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An Automated Two-Dimensional Octic Order Triangular Mesh
Generator in MATLAB for Sustainable Solutions through Finite
Element Scheme
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Abstract

This work proposes an automated mesh generator using the octic order triangular elements for various two-dimensional (2D)
geometries. The developed code produces high-quality eighth-order triangular meshes by providing nodal connectivity, node
position, and boundary details. This method has a major influence on various engineering applications to provide sustainable
solutions. Discretizing 2D domains into octic meshes can be advantageous in waveguide problems to minimise energy loss,
leading to sustainable energy, aeroscope engineering, sustainable structural designs, fluid dynamics, manufacturing
industries, crocheting, knitting, etc. The proposed automated octic triangular mesh generator using distmesh in MATLAB can
be utilized for finite element simulations in various applications effectively. This scheme confirms that, in comparison to
lower-order elements, octic elements dramatically reduce the count of degrees of freedom and elements needed to attain a
desired level of precision. The numerical results show that the octic mesh elements perform better than the lower-order
elements in terms of efficiency and accuracy. It provides reductions of over 96% in the number of elements and up to 90% in
the degrees of freedom compared to linear, quadratic, and cubic orders, for the desired cutoff frequencies of the transverse
electric and transverse magnetic modes in waveguides. This demonstrates the accuracy and efficiency of the octic order,
making it ideal for various engineering applications.
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1. Introduction elements, in two-dimensional space. The domain that is being

An essential initial phase in several numerical techniques,
including the finite volume method, the finite difference
method, and the finite element method (FEM), is the
generation of meshes.!l Mesh generation is a prerequisite for
finding solutions to complex mathematical representations
modeled as integral equation formulas or partial differential
equations (PDEs).[? This technique creates a set of discrete
points over the region under consideration, which are called
nodes. The adjacent nodes in the considered area are joined to
form smaller elements, such as triangular or quadrilateral
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considered is decomposed into smaller elements called mesh
elements. By breaking down the two-dimensional (2D)
domain into numerous smaller triangular mesh components,
one can easily analyze the data in that particular domain for a
better understanding. Mesh generation also provides valuable
information about the coordinates of the nodes, boundary
nodes, and elemental connectivity of the discretized meshes,
which is of great importance for solving several numerical
problems represented as PDEs.

Engineering problems often involve two-dimensional
geometries, which include regular and irregular shapes.
Achieving accurate numerical solutions for such geometries
using traditional meshes with higher-order elements remains a
challenge. Although finite element analysis (FEA) offers a
powerful solution, its effectiveness is very dependent on the
quality of the initial mesh. FEA has gained widespread
acceptance among modern engineers as a result of progress in
computational capabilities that allow the resolution of
complex problems.®! Mesh generation has a major influence
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on various engineering applications, such as providing
physical simulations, such as computer-aided design (CAD)
geometries, computational fluid dynamics, mechanical
engineering, aerospace engineering, and biomechanics, and is
frequently used in FEA .71 Recent advances in FEA and mesh
generation enabled the automated creation of higher-order
triangular meshes around airfoil designs using MATLAB,
enhancing the accuracy of aerodynamic performance
evaluations.®®8l The effectiveness of mesh generation is
essential for computational systems used in handicrafts such
as knitting, crocheting, and many others, in addition to
engineering applications.’)’ Enormous research is done on
numerical applications of finite element meshing in regular
and irregular domains for waveguide problems,!! dynamic
fluid flow problems,™! elliptical PDEs,*2 efc. In all of these
applications, meshing is a crucial step. Moreover, engineering
problems often involve two-dimensional geometries, which
include regular and irregular shapes. As an example, the
multiscale FEM has been introduced to address the
shortcomings of traditional finite element techniques in
designing intricate electrical equipment.[*®! The FEM has been
successfully employed to accurately calculate and optimize
stray losses in power transformers, incorporating the
temperature factor into the analysis.['!

In the proposed method, the decomposition of domains
into triangular elements is implemented with the help of
distmesh2d based on the work presented by Per-Olof Person
and Gilbert Strang.'58 But Person and Strang developed
meshes for various domains only in the form of linear
triangular elements. Later, Koko improvised the work and
generated meshes up to quadratic triangle elements,l'™ i.e.,
second-order triangle elements for many domains by using
distmesh2d. Quadratic triangular elements have three nodes,
one at each edge of the triangle. Numerous investigations have
been conducted about the subparametric transformation of
triangle elements of quadratic (6 nodes), cubic (10 nodes),
quartic (15 nodes), quintic (21 nodes), sextic (28 nodes), and
septic (36 nodes). Unique meshing schemes were presented in
the works published in Refs. [18,19] using the transformations
to generate meshes with higher-order curved triangular
elements of up to septic order for various two-dimensional
regular and curved domains wusing subparametric
transformations. After reviewing various studies, it is clear
that there have been numerous attempts to perform meshing
using linear triangular, quadrilateral, and polygonal
elements.?°2 However, these approaches have limitations in
capturing complex geometries and may require a vast quantity
of elements to achieve the desired accuracy, as their focus
typically lies on lower-order elements.

Thus, an automatic generation of meshes utilizing octic
order triangular elements in MATLAB is proposed in this
study for both regular and irregular two-dimensional domains.
The FEM implementation of the developed meshes is
performed for engineering applications to demonstrate the
efficiency of the proposed method. Octic order triangular
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elements provide an advantage in improving the solution
accuracy in numerical methods with fewer elements compared
to linear elements. This approach helps in providing faster
simulations and potentially lower computational costs as
fewer elements are required compared to lower-order FEM.
Thus, the proposed code discretizes domains, with or without
ducts, into meshes with structured and unstructured octic order
triangular elements by using distmesh2d as the base mesh.
From the literature, it is evident that automated octic order
mesh generators are not available to users in MATLAB.

The organization of the remaining sections is as follows:
Section 2 explains the methodology, which includes
subsection 2.1, providing a brief overview of the mathematical
formulation of the octic order triangular mesh. A detailed
explanation of MATLAB code for generating an octic order
coarse triangular mesh for some of the irregular and regular
domains is demonstrated, depicting the octic order finite
elements in subsections of subsection 2.2. Validation of the
octic order meshing scheme using the finite element
implementation is provided in section 3, with two applications
explained in subsections 3.1 and 3.2. In section 4, the results
obtained from the proposed methodology are described.
Finally, the article is concluded in section 5.

2. Methodology

2.1 Mathematical formulation of octic order triangular
meshes

Mesh generation is a fundamental step in many numerical
methods. It involves discretizing complex geometries into
smaller elements for numerical analysis. This section
describes a method for generating two-dimensional octic order
triangular meshes in MATLAB. The proposed method makes
use of the existing distmesh2d.m function in MATLAB.['!
This function creates an initial mesh with linear elements. This
initial mesh serves as a foundation upon which the octic order
mesh is subsequently built.

In the field of FEA, a key objective is to generate a mesh
for arbitrary domains and to solve the PDEs defined over these
domains. Among the key challenges in this process is the
complicated numerical integration that occurs in these
irregular geometries. To make these challenges manageable,
each element in the cartesian coordinate system (x,y) is
mapped to a conventional isosceles right-angled triangle in the
natural coordinate system (¢, 1), as illustrated in Fig. 1. This
transformation provides a better approach to numerical
integration evaluation within the mesh elements. The process
for mapping nodes for any domain using higher-order finite
elements is outlined by a key point transformation formula, as
described by Eq. (1):?2

(n+1)(n+2)
2

p= NY (ewpe, 0 = xy) (1)

k=1

where N,En) (e, 1) denotes the usual triangular element shape
functions of order n at node k, and n = 8 for octic order
triangular elements.' For octic order triangular elements, the
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Fig. 1: Node mapping from cartesian coordinates (X, y) to natural coordinates (€, it).

meshing process involves representing the nodal points inside
and on the boundary of the domain using the point
transformation. The transformation for a triangular element of
octic order can be represented by Eq. (2):

(X, Yk ) = Zil N; (€ ) (xi, ¥1) )

The physical (global/cartesian) coordinates are (xi, Vi),
while the reference (local/natural) coordinates are (€, 1) for
each node k. The Lagrange shape functions for the octic order
triangular element at node i and the physical coordinates of the
nodes in the reference element are denoted by the expressions
N; (e, my) and (x;,v;), respectively.? For any higher-order
triangle element, the transformation formula Eq. (2) can be
expressed as Eq. (3):

p=p3+{@1 — p3)e+ (p2 — P3)U (3)

In the case of an octic order triangular mesh, 45 nodes are
required per triangle, with seven additional nodes added to
each edge of the triangle. These additional nodes are aligned
evenly along the straight edge.

A theoretical study has been carried out to develop the
transformations for octic order triangular elements, as
documented in the literature.?? The study indicates that the
coordinates  p1, Pa, Ps, De, P7,Psr Po, Pro & P2 span  the
boundary side of the triangle.

The following equations (Eq. (4)) determine the inner
nodes pPys, P2er P27, P28 P29, P30» P31, P32, P33, P34» P35,

D36» P37, P3sr D395 Paos Patr Pazr Pa3s Pasr Pas Of the octic
ordered triangle:

1
P2s = 35 (Bpy + p2 + 24ps + 2p;)
1
P26 = R(9P1 —p, + 2p3 + 6py)
1
P27 = E(_IH + 9p, + 2p; + 6p;) 4

1
P2s = ¢ (51 —p2 + 2p5 + 10p;)
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1
P29 =73 (p1 + p3 + 6p7)
1
P30 =3 (p2 + p3 + 6p7)
1
D31 = 1—6(—p1 + 5p; + 2p3 + 10p;)
1
P32 = 3—2(—p1 + 15p, + 8p; + 10p;)
1
P33 = 5(3292 + 3p3 + 2p;)
1
P34 =35 (p1 + 9p, + 16p; + 2p;)
1
P3s = 1_6(171 + 3p, + 10p; + 2p;)
1
P36 = 1 (3p1 + p, + 10p; + 2p;)
1
P37 =35 (9p1 + p, + 16p; + 6p7)
1
P3s =g (3p1 + 3ps + 2p7)
1
P39 = 35 (15p; — p, + 8ps + 10p;)
1
P =g (p1 + p2 + 4p3 + 2p7)
1
Pa1 =7 (p1 +p3 + 2p7)
1
Paz = Z(Pz + p3 + 2p7)
1
Paz = 5(3171 + 3p, + 8p; + 18py)
1
Pas = 7¢ (p1 +9p, + 6p5 + 6P7)

1
Pas = R(3P1 + p, + 6p3 + 6p7)
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Thus, these equations are used to define internal nodes
distributed within octic order triangular elements. By
discretizing the 2D domain into higher-order octic triangular
mesh elements, this approach improves the precision and
convergence rates of numerical simulations,?”? making it
suitable for various engineering applications.

2.2 Octic order meshing for different 2D domains in
MATLAB

This section contains the explanation of the proposed code
OcticMesh2d for octic order (n = 8) mesh using eighth-order
triangular elements in MATLAB. Both regular and irregular
geometries are considered for the physical domains which will
help the FEM utilizers. The meshing technique proposed in
this section is based on the scheme adopted by Persson and
Gilbert Strang.I'®! They offered a short and simple description
of the MATLAB code distmesh2d for linear triangular meshes
that create good-quality meshes. However, there is a lack of
easily accessible automated generators for octic order
triangular meshes. Consequently, the suggested mesh
generator OcticMesh2d provides a solution to this gap. The
geometry is described implicitly by a few terms, such as mesh
size function (fh), signed distance (fd), boundary box (bbox),
fixed nodes that must appear in the mesh (pfix), and reference
edge length, or the original characteristic size of the elements
(h0). Along with the meshes generated, detailed information
about the domain and the meshes, like nodal positions (p),
indices of triangular elements (t), boundary edges (be), and
boundary nodes (bn), is given as output of the code. The
MATLAB code creates initial octic meshes with element size
hO: [N1, p, t, b] = OcticMesh2d(fd, th, h0, bbox, pfix).

18: Generate 9 linearly spaced points between nodes[2] and
nodes[3]

19: Update sparse matrices M1,M7,M2,M6,M3,M5, M4with new
nodes

20: Update p with new points & increment cnt

21: end if

22: if M1(nodes[1],nodes[3]) == 0 then

23: Generate 9 linearly spaced points between nodes[1] and
nodes[3]

24: Update sparse matrices M1, M7, M2, M6, M3, M5, M4 with
new nodes

25: Update p with new points & increment cnt

26: end if

27: Update edge e with newly generated node indices in t

28: Generate additional internal points for the current element
using equations given in Eq.(4)

29: Update p with these points and increment cnt accordingly
30: end for

31: foreachnodeiin pdo

32: Display **’ at coordinates (p[i,1], p[i,2])

33: end for

34: Np «size(p,1)

35: T «size(t,1)

36: for each nodeiin p do

37 Print coordinates of node i

38: end for

39: return N,p,t,b

Algorithm 1: OcticMesh2d.

Input: fd, fh, hO, bbox, pfix

Output: N,p,t, b

: Display "Octic mesh generation"

(p,t) < distmesh2d(fd, fh,h0,bbox, p fix)
be « boundedges(p,t)

b — unique(be)

N « size(p,1)

T «size(t,1)

Initialize sparse matrices M1,M2,M3,M4,M5,M6,M7 of size N <N
cnt —N+1

: Initialize Inodes as a 9 <2 matrix of zeros
10: foreachedgeeinT do

N g RN R

11 nodes « t(e,:)

12: if M1(nodes[1],nodes[2]) == 0 then

13: Generate 9 linearly spaced points between nodes[1] and
nodes[2]

14: Update sparse matrices M1, M7, M2, M6, M3, M5, M4 with
new nodes

15: Update p with new points & increment cnt

16: end if

17: if M1(nodes[2],nodes[3]) ==0 then

4| Eng. Sci., 2025, 34, 1413

Initially, different mesh domains are generated using the
MATLAB code provided, which begins by defining the
geometric constraints of the domain and using distance
functions based on the definitions of the terms mentioned
above in Ref. [15]. The MATLAB algorithmic function
OcticMesh2d code lines (2 to 9) allocate memory and declare
explicit variables for the octic order mesh generation, as
demonstrated in Algorithm 1. The process of meshing the
domains into octic triangular elements is shown in Fig. 2. The
MATLAB algorithm OcticMesh2d generates equispaced
nodes on each edge and interior using Eq. (4) for each triangle
element. A thorough description of Eq. (4) is provided in Ref.
[22].

The meshing approach provided yields the following
results: (i) number of nodes N in the domain, (ii) an array p of
N X 2 elements that represent (x,y) coordinates for each of
these nodes, (iii) a matrix t with each row representing an
octic order triangular element node numbers, where each row
includes (n + 1)(n + 2)/2 node numbers for that triangle and
(iv) a list b of boundary nodes that are necessary for creating
boundary conditions in FEA that are situated on the edge of
the meshing domain.

Here, uniform and non-uniform meshing outputs from the
proposed octic order mesh generator using regular straight-
sided octic order triangular elements for various two-
dimensional domains are provided. Recent studies
demonstrated the effectiveness of Physics Informed Neural
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Networks (PINNs) in solving complex heat transfer problems
in fins and in accurately capturing temperature distributions
and boundary conditions in different states.?3?41 Mesh
generation is used to create training data for PINNs by
discretizing the unit disk and sampling points within this
domain.® The retrieved nodal details help train the neural
network to correctly solve the Poisson equation. The proposed

code discretizes the geometry into octic order meshes with
edge length hg = 0.2 with each * symbolizing a node as
shown in Fig. 3. The following subsections provide a detailed
explanation and illustration of meshing schemes for various
domains, both with and without ducts, using octic order
triangular elements, which are relevant to the engineering
applications discussed in the introduction.

Define geometry using fd, fh, hO, bbox, pfix

- Initialize the input parameters andn =8 e

Generate initial mesh using distmesh2d (fd,fh,h0,bbox,pfix)

Define boundary edges using boundededges(p, t)

Get unique boundary nodes b using unique(be).

Initialize sparse matrices M1, M2, M3, M4, M5, M6, M7 of
size N * N as described in [19]

Check if all edges
are visited

Generate 9 equally spaced points
between nodes along each edge.

Update sparse matrices M1, M2, M3, M4,
M5, M6, M7 for these nodes , p with these
generated points and increment counter.

Update the connectivity matrix t with new internal nodes
for all the elements and for curved edge of curved eleme...

|

Update p and increment counter for these newly generated

nodes.

!

Display nodes as “*' along with node numbers

// Output Results (Octic

y mesh and NI, p, t, b)

|

/
/

Fig. 2: Flow chart of automated octic order meshing.
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Fig. 3: Uniform octic mesh in a circular domain (hy = 0.2).

&

@

67"10

*149 *148 *137 /129/269 *335 *339 *338 *337 336 334 /304297

10194 *138 *151 *150

10010293 *140 *153 *157 *152 *147 /128'272{268 *340 *350 *351 *349 *347 /303305296

(99 *11311292 *141 *155 *156 *146 [127°277°276/267 *341 *352 *353 *346 /302316315295

(98 *11411711191 *142 *154 126'278°287*275{266 *342 *348 *345 £301317320314294

*145

97 *11812212111890 *143 *144 [125'279'289'288'274265 *343 *344 /4300318325324313293

96 *11811812011910989 *139 /124°280"285°290"286°273/264 *333 /299319321323322312292

95 *10310810810710810488 /123'270"281°282'283284*271{263 /298306308309310311307291

236 237*238*239° 240247 2132122772 9

'66 *67 *77 *76 *75 *74 *69/18 {17 *243'256'255'254'253'242158 \172214224223222221216206

65 *78°82 *86 '84 *73/19 *34 \116 *245'258'262'257"252159 *180 \\173225229233231220205

'64 *79 *87 *85 *72/20 174226234232219204

*38 (15 *246°260°261254"160 *182 *193

*39

63 *80*83 *71/21 *40 *49 *37 \14 *247°259'25(0"161 *183 *195 *192 \{173227230218203

['62 *81*70/22 *50 13 *248'249°162 *184 *197 *199 *191 176228217202

*36

*41  *51

['61 *68

48 12 *244°163 *185 *196 *198 *194 *190 177215201

42

‘47 *52 *35

23

'60/24 *32 *43 *44 *45 *46 *33 \11/164 *181 *186 *187 *188 *189 *179 178200

6 6 66 6 68 69 6 "8

Fig. 4: Uniform Octic mesh for square domain (hy, = 2).

Fig. 5: Uniform Octic mesh for irregular polygon domain (h, = 0.5).
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2.2.1 Uniform meshing for regular square domain
Beginning with a regular square domain that contains four
equally sized straight edges can provide an easy and clear
understanding of the mesh generation technique proposed.
Initially, the mesh is generated by altering the signed distance
function (fd) to the distance function of the rectangle
(drectangle()) and later fixing the boundary points (pfix) to
obtain a square domain based on the definitions given in Ref.
[16, 26]. The huge benefit of using this scheme is that the mesh
sizes can be modified according to the requirements by
changing the value of the term h0. An octic order mesh with
h, set as 2 units is automated for a square domain, as shown
in Fig. 4. The following lines of code explain the generated
mesh:

fd = @(x) drectangle(x, -2, 2, -2, 2); p_fix=[-2, -2; -2, 2; 2, -2;
2,2];

h0 =2; bbox =[-2, -2; 2, 2];

[N, p, t, b] = OcticMesh2d(fd, @huniform, h0, bbox, p_fix);

2.2.2 Uniform meshing for irregular star shaped polygon
The irregular domain, as the name itself explains, represents
geometries with uneven or unbalanced boundaries. The
boundaries in this domain are straight edges. The geometry of
this irregular polygon is described by assigning a distance
function to (dpoly).

The dpoly calculates the signed distance from any point in
the 2D space to the closest edge of the polygon defined by the
vertices provided. The discretized mesh with specified node
numberings for this star-shaped irregular polygon with octic
order triangular elements can be seen in Fig. 5. The following
two lines of code can generate an initial triangular mesh for an

irregular star-shaped polygon:

pv =1[-0.4-0.5; 0.4 -0.2; 0.4 -0.7; 1.5-0.4; 09 0.1; 1.6 0.8; 0.5
0.5;0.21;0.10.4;-0.70.7; -0.4 -0.5];

h0 = 0.5; fd = @(p) dpoly(p, pv); bbox = [-1,-1; 2,1];

[NL p, t, b] = OcticMesh2d(fd, @huniform, h0, bbox, pv);

2.2.3 Uniform meshing for a square domain with a
hexagon duct

A hexagonal duct inscribed on a square has straight side edges
both internally and externally. The discretization of this
geometry can be done by defining the distance functions of
both polygons, and the overall signed distance function of the
domain can be obtained by the difference (diff()) of these
polygons. It then generates an initial mesh with specified edge
lengths and then discretizes into uniform octic order triangular
elements with each dot depicting a node as shown in Fig. 6.
The code begins by defining the geometric constraints of the
domain and the internal hole using the distance as given below:
fd_sq = @(p) drectangle(p, -2, 2, -2, 2);

fd_hex = @(p) dpoly(p, [cos((0:5)*2*pi/6), sin((0:5)'*2*pi/6)]);
fd = @(p) ddiff(fd_sq(p), fd_hex(p));sq_corners = [-2, -2; -2, 2;
2,-2;2,2];

phi = (0:5)' * 2 * pi/ 6; hex_points = [cos(phi), sin(phi)];

pfix = [sq_corners; hex points]; h0 = 0.7; bbox = [-2, -2; 2, 2];
[N, p, t, b]=OcticMesh2d(fd, @huniform, h0, bbox, pfix);

2.2.4 Uniform meshing for hexagon with rotated hexagon
duct

Fig. 7 shows an excellent, high-quality structured mesh within
a domain defined by an outer hexagon and an inner
hexagon,utilizing fixed points and a specified mesh density. It

Fig. 6: Uniform Octic order triangular mesh in a square domain with a hexagon duct (hy = 0.7).
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begins by defining distance functions for the outer and inner
hexagons, combining these using set operations to define the
domain boundaries. The inner hexagon is rotated by rotating
the internal hexagon point to 30 degrees with the help of the
function protate() defined in Ref. [16]. The following code
explains the formation of this domain:
dhexagon = @(p, r) dpoly(p, r *
sin((0:5)'*2*pi/6)]);

out hex r=2;in hex r=1;

fd outer = @(p) dhexagon(p, out hex r); fd inner =
dhexagon(p, in_hex_r);

fd = @(p) ddiff(fd_outer(p), fd_inner(p));

phi_out = (0:5)' * 2 * pi/ 6; phi_in=(0:5)' * 2 * pi/ 6;
out_hex points = out_hex r * [cos(phi_out), sin(phi_out)];
in_hex points =in_hex r * [cos(phi_in), sin(phi_in)];
rotation_angle = pi / 6; in_hex points = protate(in_hex_points,
rotation_angle);

pfix = [out_hex_points; in_hex_points]; h0 = 0.5;

bbox = [-out_hex r, -out_hex r; out_hex r, out_hex rJ;

[NL p, t, b] = OcticMesh2d(fd, @huniform, h0, bbox, pfix);

[cos((0:5)*2*pi/6),

@(p)

2.2.5 Non-uniform meshing for rectangle with circular
duct

One common shape in engineering is a rectangular plate with
a circular cutout, often used in fluid flow analysis, mechanics,
aerospace engineering, and waveguide problems. A circle
inscribed inside a rectangle has a central circular hole with
curved boundaries and straight-sided boundaries on the
outside.

In this research, the code provided is customized to automate
higher-order octic triangular meshes. Fig. 8 shows the non-
uniform mesh produced in a domain where a circle is inscribed
inside a rectangle, consisting of discretized unstructured octic

*332 *342
*343
£329

*347
*344

28643144042,

0 8743244244142
28843343844343942
8942343443543643742;

*341
*351
*352

triangular elements of the octic order (n = 8) with an edge
length of hy = 0.3. In a non-uniform meshing scheme, the
mesh elements are of different sizes. The automated triangular
mesh elements are unstructured to ensure that the generated
geometry is accurate. OcticMesh2d can be utilized with a
minor change to the input arguments, as shown:

fd rect = @(p) drectangle(p, -3, 3, -2, 2); fd circle =
@(p)sqrt(sum(p.”2, 2))-1;

fd = @(p) ddiff(fd_rect(p), fd_circle(p)); pfix =[-3, -2; -3, 2; 3, -
2;3,2];

th = @(p) 0.1 + 0.5 * sqrt(sum(p.*2, 2)); h0 = 0.3; bbox = [-3, -2;
3, 2;

[NL p, t, b] = OcticMesh2d(fd, th, h0, bbox, pfix);

2.2.6 Non-uniform meshing for NACA0012 airfoil

The cross-sectional profile of a turbine, rotor, propeller blade,
or wing is called an airfoil. Before the National Advisory
Committee for Aeronautics (NACA) established a methodical
approach to airfoil design, airfoil designs were purely arbitrary.
Finally, new designs of airfoils were produced as a result of
their expertise.?”l When applied to an airfoil for 2D analysis,
the octic order meshing technique described in Algorithm 1
can improve several aerodynamic parameters that are
important for aerospace applications. In Ref. [28], MATLAB
code is implemented to discretize the region surrounding the
airfoil design utilizing higher-order triangular elements up to
sextic order. Numerous aerospace applications, including
pressure gradient computation, atmospheric conditions
research, and laminar viscous compressible flow evaluation
around airfoil  designs, can benefit from the
establishedmeshing  method.”*%1  Fig. 9 shows a
comprehensive view of the discretized airfoil design of
NACAO0012. The airfoil is surrounded by a circle, and then the

*340 *339 *334
*349 *338
*350 *337

474
*478
476 *473

Fig. 7: Uniform octic order triangular mesh in a hexagon with rotated hexagon duct (hy = 0.5).
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airfoil design area is discretized utilizing octic order elements

using a bespoke algorithm, as explained below:

h lead=10.01; h_trail=0.04; h max =2; cx=2; cr=4;

coeff=.12/.2 ¥ [0.2969, -0.1260, -0.3516, 0.2843, -0.1036];

fd = @(p) ddiff(dcircle(p, cx, 0, cr), (abs(p(:,2)) - ...
polyval([coeff(5:-1:2), 0], p(:,1)))."2 - coeff(1)"2 * p(:,1));

th = @(p) min(min(h_lead + 0.3 * dcircle(p, 0, 0, 0), h_trail + 0.3

* dceircle(p, 1, 0, 0)), h_max);

fx =1 - h_trail * cumsum(1.3 .» (0:4)");

fy = coeff(1) * sqrt(fx) + polyval([coeff(5:-1:2), 0], {x);

fix pts=[[cx+[-1,1,0,0] *cr; 0,0, cr *[-1, 1]]; 0, O; 1, O; fx,

fy; fx, -fy];

bbox = [cx - cr, -cr; ¢X + cr, cr];

hO = min([h_lead, h_trail, h_max]);

[NL, p, t, b] = OcticMesh2d(fd, fh, h0, bbox, fix_pts);

3. Octic order finite element method implementation for
engineering applications

FEM is a computational technique for approximating solutions
to differential and integral equations. FEM predicts how a
product will react to factors like external forces, temperature
changes, vibrations, fluid dynamics, and other physical
impacts. It is widely used in consumer goods, automotive,
industrial machinery, electronics, aviation, bio-medical
applications, marine industries, efc. Using FEM is
advantageous in the quest for providing solutions to
sustainable energy-efficient and structural designs.[?34
Consequently, FEM will significantly impact a variety of
engineering applications to offer sustainable solutions.*> %1 By
simulating and analysing design performance before
production, FEA helps reduce expensive mistakes while
saving engineers and designers valuable time and resources.
Higher-order FEA provides accurate and effective solutions to
most of these applications in comparison to the existing
popular software like COMSOL, ABAQUS, ANSYS,
NASTRAN, DIANA, PAFEC, efc., which use mostly up to
quadratic elements to solve these problems. The following
examples illustrate the effectiveness of the proposed octic
order meshes and FEM solution in comparison with the lower-
order elements. In this section, the effectiveness of the
proposed meshing scheme is demonstrated by solving
Maxwell's equations and Poisson's equation using octic order
FEM.

3.1 Octic order FEM implementation for 2D Helmholtz
equation

The FEM is utilized in solving and analyzing a variety of sets
of PDEs including Maxwell's equations governing
electromagnetic (EM) radiation. EM waves can be guided and
transferred with minimal energy loss using hollow metal
structures called waveguides.*! As a result, it is discovered to
be extremely important for making sustainable energy-
efficient optical devices and helpful in a variety of electrical
applications. Apart from these applications, the generators,
transformers, and motors transfer mechanical energy to

10 | Eng. Sci., 2025, 34, 1413

electrical energy and vice versa via electromagnetic processes,
which are essential for everyday activities. These physical
problems can be mathematically formulated as PDE:s,
requiring analytical or numerical solutions. Predicting
electromagnetic system behavior needs accurate solutions.
Thus, solving eigenvalue problems is vital in this field. A
considerable demand for efficient numerical techniques exists.
Therefore, there is a high requirement to get accurate solutions
to many electromagnetic research problems like single-phase
permanent magnet generators, acoustics, switched reluctance
motor optimization, performance annular thermoelectric
couple analysis, micropower generators, solar thermoelectric,
and piezoelectric energy harvesting. Here, the developed octic
order meshes are utilized for FEM implementation to solve an
EM problem.

Using the FEM, first, the domain discretization of the
Helmbholtz equation for EM wave propagation in waveguides
using the proposed octic meshing approach is performed. The
numerical results are presented in Ref. [29]. Waveguides are
categorized as L-shaped, ridge-shaped, rectangular, coaxial
line, circular, etc., depending on the types of waves and the
geometric configurations of the structures. Therefore, in
microwave applications, where strong computational
techniques are required, the waveguide cutoff frequencies
must be determined. Computing EM is therefore essential for
obtaining effective approximations of these values. Various
methods have been used to obtain cutoff wavenumbers of the
transverse electric (TE) and transverse magnetic (TM) modes
in previous studies in waveguides with arbitrary cross-
sections.l'0%03U The Helmholtz equation for any waveguide is
given by Eq. (5):

A% () + k*u =0 (3)

where k? is the unknown cutoff frequency and u is the wave
amplitude. For TM modes, the wave amplitude becomes zero
at the boundary, whereas for TE modes, the normal derivative
equals zero.

To solve the Helmholtz equation using the octic order FEM
scheme, the following steps are involved:
Step 1: Generate an octic order mesh for the waveguide using
OcticMesh2D.
Step 2: Express the waveguide domain element geometry in
terms of Lagrange shape functions using the Galerkin
weighted residual, finite element technique, as described by
Egs. (6)-(11):2

[K + Glasxas - {Ulasx1 = {0}asx1 (6)

where U is the displacement vector, G and K, stiffness
matrices are expressed as:

dNg ON. dNg ON.
— q T q r — KT qr
Kor = Jfq, (_ax o oy oy ) dxdy = K,y +K,

()

where N; and N, are the Lagrange shape functions, and 7 is

the region of one element, and further, for (q,r =
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1,2,3,...,45), K{y and K}J'; are calculated as follows:

- dNg d ONg d N, d Ny 0
K% = folfol fl(_q_x__q_x) (11_11) dude  (8)

J \ 0e du ou de de Ou ou Oe
ar _ (1 (1-€1(_Nqdy , Ngdy(_oNrdy , ON:dy
Kyy = fo fo 1( de au+ au ae)( de au  ou ae) dude
€)]
where the Jacobian J is given by:
=0y _9xdy 9xdy
] - d(e,n) ~ oe ou  Ou de (10)
The expression for G ;- is given as:
Gor = fne kZ NyN,dxdy (11)

Step 3: Use Gauss quadrature rules on triangles to calculate
each element's matrix components (K & G).

Step 4: Assemble each triangular element to utilize the effect
of all octic order finite mesh elements with respect to the
global node numberings to construct a global matrix equation
as shown by Eq. (12):

[K + Glyxn, X (Ulnxa = {03wpxa (12)

Step 5: Eq. (5) is reduced to an eigenvalue problem by
computing k. as Veigenvalue, where k, is the wavenumber.
The obtained k. is referred to as TE modes.

Step 6: Apply the boundary conditions.

Step 7: After the boundary conditions are applied, the
modified Helmholtz equation reduces to an eigenvalue
problem in N,, algebraic equations by Eq. (13).

[K + Gln,xn, X {Un,x1 = {0}y, %1 (13)

Step 8: To determine the TM modes, compute the eigenvalues.
The lowest wavenumber that is obtained represents the cutoff
wavenumber.

To show the effectiveness of the suggested technique, the

first four cutoff wave numbers for an L-shaped waveguide
construction are computed.? The first and crucial step in this
process is to generate a mesh for the given 2D domain. Higher
precision in solution approximations can be achieved by using
a FEM that employs triangular elements of higher-order, as
opposed to elements of lower order such as linear, quadratic,
or cubic, as implemented in previous work.*2 The proposed
octic meshing technique is used to discretize the mesh, setting
the foundation for the subsequent computations. Fig. 10
displays the triangular mesh of octic order for the L-shaped
waveguide. The 2D Helmholtz equation is formulated using
an octic order finite element scheme. The formulation of the
equation for elements of lower order is clearly explained in
Ref. [32]. The proposed mesh generator is implemented for the
octic order FEM by solving the Helmholtz equation as
described in Fig. 11 and hence validated by comparing it with
the published results.*? The data in Table 1 show the cutoff
wave numbers computed for the TE and TM modes within the
L-shaped waveguide, demonstrating the performance of the
proposed scheme.

3.2 Octic order FEM implementation for 2D Poisson
equation

Poisson's equation is a key model for elliptic PDEs, which
appears in engineering problems like magnetic fields, elastic
membranes, and complex scenarios such as the Navier-Stokes
equation,B This second-order partial differential equation is
essential in applied mathematics, characterizing potential
fields in space, with applications in astronomy, heat transfer,
fluid dynamics, electromagnetism, electrostatics, gravitation,
aviation industry, biomedical fields and thermal analysis.
Therefore, it is crucial to employ efficient methods for solving
such equations in real-world scenarios. To demonstrate the
efficacy of the suggested technique, a Poisson equation is
solved over a square domain. Consequently, the proposed

Table 1: Comparing the cutoff frequencies of TM and TE modes over a L-shaped domain.

) Mesh multi Linear [32] Quadratic 32 Cubic 32 Octic
Polynomial .
g domain DQ [ (n=1) n=2) n=3) (n=8)
order
n, ho (ho=10.02) (ho=0.05) (ho=10.1) (ho=0.5)
1.9123 1.9148 1.9141 1.9141 1.9139
Cutoff 2.9605 2.9608 2.9605 2.9605 2.9605
Wavenumbers of TE modes 49474 49489 49474 49474 49474
4,9474 4.9490 49474 4,9474 4,9474
4.8902 4.8952 4.8921 4.8922 4.8918
Cutoff wavenumbers 6.1350 6.1421 6.1392 6.1392 6.1392
of TM modes 6.9921 7.0011 6.9967 6.9967 6.9967
8.5565 8.5645 8.5566 8.5566 8.5565
Degrees of freedom 3559 2228 1243 353
Number of elements 6843 1059 258 10
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Define geometry using signed distance function fd

i

n=8, exact solution (u), tolerance (tol), and
houndary descrption

.

Generate Lagrange shape functions

Il

Discretize the waveguide structure using a octic order
mesh generator (Algorithm 1)

L

Apply the transformation formula

i

Generate the elemental stiffness matrix (Kij,Gij) in Eq.(6 -
11)

J

Compute the global matrix by assembling the element
equations as provided in Eq.(12)

1

Compute the TE medes by finding the square root of the
eigenvalues

i)

Apply the boundary conditions

!

Compute the TM modes by finding the square root of the
eigenvalues as provided in Eq.(13)

!

Qutput Results (TE, TM,
degrees of freedom,
number of elements)

o

Fig. 11: Octic order FEM for L-shaped waveguide structure.

octic order FEM is employed to address an elliptic problem
and compare the outcome with the exact solution.
Themethodology to solve any PDE with the octic order FEM
scheme is similar to the procedure explained in subsection 3.1.
Finite elements necessitate a mesh for the two-dimensional
region of arbitrary configuration. To do this, we utilize the
automated octic order mesh generating MATLAB code built
as detailed in section 2.2 and the resulting mesh is shown in
Fig. 12. The subsequent Poisson equation within a two-
dimensional square domain is addressed with the FEM in
MATLAB, incorporating linear, quadratic, cubic, and octic
order triangular elements.

—V2() = ssin(rs) + r2sin(rs) (14)
With the boundary conditions v = Qonr = 0ands = 0,

v(2,s) = sin(2s) ; u(r, 2) = sin (2r) (15)

12 | Eng. Sci., 2025, 34, 1413

Over the square [0,0] X [2,2], and the analytical solution of
Egs. (14) and (15) are documented in the literature as
v(r,s) = sin(rs).k®

The resulting solutions are evaluated against the exact
solution by calculating the L, Norm. The L, Norm is

computed as, L, = (f [(V — v)? dA)%, where V is the FEM
solution and v is the analytical solution. The outcomes of this
problem are presented in Table 2. Table 2 demonstrates that
octic order elements yield the most precise approximation to
the exact solution in terms of the L, Norm.

4. Results and discussion

The effectiveness of the proposed meshing scheme can be
verified by finding details of the output data allowing
comparison of mesh characteristics and computational
requirements across different geometries and mesh
configurations, which is useful for optimizing numerical
simulations by FEA. For each domain, different mesh sizes
and orders of elements are considered, showing how these
parameters affect the number of nodes, elements, and
computational time.

In this article, a meshing scheme for two-dimensional
geometries using uniform and nonuniform octic order
triangular elements is implemented in MATLAB using the
external distmesh library. The output data obtained from this
octic meshing approach includes information about nodal
connectivity, nodal placements, border nodes, and edges for
all elements in the domain. The advanced meshing approach
provided in this article is evaluated for various domains.

Table 1 shows that triangular elements of octic order
perform better in electromagnetic simulations than triangular
elements of lower order. Clearly, the automated octic order
meshing method significantly reduces computational time,
degrees of freedom, and element count compared to quadratic
or linear meshes. The suggested octic order FEM provides an
optimal and intuitive approach to calculate cutoff
wavenumbers. It also offers an excellent method for
determining the TE and TM modes in any waveguide
configuration. This technique is quite accurate for
configuration. This technique is quite accurate forcomputing
the cutoff wave numbers of the TM and TE modes in the L-
shaped waveguide, as shown in Table 1.

Octic order meshing gives an excellent balance between
the number of terms in the polynomials and computational
time. It reduces the number of elements by 99.85% from linear
to octic (6843 to 10 elements), 99.06% from quadratic to octic
(1059 to 10 elements), and 96.12% from cubic to octic (258 to
10 elements) and is therefore computationally less expensive
while producing very accurate results. Moreover, the degrees
of freedom involved, which directly impact computational
cost, are also drastically reduced by 90.08% from linear (3559)
to octic (353), by 84.14% from quadratic (2228) to octic, and
by 71.60% from cubic (1243) to octic. The large reduction in
elements and degrees of freedom with the octic order points to
its potential to provide accurate cutoff frequencies with much
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Fig. 12: Octic order FEM for a square domain.

Table 2: Lower-orders and octic order FEM solution comparison of the Poisson equation over a square domain.

Linear Quadratic Cubic Octic
Polynomial order (n=1) (n=2) (n=3) (n=28)

(ho=0.5) (ho =0.5) (ho =0.5) (ho =0.5)
L, Norm 0.021 0.0054 9.118e-04 4.028e-06
Degrees of freedom 25 81 169 1089
Number of elements 32 32 32 32

smaller computational resources, resulting in low energy loss.
Also, from Table 2, it is very apparent that the octic order
scheme delivers the most accurate approximation to the exact
solution for the two-dimensional Poisson equation with
respect to the L, Norm. Therefore, octic order is highly
desired in applications and real situations where a high degree
of accuracy is required. Thus, it should be one of the best
choices for finite element techniques. As a result, it is one of
the effective ways to solve many engineering and science
applications.

5. Conclusion

Finite element meshes are very crucial to providing
structurally optimized numerical solutions. This octic order
meshing technique is wuseful in enormous engineering
applications where complex geometries with internal voids
need to be meshed for FEA, such as in the development of
energy-efficient  electromagnetic ~ devices,  structural
engineering for the construction of energy-efficient and
sustainable buildings, aerospace design, and computational
fluid dynamics. Engineers and scientists can perform detailed
simulations to study stress distributions, heat transfer, or fluid
flow around complex structures by accurately meshing two-
dimensional domains of arbitrary geometry. The majority of

Engineered Science Publisher

engineering applications have sharp edges or curved
geometries, which make current techniques computationally
difficult to handle. It is visible from the tabulated results that
the octic order mesh elements provide better results than the
lower order elements. Meshing such geometries into high-
quality octic order triangular elements can result in a refined
and accurate output. Thus, future research will focus on further
developing this octic order meshing method, specifically for
curved domains, to enhance the quality and accuracy of the
output. This refinement will provide even more detailed and
precise simulations, providing engineers and scientists with
advanced tools.
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