝜈2

2
] 

Then after integration, we obtain the macroscopic 

boundary conditions for fifth approximation of the system 

Boltzmann moment equations[28] (omitting cumbersome 

calculations of boundary integrals): at 𝑥 = −𝑎 

1

2𝛼
[

1

√𝜋
(−√2𝑓00

+ − √
2

3
𝑓02

+ +
√2

√105
𝑓04

+ +
1

√3
𝑓10

+ −
1

√21
𝑓12

+ +

1

2√15
𝑓20

+) + 𝑓01
+ ]|

𝑥=−𝑎

−𝛽
1

2𝛼
[

1

√𝜋
(√2𝑓00

− + √
2

3
𝑓02

− −

√2

√105
𝑓04

− −
1

√3
𝑓10

− +
1

√21
𝑓12

− −
1

2√15
𝑓20

−) + 𝑓01
− ]|

𝑥=−𝑎

−

(1−𝛽)𝜂

𝛼√𝜋

1

4√2
= 0                                   (59) 

1

2𝛼
[

1

√𝜋
(−√

2

3
𝑓00

− − 2√2𝑓02
+ −

13

3
√

2

35
𝑓04

+ + 𝑓10
+ +

2

√7
𝑓12

+ −

1

2√5
𝑓20

+) +
2

√3
𝑓01

+ +
3

√5
𝑓03

+ −
2√2

√15
𝑓11

+]|
𝑥=−𝑎

−
𝛽

2𝛼
[

1

√𝜋
(√

2

3
𝑓00

− +

2√2𝑓02
− +

13

3
√

2

35
𝑓04

− − 𝑓10
− −

2

√7
𝑓12

− +
1

2√5
𝑓20

−) +
2

√3
𝑓01

− +

3

√5
𝑓03

− −
2√2

√15
𝑓11

−]|
𝑥=−𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

8√6
= 0            (60) 

1

2𝛼
[

1

√𝜋
(

2

√210
𝑓00

+ −
26

3√70
𝑓02

+ +
4

7√2
𝑓04

+ −
5

3√35
𝑓10

+ +
13

√245
𝑓12

+ −
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1

2√7
𝑓20

+)] +
4

√7
𝑓03

+ +
5

3
𝑓05

+ −
4

3
√

2

7
𝑓13

+]|
𝑥=−𝑎

−

𝛽
1

2𝛼
[

1

√𝜋
(−

2

√210
𝑓00

− +
26

3√70
𝑓02

− −
4

7√2
𝑓04

− +
5

3√35
𝑓10

− −

13

√245
𝑓12

− +
1

2√7
𝑓20

−) +
4

√7
𝑓03

− +
5

3
𝑓05

− −
4

3
√

2

7
𝑓13

−]|
𝑥=−𝑎

−

(1−𝛽)𝜂

𝛼√𝜋

1

8√3
= 0                                                                    (61) 

1

2𝛼
[

1

√𝜋
(

1

√3
𝑓00

+ + 𝑓02
+ −

5

3√35
𝑓04

+ −
6

√2
𝑓10

+ −
3

√14
𝑓12

+ +

5

2√10
𝑓20

+) − √
2

3
𝑓01

− +√
5

3
𝑓11

−]|
𝑥=−𝑎

+
(1−𝛽)𝜂

𝛼√𝜋

1

16√210
= 0   (62) 

1

2𝛼
[

1

√𝜋
(−

1

√21
𝑓00

+ +
2

√7
𝑓02

+ +
13

√245
𝑓04

+ −
3

√14
𝑓10

+ −
34

7√2
𝑓12

+ −

23

4
√

2

35
𝑓20

+) − 3√
2

35
𝑓03

− + 2√
7

15
𝑓11

+ +
9

√35
𝑓13

+ −

4

√15
𝑓21

+ ]|
𝑥=−𝑎

− −𝛽
1

2𝛼
[

1

√𝜋
(

1

√21
𝑓00

− −
2

√7
𝑓02

− −
13

√245
𝑓04

− +

3

√14
𝑓10

− +
34

7√2
𝑓12

− +
23

4
√

2

35
𝑓20

−)−3√
2

35
𝑓03

− + 2√
7

15
𝑓11

− +

9

√35
𝑓13

− −
4

√15
𝑓21

− ]|
𝑥=−𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

4√35
= 0                         (63) 

1

2𝛼
[

1

√𝜋
(

1

2√15
𝑓00

+ −
1

2√5
𝑓02

+ −
1

2√7
𝑓04

+ +
5

2√10
𝑓10

+ −
23√2

4√35
𝑓12

+ −

15

√2
𝑓20

+) −
2

√3
𝑓11

+ + √
7

3
𝑓21

+ ]|
𝑥=−𝑎

−
𝛽

2𝛼
[

1

√𝜋
(−

1

2√15
𝑓00

− +

1

2√5
𝑓02

− +
1

2√7
𝑓04

− −
5

2√10
𝑓10

− +
23√2

4√35
𝑓12

− +
15

√2
𝑓20

−) −

2

√3
−

2

3
𝑓11

− + √
7

3
𝑓21

− ]|
𝑥=−𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

√15
= 0                     (64) 

at 𝑥 = 𝑎     

1

2𝛼
[

1

√𝜋
(−√2𝑓00

+ − √
2

3
𝑓02

+ +
√2

√105
𝑓04

+ +
1

√3
𝑓10

+ −
1

√21
𝑓12

+ +

1

2√15
𝑓20

+) − 𝑓01
+ ]|

𝑥=𝑎

−
𝛽

2𝛼
[

1

√𝜋
(√2𝑓00

− + √
2

3
𝑓02

− −
√2

√105
𝑓04

− −

1

√3
𝑓10

− +
1

√21
𝑓12

− −
1

2√15
𝑓20

−) −𝑓01
− ]|

𝑥=𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

4√2
= 0 (65) 

1

2𝛼
[

1

√𝜋
(−√

2

3
𝑓00

+ − 2√2𝑓02
+ −

13

3
√

2

35
𝑓04

+ + 𝑓10
+ +

2

√7
𝑓12

+ −

1

2√5
𝑓20

+)−
2

√3
𝑓01

+ −
3

√5
𝑓03

+ +
2√2

√15
𝑓11

+]|
𝑥=𝑎

−
𝛽

2𝛼
[

1

√𝜋
(√

2

3
𝑓00

− +

2√2𝑓02
− +

13

3
√

2

35
𝑓04

− − 𝑓10
− −

2

√7
𝑓12

− +
1

2√5
𝑓20

−)−
2

√3
𝑓01

− −

3

√5
𝑓03

− +
2√2

√15
𝑓11

−]|
𝑥=𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

8√6
= 0                              (66) 

1

2𝛼
[

1

√𝜋
(

2

√210
𝑓00

+ −
26

3√70
𝑓02

+ +
4

7√2
𝑓04

+ −
5

3√35
𝑓10

+ +
13

√245
𝑓12

+ −

1

2√7
𝑓20

+) −
4

√7
𝑓03

+ −
5

3
𝑓05

+ +
4

3
√

2

7
𝑓13

+]|
𝑥=𝑎

−

𝛽
1

2𝛼
[

1

√𝜋
(−

2

√210
𝑓00

− +
26

3√70
𝑓02

− −
4

7√2
𝑓04

− +
5

3√35
𝑓10

− −

13

√245
𝑓12

− +
1

2√7
𝑓20

−) −
4

√7
𝑓03

− −
5

3
𝑓05

− +
4

3
√

2

7
𝑓13

−]|
𝑥=𝑎

−

(1−𝛽)𝜂

𝛼√𝜋

1

8√3
= 0                                          (67) 

1

2𝛼
[

1

√𝜋
(

1

√3
𝑓00

+ + 𝑓02
+ −

5

3√35
𝑓04

+ −
6

√2
𝑓10

+ −
3

√14
𝑓12

+ +

5

2√10
𝑓20

+)+√
2

3
𝑓01

+ − √
5

3
𝑓11

+]|
𝑥=𝑎

 − 𝛽
1

2𝛼
[

1

√𝜋
(−

1

√3
𝑓00

− −

𝑓02
− +

5

3√35
𝑓04

− +
6

√2
𝑓10

− +
3

√14
𝑓12

− −
5

2√10
𝑓20

−) +√
2

3
𝑓01

− −

√
5

3
𝑓11

−]|
𝑥=𝑎

+
(1−𝛽)𝜂

𝛼√𝜋

1

16√210
= 0              (68) 

1

2𝛼
[

1

√𝜋
(−

1

√21
𝑓00

+ +
2

√7
𝑓02

+ +
13

√245
𝑓04

+ −
3

√14
𝑓10

+ −
34

7√2
𝑓12

+ −

23

4
√

2

35
𝑓20

+)+3√
2

35
𝑓03

+ − 2√
7

15
𝑓11

+ −
9

√35
𝑓13

+ +

4

√15
𝑓21

+ ]|
𝑥=𝑎

− 𝛽
1

2𝛼
[

1

√𝜋
(

1

√21
𝑓00

− −
2

√7
𝑓02

− −
13

√245
𝑓04

− +

3

√14
𝑓10

− +
34

7√2
𝑓12

− +
23

4
√

2

35
𝑓20

−)+3√
2

35
𝑓03

− − 2√
7

15
𝑓11

− −

9

√35
𝑓13

− +
4

√15
𝑓21

− ]|
𝑥=𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

4√35
= 0                   (69) 

1

2𝛼
[

1

√𝜋
(

1

2√15
𝑓00

+ −
1

2√5
𝑓02

+ −
1

2√7
𝑓04

+ +
5

2√10
𝑓10

+ −
23√2

4√35
𝑓12

+ −

15

√2
𝑓20

+) +
2

√3
𝑓11

+ − √
7

3
𝑓21

+ ]|
𝑥=𝑎

−
𝛽

2𝛼
[

1

√𝜋
(−

1

2√15
𝑓00

− +

1

2√5
𝑓02

− +
1

2√7
𝑓04

− −
5

2√10
𝑓10

− +
23√2

4√35
𝑓12

− +
15

√2
𝑓20

−) +
2

√3
𝑓11

− −

√
7

3
𝑓21

− ]|
𝑥=𝑎

−
(1−𝛽)𝜂

𝛼√𝜋

1

√15
= 0                (70) 

Let introduce the following vectors and matrices:  

𝑈 = (𝐹00, 𝐹02, 𝐹04, 𝐹10, 𝐹12, 𝐹20, 𝐹01, 𝐹03, 𝐹05, 𝐹11, 𝐹13, 𝐹21), 

𝐽(𝑈, 𝑈) = (0, 𝐼02, 𝐼04, 0, 𝐼12, 𝐼20, 0, 𝐼03, 𝐼05, 𝐼11, 𝐼13, 𝐼21), 

𝐴1 = (
0 𝐴
𝐴′ 0

)  

𝐴 =
1

𝛼

[
 
 
 
 
 
 
 
 
 
 

1 0 0
2

√3

3

√5
0

−0
4

√7

5

3

0 0 0
2√2

√15
0 0

0 −
4√2

3√7
0

−√
2

3
0 0

0 −
3√2

√5⋅7
0

0 0 0

√
5

3
0 0

2√7

√3⋅5

9

√5⋅7
−

4

√3⋅5

−
2

√3 0
√

7

3 ]
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𝐵 =
1

𝛼√𝜋

[
 
 
 
 
 
 
 
 
 
 
 √2 √

2

3
−√

2

105

√
2

3
2√2

26

3√70

−√
2

105

26

3√70
−

4

7√2

−
1

√3

1

√21
−

1

2√15

−1 −
2

√7

1

2√5
5

3√35
−

13

√245

1

2√7

−
1

√3
−1

5

3√35

−
1

√21
−

2

√7
−

13

√245
1

2√15

1

2√5

1

2√7

6

√2

3

√14
−

5

2√10

3

√14

34

7√2

23√2

4√35

−
5

2√10

23√2

4√35

15

√2 ]
 
 
 
 
 
 
 
 
 
 
 

  

𝐺 = (
1

2√2
;

1

4√6
;

1

4√3
; −

1

8√210
;

1

2√35
;

2

√15
)  

Then the initial boundary value problem for the system of 

Boltzmann moment Eqs. (11)-(23) with initial condition Eq. 

(8) and boundary conditions Eqs. (59)-(70) can be written in 

vector-matrix form: 

𝜕𝑈

𝜕𝑡
+ 𝐴1

𝜕𝑈

𝜕𝑥
= 𝐽(𝑈, 𝑈), 𝑡 ∈ (0, 𝛵], 𝑥 ∈ (−𝑎, 𝑎)         (71) 

𝑈|𝑡=0 = 𝑈0(𝑥), 𝑥 ∈ (−𝑎, 𝑎)                        (72) 

(𝐴𝑝+ − 𝐵𝑢+)|𝑥=−𝑎 = 𝛽(𝐴𝑝− + 𝐵𝑢−)|𝑥=−𝑎 +
1

𝛼√𝜋
(1 −

𝛽)𝐺, 𝑡 ∈ (0, 𝛵]                     (73) 

(𝐴𝑝+ + 𝐵𝑢+)|𝑥=𝑎 = 𝛽(𝐴𝑝− − 𝐵𝑢−)|𝑥=𝑎 +
1

𝛼√𝜋
(1 −

𝛽)𝐺, 𝑡 ∈ (0, 𝛵]                               (74) 

where 𝐴′  - transposed matrix; 𝑈 = (𝑢, 𝑝)′, 𝑢 =
(𝐹00, 𝐹02, 𝐹04, 𝐹10, 𝐹12, 𝐹20), 𝑝 = (𝐹01, 𝐹03, 𝐹05, 𝐹11, 𝐹13, 𝐹21), 
𝑢(𝑝) - the vector of even (odd) moments on 𝑙 (second index) 

of the particle distribution function, 𝑈0(𝑥) =
(𝐹00

0 (𝑥), 𝐹02
0 (𝑥), 𝐹10

0 (𝑥), 𝐹04
0 (𝑥), 𝐹12

0 (𝑥), 𝐹20
0 (𝑥), 𝐹01

0 (𝑥), 𝐹03
0 (𝑥), 𝐹05

0 (𝑥), 𝐹11
0 (𝑥), 𝐹13

0 , 𝐹21
0 )′, 

- given initial vector functions, 𝑝+, 𝑢+(𝑝−, 𝑢−) - moments of 

falling to the boundary (reflected from boundary) particle 

distribution function.  

The matrices A and B are non-singular. So instead of the 

problem Eqs. (1)-(3), we obtain new problem Eqs. (71)-(74) 

related to moments of the particle distribution function. The 

system of equations represents non-linear symmetric system 

of hyperbolic equations. The initial boundary value problem 

Eqs. (71)-(74) is studied for the first time. 

 

3. Initial boundary value problem for one-dimensional 

system of Boltzmann moment equations with boundary 

conditions of Maxwell-Auzhan 

This section discusses the existence and uniqueness of 

solution to the initial boundary value problem for one-

dimensional system of Boltzmann moment equations with 

boundary conditions of Maxwell-Auzhan in space of functions 

continuous in time and square-summable over the spatial 

variable on the method of work.[37] It is required to find a 

solution to the system of Eq. (71) satisfying the initial 

condition (Eqs. (71)) and boundary conditions Eqs. (72) and 

(73). First, the existence and uniqueness of the solution to 

problem Eqs. (71)-(74) is substantiated. 

For the problem Eqs. (59)-(73), the following theorem takes 

place. 

Theorem. If 𝑈0 = (𝑢0(𝑥), 𝑝0(𝑥)) ∈ 𝐿2[−𝑎, 𝑎] , then 

problem Eqs. (71)-(74) has unique solution in [−𝑎, 𝑎] × [0, 𝛵], 
belonging to the space 𝐶([0, 𝛵]; 𝐿2[−𝑎, 𝑎]), moreover 

‖𝑈‖𝐶([0,𝛵];𝐿2[−𝑎,𝑎]) ≤ 𝐶1 (‖𝑈0‖𝐿2[−𝑎,𝑎] − 𝑟1(0))              (75) 

wherе С1  - constant independent from U and 𝛵~0(‖𝑈0‖ −

𝑟1(0))
𝐿2[−𝑎,𝑎]

−1
, 𝑟1(𝑡)  - particular solution to the Riccati 

equation (Eq. (79)), that was built in explicit form.  

Proof. Let 𝑈0 ∈ 𝐿2[−𝑎, 𝑎]. Let’s prove estimation Eq. (75). 

We multiply system of equation (Eq. (71)) by 𝑈 = (𝑢, 𝑝)′ and 

integrate from –a to a:  

1

2

𝑑

𝑑𝑡
∫ [(𝑢, 𝑢) + (𝑝, 𝑝)]𝑑𝑥 +

𝑎

−𝑎
∫ [(𝐴

𝜕𝑤

𝜕𝑥
, 𝑢) +

𝑎

−𝑎

(𝐴′ 𝜕𝑢

𝜕𝑥
, 𝑝)] 𝑑𝑥 =∫ [(𝐽1, 𝑢) + (𝐽2, 𝑝)]𝑑𝑥

𝑎

−𝑎
           (76) 

After integration by parts, we receive 

1

2

𝑑

𝑑𝑡
∫ [(𝑢, 𝑢) + (𝑝, 𝑝)]𝑑𝑥 +

𝑎

−𝑎
(𝑢−, 𝐴𝑝−)|𝑥=𝑎 −

(𝑢−, 𝐴𝑝−)|𝑥=−𝑎 = ∫ [(𝐽1, 𝑢) + (𝐽2, 𝑝)]𝑑𝑥.
𝑎

−𝑎
        (77) 

Taking into account boundary conditions Eqs. (73) and 

(74), the equality (Eq. (77) can be written in the following 

form: 

1

2

𝑑

𝑑𝑡
∫ [(𝑢, 𝑢) + (𝑝, 𝑝)]𝑑𝑥 +

𝑎

−𝑎
(𝐵𝑢−, 𝑢−)|𝑥=𝑎 +

(𝐵𝑢−, 𝑢−)|𝑥=−𝑎 − −
1

𝛽
((𝐴𝑝+ − 𝐵𝑢+), 𝑢−)|

𝑥=−𝑎
+

1

𝛽
((𝐴𝑝+ + 𝐵𝑢+), 𝑢−)|

𝑥=𝑎
+ (𝐹1, 𝑢

−)|𝑥=𝑎 + (𝐹1, 𝑢
−)|𝑥=−𝑎 =

= ∫ [(𝐽1(𝑢, 𝑝), 𝑢) + (𝐽2(𝑢, 𝑝)𝑝)]𝑑𝑥
𝑎

−𝑎
           (78) 

where 𝐹1 =
(1−𝛽)𝜂

𝛼𝛽√𝜋
𝐺. 

Let’s use spherical representation[38] of a vector 𝑈(𝑡, 𝑥) =

𝑟(𝑡)𝜔(𝑡, 𝑥) , where 𝜔(𝑡, 𝑥) = (𝜔1(𝑡, 𝑥), 𝜔2(𝑡, 𝑥))
′
, 𝑟(𝑡) =

‖𝑈(𝑡,⋅)‖𝐿2[−𝑎,𝑎], ‖𝜔‖𝐿2[−𝑎,𝑎] = 1. 

Substituting the values 𝑢 = 𝑟(𝑡)𝜔1(𝑡, 𝑥), 𝑝 = 𝑟(𝑡)𝜔2(𝑡, 𝑥) 

into Eq. (78), we have that Eq. (79): 

𝑑𝑟

𝑑𝑡
+ 𝑟𝑃(𝑡) = 𝑟2𝑄(𝑡) − 𝑓(𝑡)                 (79) 

where  

𝑃(𝑡) = (𝐵𝜔1
−, 𝜔1

−)|𝑥=𝑎 + (𝐵𝜔1
−, 𝜔1

−)|𝑥=−𝑎 +

+
1

𝛽
[(𝐴𝜔2

+, 𝜔1
−)𝑥=𝑎 + (𝐵𝜔1

+, 𝜔1
−)|𝑥=𝑎 + (𝐵𝜔1

+, 𝜔1
−)|𝑥=−𝑎 −

(𝐴𝜔2
+, 𝜔1

−)|𝑥=−𝑎], 

𝑄(𝑡) = ∫ [(𝐽1(𝜔1, 𝜔2), 𝜔1) + (𝐽2(𝜔1, 𝜔2), 𝜔2)]𝑑𝑥
𝑎

−𝑎
, 

𝑓(𝑡) = (𝐹1, 𝜔1
−)|𝑥=𝑎 + (𝐹1, 𝜔1

−)|𝑥=−𝑎 . 
Let’s study Eq. (79) with initial condition 

𝑟(0) = ‖𝑈0‖ = ‖𝑈0‖𝐿2[−𝑎,𝑎]                      (80) 

Let 𝑟1(𝑡) is the particular solution to Riccati Eq. (79). Then 

general solution to Eq. (79) have the form 

𝑟(𝑡) = 𝑟1(𝑡) + 𝑒𝑥𝑝 (∫ (2𝑄(𝜏)𝑟1(𝜏) − 𝑃(𝜏))𝑑𝜏
𝑡

0
) [𝐶 −
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∫ 𝑄(𝜏) 𝑒𝑥𝑝(∫ (2𝑄(𝜉)𝑟1(𝜉) − 𝑃(𝜉))𝑑𝜉
𝜏

0
) 𝑑𝜏

𝑡

0
]
−1

                (81) 

Hence taking into consideration initial condition (Eq. (80)), 

we obtain  

𝑟(𝑡) = 𝑟1(𝑡) + 𝑒𝑥𝑝 (∫ (2𝑄(𝜏)𝑟1(𝜏) − 𝑃(𝜏))𝑑𝜏
𝑡

0
) ⋅

[
1

‖𝑈0‖−𝑟1(0)
− ∫ 𝑄(𝜏) 𝑒𝑥𝑝(∫ (2𝑄(𝜉)𝑟1(𝜉) − 𝑃(𝜉))𝑑𝜉

𝜏

0
) 𝑑𝜏

𝑡

0
]
−1

  

(82) 

If 𝑅(𝑡) ≡ ∫ 𝑄(𝜏) 𝑒𝑥𝑝 ((∫ 2𝑄(𝜉)𝑟1(𝜉) − 𝑃(𝜉)
𝜏

0
)𝑑𝜉) ,  𝑑𝜏 ≤

𝑡

0

0, ∀𝑡, then second term of 𝑟(𝑡) is bounded for ∀𝑡 ∈ [0, +∞). 

Let 𝑅(𝑡) > 0. Let denote by 𝛵1 the moment of time at which  

1

‖𝑈0‖−𝑟1(0)
− ∫ 𝑄(𝜏)

𝛵1

0
𝑒𝑥𝑝(∫ (2𝑄(𝜉)𝑟1(𝜉) − 𝑃(𝜉))𝑑𝜉

𝜏

0
) 𝑑𝜏 =

0                     (83) 

Then 𝑟(𝑡) − 𝑟1(𝑡)  is bounded for ∀𝑡 ∈ [0, 𝛵) , where 𝛵 <

𝛵1 and 𝛵1~𝑂 (
1

‖𝑈0‖−𝑟1(0)
).  

Now let’s found one particular solution to the equation (Eq. 

(79)). The non-linear Riccati equation can always be reduced 

to a second order linear ordinary differential equation[39] 

𝑦″ + 𝑓1(𝑡)𝑦
′ + 𝑓2(𝑡)𝑦 = 0                      (84) 

where 

𝑦(𝑡) = 𝑒𝑥𝑝 (−∫ 𝑄(𝜏)𝑟(𝜏)𝑑𝜏
𝑡

0
) , 𝑓1(𝑡) =

𝑄(𝑡)𝑃(𝑡)−𝑄′(𝑡)

𝑄(𝑡)
, 𝑓2(𝑡) =

𝑄(𝑡)𝑓(𝑡).  

A solution to this equation will lead to solution to 𝑟(𝑡) =

−
𝑦′

𝑦𝑄(𝑡)
 of the original Riccati equation. By substitution  

𝑦(𝑡) = 𝑧(𝑡) 𝑒𝑥𝑝 (−
1

2
∫ 𝑓1(𝜏)𝑑𝜏

𝑡

0
)              (85) 

Eq. (31) can be written in following form:[39]  

𝑧″(𝑡) + 𝑎(𝑡)𝑧(𝑡) = 0                 (86) 

where 𝑎(𝑡) = 𝑓2(𝑡) −
1

2
𝑓1

′(𝑡) −
1

4
𝑓1

2(𝑡). 

Substituting instead of 𝑓1(𝑡)  and 𝑓2(𝑡)  values from Eq. 

(85), we get 

𝑎(𝑡) = 𝑄𝑓(𝑡) −
2(𝑄2𝑝′−𝑄″𝑄+𝑄′2)+(𝑄𝑃−𝑄′)

2

4𝑄2        (87) 

In work,[40] it was proven that function  

𝑧(𝑡) = 1 + ∑ 𝑏𝑘(𝑡)∞
𝑘=1                   (88) 

is the solution to Eq. (86), where  

𝑏1(𝑡) = −∫ ∫ 𝑎(𝜏)
𝜉

0

𝑡

0

𝑑𝜏𝑑𝜉 

𝑏𝑘(𝑡) = −∫ ∫ 𝑎(𝜏)
𝜉

0

𝑡

0
𝑏𝑘−1(𝜏)𝑑𝜏𝑑𝜉               (89) 

Then 

𝑦 = (1 + ∑ 𝑏𝑘(𝑡)
∞
𝑘=1 ) 𝑒𝑥𝑝 (−

1

2
∫ 𝑓1(𝜏)𝑑𝜏

𝑡

0
)         (90) 

and 

𝑟1(𝑡) = −
𝑦′

𝑦𝑄
= −

𝑧 ′(𝑡)−
1

2
𝑧(𝑡)𝑓1(𝑡)

𝑧(𝑡)𝑄(𝑡)
                  (91) 

where 𝑟1(𝑡) is a particular solution to Riccati equation.  

The value of 

𝑟1(0) = −
𝑧 ′(0)−

1

2
𝑧(0)𝑓1(0)

𝑧(0)𝑄(0)
=

𝑓1(0)

2𝑄(0)
               (92) 

since 𝑧 ′(0) = 0. 

Now instead of 𝑓1(0) , substitute the value 𝑃(0) −
𝑄′(0)

𝑄(0)
 , 

we get 𝑟1(0) =
𝑃(0)𝑄(0)−𝑄′(0)

2𝑄2(0)
. 

The value  

𝑄(0) = ∫ ((𝐽1(𝑤1, 𝑤2), 𝑤1) + (𝐽2(𝑤1, 𝑤2), 𝑤2))|
𝑎

−𝑎 𝑡=0
𝑑𝑥  (93) 

where 

(𝐽1(𝑤1, 𝑤2), 𝑤1)|𝑡=0 = (𝐽02(𝑤1, 𝑤2), 𝑤02)|𝑡=0 =

(𝐽02(𝑤1
0, 𝑤2

0), 𝑤1
0) ==

𝜎2−𝜎0

2
((𝑤00

0 𝑤00
0 −

(𝑤01
0 )

2

√3
)𝑤02

0 )  

𝑤1 = (𝑤00, 𝑤02, 𝑤10)
′, 𝑤2 = (𝑤01, 𝑤03, 𝑤11)

′  

(𝐽2(𝑤1, 𝑤2), 𝑤1)|𝑡=0 = [(𝐽03(𝑤1, 𝑤2), 𝑤03) +

(𝐽11(𝑤1, 𝑤2), 𝑤11)]|𝑡=0 == (
1

4
(𝜎3 + 3𝜎1 − 4𝜎0)𝑤00

0 𝑤03
0 +

1

4√5
(2𝜎1 + 𝜎0 − 3𝜎3)𝑤01

0 𝑤02
0 )𝑤03

0 + +(𝜎1 − 𝜎0) [𝑤00
0 𝑤11

0 +

1

2
√

5

3
𝑤10

0 𝑤01
0 − √

2

15
𝑤01

0 𝑤02
0 ]𝑤11

0   

𝑃(0) = (𝐵𝑤1
0−, 𝑤1

0−)|𝑥=𝑎 + (𝐵𝑤1
0−, 𝑤1

0−)|𝑥=−𝑎 +
1

𝛽
[(𝐴𝑤2

0+, 𝑤1
0−)|𝑥=𝑎 + +(𝐵𝑤1

0+, 𝑤1
0−)|𝑥=𝑎 +

(𝐵𝑤1
0+, 𝑤1

0−)|𝑥=−𝑎 − (𝐴𝑤2
0+, 𝑤1

0−)|𝑥=−𝑎]  

Let choose the initial functions such that 𝑄(0) ≠ 0,  then 

𝑟1(0) =
𝑃(0)−

𝑄′(0)

𝑄(0)

2𝑄(0)
  is finite number. Expansion form of the 

function is shown as follows: 

𝑟1(𝑡) =
1

𝑄(𝑡)
[

1

𝑧(𝑡)
∫ 𝑎(𝜏)𝑧(𝜏)𝑑𝜏 +

𝑄(𝑡)𝑃(𝑡)−𝑄′(𝑡)

2𝑄(𝑡)

𝑡

0
]      (94) 

It is not difficult to prove by immediate substitution that a 

function 𝑟1(𝑡) satisfies Riccati equation (Eq. (29)). 

From Eqs. (36) and (37), we obtain 

𝑟(𝑡) − 𝑟1(𝑡) ≤ 𝐶(‖𝑈0‖ − 𝑟1(0))            (95) 

Hence ‖𝑈(𝑡,⋅)‖𝐿2[−𝑎,𝑎] − 𝑟1(𝑡) ≤ 𝐶(‖𝑈0‖ − 𝑟1(0))  and 

‖𝑈‖𝐶([0,𝛵];𝐿2[−𝑎,𝑎]) − 𝑟1𝐶[0,𝛵] ≤ |‖𝑈(𝑡,⋅)‖𝐿2[−𝑎,𝑎] − 𝑟1(𝑡)| ≤

𝐶(‖𝑈0‖ − 𝑟1(0)). 

Let take the segment [0;
1

‖𝑈0‖−𝑟1(0)
] as interval of solution 

existence to the problem Eqs. (78) and (79) since integrand 

𝑄(𝜏) 𝑒𝑥𝑝(∫ (2𝑄(𝜉)𝑟1(𝜉) − 𝑃(𝜉))𝑑𝜉
𝜏

0
)  is bounded. Hence, 

∀𝑡 ∈ [0, 𝛵], where 𝛵 < 𝛵1 takes place a priori estimation Eq. 

(76).  

Now let’s prove the existence of a solution for Eqs. (59)-

(73) with the help of Galerkin method. Let {𝜔1(𝑥)}𝑙=1
∞   is a 

basis in space 𝐿2[−𝑎, 𝑎], where dimension of vector 𝜔1(𝑥) is 

equal to dimension of vector U . For each m, we define an 

approximate solution 𝑈𝑚 of Eqs. (71)-(74) as follows:  

𝑈𝑚 = ∑ 𝑐𝑗𝑚
𝑚
𝑗=1 (𝑡)𝑣𝑗(𝑥)                          (96) 
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∫ ((
𝜕𝑈𝑚

𝜕𝑡
+ 𝐴1

𝜕𝑈𝑚

𝜕𝑥
) , 𝑣𝑖(𝑥)) 𝑑𝑥 = ∫ (𝐽(𝑈𝑚), 𝑣𝑖(𝑥))𝑑𝑥,

𝑎

−𝑎

𝑎

−𝑎
                  

𝑖 = 1,𝑚, 𝑡 ∈ (0, 𝛵]                        (97) 

𝑈𝑚|𝑡=0 = 𝑈0𝑚(𝑥), 𝑥 ∈ 𝑅                    (98) 

(𝐴𝑝𝑚
− ∓ 𝐵𝑢𝑚

− )|𝑥=∓𝑎 =
1

𝛽
(𝐴𝑝𝑚

+ ± 𝐵𝑢𝑚
+ )|𝑥=±𝑎 ±

(1−𝛽)𝜂

𝛼𝛽√𝜋
𝐺(99) 

where 𝑈0𝑚  is the orthogonal projection in 𝐿2  of function 𝑈0 

on the subspace, spanned by 𝑣1, . . . 𝑣𝑚,  𝐽(𝑈𝑚) =

(𝐽1(𝑢𝑚, 𝑝𝑚), 𝐽2(𝑢𝑚, 𝑝𝑚))
′
. 

Represent 𝑣𝑗(𝑥) in the form 𝑣𝑗(𝑥) = (𝑣𝑗
(1)

, 𝑣𝑗
(2)

)
′

,  

where 𝑣𝑗
(1)

= (𝑣𝑗1, 𝑣𝑗2, 𝑣𝑗3)
′
, 𝑣𝑗

(2)
= (𝑣𝑗4, 𝑣𝑗5, 𝑣𝑗6)

′
. 

The coefficients 𝑐𝑗𝑚(𝑡) are determined from the equations   

∑ {
𝑑𝑐𝑗𝑚

𝑑𝑡
∫ (𝑣𝑗 , 𝑣𝑖)𝑑𝑥 + 𝑐𝑗𝑚

𝑎

−𝑎
[(𝐵𝑣𝑗

−(1)
, 𝑣𝑖

−(1)
)|

𝑥=𝑎
+𝑚

𝑗=1

(𝐵𝑣𝑗
−(1)

, 𝑣𝑖
−(1)

)|
𝑥=−𝑎

+(𝐵𝑣𝑖
−(1)

, 𝑣𝑗
−(1)

)|
𝑥=𝑎

+

(𝐵𝑣𝑖
−(1)

, 𝑣𝑗
−(1)

)|
𝑥=−𝑎

+
1

𝛽
((𝐴𝑣𝑖

+(2)
+ 𝐵𝑣𝑖

+(1)
), 𝑣𝑗

−(1)
)|

𝑥=𝑎
−

1

𝛽
((𝐴𝑣𝑖

+(2)
− 𝐵𝑣𝑖

+(1)
), 𝑣𝑗

−(1)
)|

𝑥=−𝑎
+

1

𝛽
((𝐴𝑣𝑗

+(2)
+

𝐵𝑣𝑗
+(1)

), 𝑣𝑖
−(1)

)|
𝑥=𝑎

−
1

𝛽
(𝐴𝑣𝑗

+(2)
− 𝐵𝑣𝑗

+(1)
, 𝑣𝑖

−(1)
)
𝑥=−𝑎

+

(𝐹1, 𝑣𝑖
−(1)

)|
𝑥=𝑎

+ (𝐹1, 𝑣𝑖
−(1)

)|
𝑥=−𝑎

+

(𝐹1, 𝑣𝑗
−(1)

)|
𝑥=𝑎

+(𝐹1, 𝑣𝑗
−(1)

)|
𝑥=−𝑎

− ∫ ((𝐴
𝜕𝑣𝑖

(2)

𝜕𝑥
, 𝑣𝑗

(1)
) +

𝑎

−𝑎

(𝐴′ 𝜕𝑣𝑖
(2)

𝜕𝑥
, 𝑣𝑗

(2)
))𝑑𝑥} = ∫ (𝐽(∑ 𝑐𝑗𝑚𝑣𝑗

𝑚
𝑗=1 ), 𝑣𝑖)

𝑎

−𝑎
𝑑𝑥, 𝑖 = 1,𝑚, 𝑡 ∈

(0, 𝛵], 𝑐𝑖𝑚(0) = 𝑑𝑖𝑚, 𝑖 = 1,𝑚                                                 (100) 

where 𝑖 = 1,𝑚, 𝑡 ∈ (0, 𝛵], 𝑐𝑖𝑚(0) = 𝑑𝑖𝑚, 𝑖 = 1,𝑚, 𝑑𝑖𝑚 is the 

i-th component of 𝑈0𝑚. 

Multiply Eq. (97) by 𝑐𝑖𝑚(𝑡) and sum over i from 1 to m:  

∫ ((
𝜕𝑈𝑚

𝜕𝑡
+ 𝐴1

𝜕𝑈𝑚

𝜕𝑥
) , 𝑈𝑚)

𝑎

−𝑎
𝑑𝑥 = ∫ (𝐽(𝑈𝑚), 𝑈𝑚)𝑑𝑥

𝑎

−𝑎
  (101) 

With the help of above shown arguments, let’s prove that 

𝑟𝑚(𝑡)  is bounded in some time interval [0, 𝛵𝑚] , where 

𝑈𝑚(𝑡, 𝑥) = 𝑟𝑚(𝑡)𝜔𝑚(𝑡, 𝑥), 𝛵𝑚 ≈ 0((‖𝑈0𝑚‖ −

𝑟𝑚1(0))
−1

) , 𝛵𝑚 ≥ 𝛵∀𝑚 , and ‖𝑈𝑚‖𝐶([0,𝛵];𝐿2[−𝑎,𝑎]) ≤

𝐶2 (‖𝑈0‖𝐿2[−𝑎,𝑎] − 𝑟1(0)) , where 𝐶2  - constant and 

independent from m. 

Then, the solution to the system of Eqs. (96)-(99) or Eq. 

(100) follows from estimation Eq. (41). Thus, the sequence 

{𝑈𝑚}  of approximate solutions of problem Eqs. (5)-(7) is 

uniformly bounded in function space ([0, 𝛵]; 𝐿2[−𝑎, 𝑎]) . 

Moreover, homogeneous system of equations 𝜏𝛦 +
1

𝛼
𝐴𝜉 with 

respect to 𝜏, 𝜉 has only trivial solution. Then, it follows from 

results in Ref. [41] that 𝑈𝑚 → 𝑈  is week in 

𝐶([0, 𝛵]; 𝐿2[−𝑎, 𝑎])  and 𝐽(𝑈𝑚) → 𝐽(𝑈)  is week in 

𝐶([0, 𝛵]; 𝐿2[−𝑎, 𝑎])  as 𝑚 → ∞ . Further, it can be shown by 

standard methods that limit element is a weak solution to the 

problem Eqs. (72)-(74). The theorem is proven.  

3. Numerical solution to the initial boundary value 

problem for one-dimensional system of Boltzmann 

moment equations with boundary conditions of Maxwell-

Auzhan 

It is impossible to find an exact solution to the problem Eqs. 

(71)-(74), so we use numerical method to construct an 

approximate solution to the problem Eqs. (71)-(74). The 

differential problem is approximated by a finite-difference 

scheme, and an algorithm and a program for numerical 

implementation on a computer are compiled. At the end, the 

graphs of the moments of the particle distribution function are 

given. 

Let us construct a finite-difference scheme for the 

numerical solution to problems Eqs. (71)-(74). Let divide the 

segment [0, T] into 𝑁1  equal parts and the segment [−𝑎, 𝑎] 
into 𝑁2  equal parts. Let introduce the grid functions 𝑢𝑖𝑗 =

𝑢(𝑡𝑖 , 𝑥𝑗), 𝑝𝑖𝑗 = 𝑝(𝑡𝑖 , 𝑥𝑗). Le t us approximate the differential 

problem Eqs. (71)-(74) by the following finite difference 

scheme: 

𝑢𝑖+1,𝑗
𝑛+1 − 𝑢𝑖𝑗

𝑛+1

𝜏
+ 𝐴

𝑝𝑖𝑗
𝑛+1 − 𝑝𝑖,𝑗−1

𝑛+1

ℎ
= 𝐽1(𝑢𝑖𝑗

𝑛 , 𝑝𝑖𝑗
𝑛) 

𝑖 = 0,1, . . . ,  𝑁1 − 1;  𝑗 = 1, . . . , 𝑁2                          (102) 

𝑝𝑖+1,𝑗
𝑛+1 − 𝑝𝑖𝑗

𝑛+1

𝜏
+ 𝐴′

𝑢𝑖,𝑗+1
𝑛+1 − 𝑢𝑖,𝑗

𝑛+1

ℎ
= 𝐽2(𝑢𝑖𝑗

𝑛 , 𝑝𝑖𝑗
𝑛), 

𝑖 = 0,1, . . . , 𝑁1 − 1;  𝑗 = 𝑁2 − 1, . . . ,0;                               (103) 

𝑢0𝑗
𝑛+1 = 𝑢𝑗

0, 𝑝0𝑗
𝑛+1 = 𝑤𝑗

0, 𝑗 = 0,1, . . . , 𝑁2                    (104) 

(𝐴𝑝− + 𝐵𝑢−)𝑖,0
𝑛+1 =

1

𝛽
(𝐴𝑝+ − 𝐵𝑢+)𝑖,0

𝑛 −
𝜋(1−𝛽)

𝛼3𝛽
𝐺, 𝑖 =

0,1, . . . , 𝑁1                         (105) 

(𝐴𝑝− − 𝐵𝑢−)𝑖,𝑁2

𝑛+1 =
1

𝛽
(𝐴𝑝+ + 𝐵𝑢+)𝑖,𝑁2

𝑛 +
𝜋(1−𝛽)

𝛼3𝛽
𝐺, 𝑖 =

0,1, . . . , 𝑁1                  (106) 

𝜏 −time step, ℎ −space variable step.  

In order to find a numerical solution to the problem Eqs. 

(102)-(106) and (78)-(84), we use the iterative method.  

At 𝑖 = 0,  𝑗 = 0,1, . . . , 𝑁2, the solution to the problem can 

be determined using the initial conditions Eq. (80). Let 𝑖 =
0,  𝑗 = 1. With the help of Eq. (77), we obtain the following 

Eq. (107): 

𝑢11
𝑛+1−𝑢01

𝑛+1

𝜏
+ 𝐴

𝑝01
𝑛+1−𝑤00

𝑛+1

ℎ
= 𝐽1(𝑢01

𝑛 , 𝑝01
𝑛 )         (107) 

where 𝑢11
𝑛+1 = 𝑢01

𝑛+1 −
𝜏

ℎ
𝐴(𝑝01

𝑛+1 − 𝑝00
𝑛+1) + 𝜏𝐽1(𝑢01

𝑛 , 𝑝01
𝑛 ). 

Let 𝑖 = 0,  𝑗 = 2. In this case, we get the following ratio in 

Eq. (108): 

𝑢12
𝑛+1 = 𝑢02

𝑛+1 −
𝜏

ℎ
𝐴(𝑝02

𝑛+1 − 𝑝01
𝑛+1) + 𝜏𝐽1(𝑢02

𝑛 , 𝑝02
𝑛 )     (108) 

And so on, at 𝑖 = 0,  𝑗 = 𝑁2 we get the following ratio in Eq. 

(109): 

𝑢1𝑁2

𝑛+1 = 𝑢0𝑁2

𝑛+1 −
𝜏

ℎ
𝐴(𝑝0𝑁2

𝑛+1 − 𝑝0,𝑁2−1
𝑛+1 ) + 𝜏𝐽1(𝑢0𝑁2

𝑛 , 𝑝0𝑁2

𝑛 ) (109) 
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Using the value of 𝑢1𝑁2

𝑛+1, from the boundary condition Eq. 

(84), we find (𝑖 = 1,  𝑗 = 𝑁2) in Eq. (110): 

𝑝1,𝑁2
𝑛+1 = 𝐴−1 [

1

𝛽
(𝐴𝑝1,𝑁2

𝑛 + 𝐵𝑢1,𝑁2
𝑛 ) +

𝜋(1−𝛽)

𝛼3𝛽
𝐺 + 𝐵𝑢1,𝑁2

𝑛+1]  (110) 

In this way, we found all the values of the vector 𝑢1𝑗
𝑛+1 on 

the first layer of the difference grid, except for 𝑢10
𝑛+1.  

To determine the values of 𝑝1𝑗
𝑛+1  we use Eq. (79) and 

perform the calculations from right to left. If  𝑖 = 0,  𝑗 = 𝑁2 −
1 we get Eqs. (111)-(113) 

𝑝1,𝑁2−1
𝑛+1 = 𝑝0,𝑁2−1

𝑛+1 −
𝜏

ℎ
𝐴′(𝑢0,𝑁2

𝑛+1 − 𝑢0,𝑁2−1
𝑛+1 ) +

𝜏𝐽2(𝑢0,𝑁2−1
𝑛 , 𝑝0,𝑁2−1

𝑛 )              (111) 

At 𝑖 = 0,  𝑗 = 𝑁2 − 2 we have 

𝑝1,𝑁2−2
𝑛+1 = 𝑝0,𝑁2−2

𝑛+1 −
𝜏

ℎ
𝐴′(𝑢0,𝑁2−1

𝑛+1 − 𝑢0,𝑁2−2
𝑛+1 ) +

𝜏𝐽2(𝑢0,𝑁2−2
𝑛 , 𝑝0,𝑁2−2

𝑛 )             (112) 

And so on. At 𝑖 = 0,  𝑗 = 0 , we get the following 

correlation  

𝑝1,0
𝑛+1 = 𝑝0,0

𝑛+1 −
𝜏

ℎ
𝐴′(𝑢0,1

𝑛+1 − 𝑢0,0
𝑛+1) + 𝜏𝐽2(𝑢0,0

𝑛 , 𝑝0,0
𝑛 )   (113) 

Using the found value from 𝑝1,0
𝑛+1 the boundary condition 

Eq. (80), we find (𝑖 = 1,  𝑗 = 0) in Eq. (114): 

𝑢1,0
𝑛+1 = 𝐵−1 [

1

𝛽
(𝐴𝑝1,0

𝑛 − 𝐵𝑢1,0
𝑛 ) −

𝜋(1−𝛽)

𝛼3𝛽
𝐺 − 𝐴𝑝1,0

𝑛+1]  (114) 

Thus, we have defined all the values 𝑢1,𝑗
𝑛+1 and 𝑝1,𝑗

𝑛+1 on the 

first layer of the difference grid, including the left and right 

boundaries of the interval (−𝑎, 𝑎). Let's continue this process 

for the values of 𝑖 = 1, . . . , 𝑁1 − 1 and define the values 𝑢𝑖,𝑗
𝑛+1 

and 𝑝𝑖,𝑗
𝑛+1 at all nodes of the difference grid.[42-47]  

Let start the iterative process for 𝑛  and continue the 

calculations until we achieve the following 

conditions: |𝑢𝑖𝑗
𝑛+1 − 𝑢𝑖𝑗

𝑛 | < 𝜀, |𝑝𝑖𝑗
𝑛+1 − 𝑝𝑖𝑗

𝑛 | < 𝜀, 𝑖 =

0,1, . . . , 𝑁1 − 1; 𝑗 = 1, . . . , 𝑁2,  where 𝜀  - a given sufciently 

small number. 

The numerical experiment was carried out with the 

following data: [−𝑎, 𝑎] ≅ [0,1], 𝜎0 = 120, 𝜎2 = −24. 

Segment [0,1] is divided into 10 equal parts, step ℎ = 0.1 

in space variable x. Let denote by τ the time step and choose 

𝜏 = 0.02.  The inequality 
𝜏

ℎ
< 1  (τ=0.02, h=0.1) satisfies the 

stability condition of the finite-difference scheme. Fulfilment 

of the stability condition and analysis of the results of the 

numerical experiment confirms the convergence of the 

difference scheme. 

The initial functions are chosen as follows: 𝐹00 = 1 − 𝑥; 

𝐹02 = 1 − 𝑥/2;  𝐹04 = 𝑥(1 − 𝑥);  𝐹10 = 𝑥 − 1/2;  𝐹12 = (1 −
𝑥)/2;  𝐹20 = 𝑥(1 − 𝑥)/2;  𝐹01 = 𝑥;𝐹02 = 𝑥 − 2;𝐹05 = 𝑥(1 −
𝑥);𝐹11 = 𝑥 + 1;𝐹12 = 1 − 𝑥/3;𝐹21 = 𝑥(2 − 𝑥)/2;  𝛽 = 1; 
𝛼 = 5.41334827830624;  Θ=346 K, Boltzmann constant = 

8.617333 ⋅ 10−5 eV∕K, betta=1; sigma0=120; sigma1=0; 

sigma2=-24; sigma3=0; sigma4=0; sigma5=0;𝑢 = (𝐹00,  𝐹02,

𝐹04, 𝐹10, 𝐹12, 𝐹20  ), 𝑝 = (𝐹01, 𝐹03, 𝐹05, 𝐹11, 𝐹13, 𝐹21  ), where 

[0; 1]  -x axis segment, [0; 0,2]  -t axis segment, the vertical 

axis shows the value of distribution function moments. 𝐹00 =
𝜌  - gas density; 𝐹01 = 𝛼𝜌𝑉  - the production of gas 

densityandthe average velocity of gas and 𝛼 =  1 √𝑅𝛩⁄   , 

where R - the Boltzmann constant, Θ - the temperature of 

wall;  F02, F03, . . . , 𝐹21 will be expressed through the 

hydrodynamic characteristics of the gas. 

We will further present tables of values and graphs of the 

particle distribution moments: 𝐹00 = 𝜌  - gas density; 𝐹01 =
𝛼𝜌𝑉 - the production of gas densityandthe average velocity of 

gas and 𝛼 =  1 √𝑅𝛩⁄  , where R - the Boltzmann constant, Θ - 

the temperature of wall ;  𝐹02,𝐹03, . . . , 𝐹21 will be expressed 

through the hydrodynamic characteristics of the gas. We will 

further present tables of values and Figs. 2-13 of the particle 

distribution moments. 𝐹02 =
𝛼2

2√3
(𝑃33 + 𝜌𝑉2) , 𝐹03 =

𝛼3

√15
(2𝑞 + 9𝑉𝜌𝑅𝜃 + 𝑉3𝜌) , 𝐹10 = 𝛼√

5

2
𝜌𝑉 − √

2

5
𝛼3 (𝑞 +

𝑉𝑃33 + 𝜌𝑉 (
3

2

𝑃

𝜌
+

𝑉2

2
)), and etc. However, they do not possess 

a definite physical meaning.

𝐹00 
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Fig. 2: 𝐹00.- gas density. 

 

𝐹01 

 

 
Fig. 3: 𝐹01 - the production of gas density, the average velocity of gas and 𝛼 =  1 √𝑅𝛩⁄ . 
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𝐹02 

 

 
Fig. 4: 𝐹02 - the particle distribution moments. 

 

 
Fig. 5: 𝐹03 - the particle distribution moments. 
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𝐹03 

 

𝐹04 

 

 
Fig. 6: 𝐹04 - the particle distribution moments. 

 

𝐹05 
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Fig. 7: 𝐹05 - the particle distribution moments. 

 

𝐹10 

 

 
Fig. 8: 𝐹10 - the particle distribution moments. 
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𝐹11

 
Fig. 9: 𝐹11 - the particle distribution moments. 

 

𝐹12

 

 
Fig. 10: 𝐹12 - the particle distribution moments. 
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𝐹13 

 
Fig. 11: 𝐹13 - the particle distribution moments. 

 

𝐹20

 
Fig. 12: 𝐹20 - the particle distribution moments. 
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𝐹21 

 

 
Fig. 13: 𝐹21 - the particle distribution moments. 

 

4. Conclusion 

We formulate initial boundary value problem for fifth 

approximation of one-dimensional non-linear non-stationary 

system of Boltzmann moment equations with macroscopic 

boundary conditions. We proved the theorem of existence and 

uniqueness of the local solution to the initial boundary value 

problem for one-dimensional system of Boltzmann moment 

equations with macroscopic boundary conditions in space of 

functions continuous in time and square-summable over the 

spatial variable, because the solution existence time depends 

on the norm of the initial vector function at the power minus 

one. Therefore, the smaller the norm of the initial vector 

function is, the longer the solution existence time of the initial 

boundary value problem for one-dimensional system of 

Boltzmann moment equations in fifth approximation and vice 

versa. In order to find an approximate solution to the initial 

boundary value problem for the system of Boltzmann moment 

equations, we used a numerical method. The differential 

problem is approximated by a finite-difference scheme, an 

algorithm and a program for numerical implementation on a 

computer are compiled. The moments of the particle 

distribution function are determined, which characterize 

atmospheric parameters, such as density, average speed and 

temperature, etc. 

The obtained results are being used to establish the 

dependence of the solution to the initial boundary value 

problem for a non-stationary non-linear one-dimensional 

system of Boltzmann moment equations on the temperature of 

the reflecting wall. The approximate value of the particle 

distribution function corresponding to the fifth approximation 

of the moment equations has the form 𝐹5(𝑡, 𝑥, 𝜈) =
𝐹0(𝛼|𝜈|) ∑ 𝐹𝑛𝑙(𝑡, 𝑥)𝑔𝑛𝑙(𝛼𝜈)5

2𝑛+𝑙=0  t>0, x∈ [0,1], where the 

values of 𝐹𝑛𝑙(𝑡, 𝑥)  at 2𝑛 + 𝑙 = 0,1, … ,5  are defined above 

(see tables of values 𝐹00, 𝐹01, … , 𝐹21), and the values of the 

eigenfunctions 𝑔𝑛𝑙(𝛼𝑣) are known.  

The Maxwell boundary condition contains a term that 

depends on the wall temperature, which describes the particles 

reflected from the boundary according to the Maxwell 

distribution 𝐹+(𝑡, 𝑥, 𝜈1, 𝜈2, 𝜈3) = 𝛽𝐹−(𝑡, 𝑥, 𝜈1, 𝜈2, −𝜈3) +

(1 − 𝛽) 𝑒𝑥𝑝 (−
|𝜈|2

2𝑅𝛩
) , where Θ is the temperature of the 

reflecting wall, 𝛽 ∈ (0,1) . By changing the values of the 

parameters Θ and β, we obtain different values of F5(t, x, v) 

depending on the wall temperature and the parameter β. For 

example, when β=1/2, half of the particles F5
+(t, x, v1, v2, v3) 

falling on the boundary are reflected from the boundary 

specularly, and the other half is reflected from the boundary 

diffusely following the Maxwell distribution. Thus, 
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approximate values of the particle distribution function will be 

determined depending on the temperature of the reflecting 

wall and the value of the parameter β. In general, the 

parameters Θ and β will depend on the coordinates and time. 

These studies concerning the establishment of the dependence 

of the solution to the initial boundary value problem for a non-

stationary non-linear one-dimensional system of Boltzmann 

moment equations on the temperature of the reflecting wall 

and the parameter β will be carried out in subsequent works. 
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