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Abstract 
 

Magnetoelastic microbeams play a major role in various remote sensing and biomechanical applications. However, 
electromagnetic and thermal interactions are considered key challenges in magneto-solids mechanics. To this end, this 
research paper investigates the regions of dynamic instability and the transient response of a microbeam subjected to 
periodic transverse magnetic fields and thermal loads. The study employs a magnetoelastic model of a micro-beam with an 
imperfection represented by a half-sine rise. The material is characterized as nonlinear thermoelastic, incorporating nonlinear 
strain. The governing partial differential equation of motion is obtained as a nonlinear, time-dependent Mathieu’s equation, 
employing Galerkin’s method and considering the first mode shape. The investigation of dynamic instability is conducted 
utilizing the incremental harmonic balance method. The effect of the variations in the initial rise, temperature increment, 
and amplitude on the dynamic instability are illustrated and analyzed. In addition, the transient midspan vibration is studied 
under various cases involving alterations in transverse magnetic field strength, temperature increment, and oscillating 
transverse magnetic field excitation frequency, with and without initial rise. Finally, deliberate variations in the excitation 
frequency are selected to examine the system dynamic transitions across the instability boundary, revealing the presence of 
beating and pseudo-unstable phenomena. 
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1. Introduction 

Mechanical microbeams are the cornerstones of Micro-

Electro-Mechanical Systems (MEMS),[1] which are utilized in 

diverse applications in various engineering fields such as 

aerospace engineering,[2] automotive engineering,[3] energy 

harvesting,[4] and biomedical engineering.[5] Since microbeams 

offer many significant advantages, such as high sensitivity, 

low power consumption, and fast time response, they are 

essential components in the development of cutting-edge 

technologies and innovations. Pre-shaped (initially risen) 

microbeams provide further unique advantages, including 

reduced deflection and tunable fundamental frequency and 

mode shapes.[6] In light of the interactions between 

magnetoelastic solids and magnetic fields on a micro-level, 

remarkable developments have been achieved in terms of 

remote sensing,[7] remote actuating systems,[8] and micro-

biomedical applications. 

 The ambiguous treatment of the interactions of 

electromagnetic fields with deformable structures was one of 

the involved problems of magneto-solids mechanics since 

magneto-solids mechanics emerges from the nonlinear 

interactions between the structures’ nonlinear magnetization 

and the applied magnetic field. These phenomena attracted 

many researchers’ attention due to their practical significance. 

Moon and Pao proposed the first mathematical model 

incorporating distributed magnetic loadings and 

experimentally discovered the magnetoelastic buckling and 

the parametric instability of a cantilever beam-plate in a 

uniform transverse magnetic field.[9,10] Subsequently, many 

researchers focused on elucidating these results. Where 

experimental and theoretical results are deviated by a factor of 

two. Dalrymple et al.[11] conducted an experimental 

investigation that suggested specific criteria must be satisfied 

in an experimental program, and the finite size of a specimen 

must be assumed in theoretical treatments. Miya et al.[12] 

applied a finite element investigation and assumed that the 

magnetic torque is proportional to the rotation of the plate. 

Christopherson et al.[13] studied the magnetoelastic buckling 

by calculating the bending moment diagram of the specimen 
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using the strain and field measurements. The findings were 

also compared with the Moon-Pao model.[9] The dynamic 

instability of a magnetoelastic beam in a periodic transverse 

magnetic field has become a subject of interest for many 

researchers. Shih et al.[14] and Wu et al.[15] investigated the 

dynamic stability of an elastic beam subjected to pulsating 

axial load and oscillating transverse magnetic field under 

different loading conditions. Wu (2005) studied the dynamic 

instability and transient vibrations of a pinned beam subjected 

to both a transverse magnetic field and thermal load for small 

vibration amplitudes. The study took into consideration the 

influence of temperature variations on conductivity.[16] 

Similarly, another study has been conducted for large 

amplitudes with nonlinear strain and nonlinear thermoelastic 

material by Wu (2007).[17] Lu et al.[18] developed a 

mathematical model of a magnetoelastic buckled beam 

immersed in a periodic transversal magnetic field and exposed 

to an external axial periodic force. 

Recently, microbeams have been studied in longitudinal 

magnetic fields.[19-21] Wang et al.[19] investigated the dynamic 

instability of a current-carrying microbeam in a longitudinal 

magnetic field model. The study illustrated that increasing the 

magnetic field parameter is associated with natural frequency 

reduction. Additionally, functionally graded microbeams,  

being immersed in a magnetic field, have been 

investigated.[22,23] Due to the importance of pre-shaped 

microbeams,[24] recent studies have been focused on 

investigating curved microbeams under magnetic and thermal 

loads.[25,26] Allahkarami et al.[25] examined the dynamic 

stability of an embedded curved microbeam reinforced by 

functionally graded carbon nanotubes that are subjected to 

magnetic, thermal, and harmonic mechanical loads using the 

differential quadrature method. The study’s outcomes show 

that increasing the magnetic field intensity and reducing the 

central angle of the curved microbeam leads to a shift of the 

dynamic stability region towards higher frequencies. On the 

other hand, as the temperature increases, the instability region 

shifts towards lower frequencies. 

To our knowledge, all previous studies related to 

magnetoelastic pre-shaped, i.e., imperfect microbeams with 

initial rise, have assumed the magnetic fields to be constant. 

This article presents an investigation of the dynamic instability 

of a magnetoelastic microbeam with an initial rise under peri- 

 

odic transverse magnetic field excitation and thermal loading. 

The proposed model, a magnetoelastic microbeam with an 

initial rise under periodic transverse magnetic field excitation 

and thermal load, can be utilized in remote actuation systems, 

such as bio-mechanical applications where spaces are limited 

and power integration is challenging. In addition, this study 

has considered the presence of an initial rise, which may arise 

from fabrication-induced residual stress. Alternatively, it can 

be intentionally introduced, in combination with thermal 

loading, to tune the fundamental natural frequencies. The main 

objectives of this study are the dynamic instability and 

transient vibrations of a pinned magnetoelastic microbeam 

with an initial imperfection. The beam is considered to exhibit 

a nonlinear thermoelastic material property and with nonlinear 

stain. The microsystem is subjected to oscillating transverse 

magnetic field excitation and thermal load. The governing 

equation of the proposed model is derived using Hamilton’s 

principle. Applying Galerkin’s method, the equation of motion 

is discretized into a strong nonlinear time-dependent Mathieu 

equation, which represents the midspan deflection. The 

midspan transient vibration is obtained using numerical 

simulations. The dynamic instability region is determined by 

exploiting the incremental harmonic balance (IHB) 

method.[17,27] The principal instability regions are shown in the 

parameter space of the excitation magnitude versus frequency 

ratio. Finally, the steady-state solution is obtained using the 

method of multiple scales (MMS), and the results are 

numerically validated. 

 

2. Mathematical model 

In this study, the proposed model is a magnetoelastic pinned 

microbeam of width d, thickness h, and length L, pre-shaped 

by half sine rise 𝑣0(𝑥) = 𝑉0 sin (
𝜋

𝐿
𝑥) represents the initial rise 

value, as shown in Fig. 1 The beam is subjected to a periodic 

uniform transverse magnetic field 𝐵0(𝑡) = 𝐵𝑚cos⁡(𝜛𝑡)j⃗ and a 

uniform temperature increment ∆T. The generated magnetic 

force results in a displacement (u, v) of the microbeam, with u 

representing the longitudinal displacement and v representing 

the transverse displacement. The microbeam exhibits material 

properties that are both homogenous and isotropic.  

The thickness, initial rise, and deflection of the 

microbeam are presumed to be considerably smaller than its 

length. 

 
Fig. 1: Schematic diagram of the proposed model: a) front view, b) side view. 
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2.1 Hamilton’s principle 

The derivation of the mathematical model for the elastic 

system involves expressing the integral of the Lagrangian 

function, denoted as IL, in the following Eq. (1): 

𝐼𝐿 = ∫ (𝐾 +𝑊 −𝑈)𝑑𝑡⁡
𝑡2
𝑡1

                        (1) 

where K represents the kinetic energy of the system, W denotes 

the work done by non-conservative forces, and U stands for 

the potential energy. The variation in IL results in Eq. (2): 

𝛿𝐼𝐿 = ∫ 𝛿(𝐾 +𝑊 − 𝑈)𝑑𝑡
𝑡2
𝑡1

= 0                  (2) 

In the present study, the nonlinear strain due to material 

properties and the initial rise takes the following form Eq. (3): 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑣

𝜕𝑥
)
2
+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
                        (3) 

The elastic strain energy arising from nonlinear strain and a 

temperature increment (∆T) can be formulated using Eq. (4): 

𝑈 =
𝐸𝐼

2
∫ (

𝜕2𝑣

𝜕𝑥2
)
2

𝑑𝑥 +
𝐴

2𝐸
∫ [𝐸 (

𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑣

𝜕𝑥
)
2
+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
) −

𝐿

0

𝐿

0

𝛾(∆𝑇)]
2

𝑑𝑥⁡⁡⁡⁡                                                                        (4) 

where I is the second moment of mass, E is the modulus of 

elasticity, A is the cross-sectional area, and γ(∆T) is the stress 

temperature coefficient, which is considered in the form Eq. 

(5).[28] 

𝛾(∆𝑇) = 𝐸𝛼∆𝑇 + ℎ̅⁡𝛼2∆𝑇2                      (5) 

where α is the thermal expansion coefficient, and 

ℎ̅ = ℎ̅1(1 − 2𝜈) − 2ℎ̅2(𝜈
2 − 1) + ℎ̅3𝜈

2             (6) 

In Eq. (6), ℎ̅1, ℎ̅2, and⁡ℎ̅3 are Murnaghan’s constants. Kinetic 

energy and the work of externally applied force are expressed 

as the following Eqs. (7) and (8), respectively. 

𝐾 =
1

2
∫ 𝑚 (

𝜕𝑣

𝜕𝑡
)
2
𝑑𝑥

𝐿

0
                           (7) 

𝑊𝑃 = ∫ 𝑁(𝑑𝑠 − 𝑑𝑥) =
1

2
∫ (∫ 𝑝

𝑥

0
𝑑𝜉) (

𝜕𝑣

𝜕𝑥
)
2
𝑑𝑥

𝐿

0

𝐿

0
          (8) 

In this context, m represents the mass distributed per unit 

length of the microbeam, N stands for the axial compressive 

force applied to the microbeam, and p denotes the body force 

per unit length. 

Variations in kinetic energy, work done by externally 

applied forces and couple, and potential energy. Respectively. 

Therefore, estimating energy variations, Eq. (2) can be 

expanded as Eq. (9): 

𝛿𝐼𝐿 = ∫ ∫ 𝑞1⁡𝑑𝑥𝑑𝑡
𝐿

0

𝑡2
𝑡1

+ ∫ 𝑞2⁡𝑑𝑡
𝑡2
𝑡1

+ ∫ 𝑞3⁡𝑑𝑡
𝑡2
𝑡1

−

∫ ∫ 𝑞4
𝐿

0

𝑡2
𝑡1

𝑑𝑥⁡𝑑𝑡 − ∫ ∫ 𝑞5
𝐿

0

𝑡2
𝑡1

𝑑𝑥𝑑𝑡 = 0∫ ∫ 𝑞5
𝐿

0

𝑡2
𝑡1

𝑑𝑥𝑑𝑡 = 0   (9) 

where terms q1 to q5 are defined as Eqs. (10)-(14): 

𝑞1 = 𝑚(
𝜕2𝑣

𝜕𝑡2
) 𝛿𝑣 +

𝜕𝑐

𝜕𝑥
𝛿𝑣 +

𝜕

𝜕𝑥
[(∫ 𝑝

𝑥

0
𝑑𝜉) (

𝜕𝑣

𝜕𝑥
)] 𝛿𝑣 +

𝐸𝐼
𝜕4𝑣

𝜕𝑥4
𝛿𝑣 − 𝐸𝐴

𝜕

𝜕𝑥
[(
1

2
(
𝜕𝑣

𝜕𝑥
)
2

+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
) (

𝜕𝑣

𝜕𝑥
+

𝜕𝑣0

𝜕𝑥
)] 𝛿𝑣 −

𝐸𝐴
𝜕

𝜕𝑥
[(
𝜕𝑢

𝜕𝑥
−

𝛾(∆𝑇)

𝐸
) (

𝜕𝑣

𝜕𝑥
+

𝜕𝑣0

𝜕𝑥
)] 𝛿𝑣                                                (10) 

𝑞2 =

{
 
 

 
 −𝑚(

𝜕𝑣

𝜕𝑡
) 𝛿𝑣 − 𝑐𝛿𝑣 − (∫ 𝑝

𝑥

0
𝑑𝜉) (

𝜕𝑣

𝜕𝑥
) 𝛿𝑣

+𝐸𝐼
𝜕2𝑣

𝜕𝑥2

𝜕

𝜕𝑥
(𝛿𝑣) − 𝐸𝐼

𝜕3𝑣

𝜕𝑥3
𝛿𝑣 +

𝐸𝐴 (
𝜕𝑢

𝜕𝑥
+

1

2
(
𝜕𝑣

𝜕𝑥
)
2

+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
−

𝛾(∆𝑇)

𝐸
) (

𝜕𝑣

𝜕𝑥
+

𝜕𝑣0

𝜕𝑥
) 𝛿𝑣}

 
 

 
 

|
𝐿
0

  

      (11) 

𝑞3 = 𝐸𝐴
𝜕

𝜕𝑥
[
𝜕𝑢

𝜕𝑥
+

1

2
(
𝜕𝑣

𝜕𝑥
)
2

+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
−

𝛾(∆𝑇)

𝐸
] 𝛿𝑢 |

𝐿
0

      (12) 

𝑞4 = 𝐸𝐴
𝜕

𝜕𝑥
[
1

2
(
𝜕𝑣

𝜕𝑥
)
2

+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
] 𝛿𝑢                  (13) 

𝑞5 = 𝐸𝐴
𝜕

𝜕𝑥
[
𝜕𝑢

𝜕𝑥
−

𝛾(∆𝑇)

𝐸
] 𝛿𝑢                     (14) 

Given the beam model is supported with pinned ends at x = 0 

and L, the boundary conditions can be established as follows 

Eqs. (15) and (16): 

𝑢(0) = 𝛿𝑢(𝐿) = 𝛿𝑣(0) = 𝛿𝑣(𝐿) = 0            (15) 

𝑣(0) = 𝑣(𝐿) = 0⁡⁡⁡𝑎𝑛𝑑⁡⁡⁡𝑣′′(0) = 𝑣′′(𝐿) = 0       (16) 

The equations describing the motion equilibrium, in addition 

to the defined boundary conditions, can be derived in the 

following manner: 

𝐸𝐴
𝜕

𝜕𝑥
[
𝜕𝑢

𝜕𝑥
−
𝛾(∆𝑇)

𝐸
] = 0                       (17) 

𝐸𝐴
𝜕

𝜕𝑥
[
1

2
(
𝜕𝑣

𝜕𝑥
)
2
+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
] = 0                  (18) 

𝑚(
𝜕2𝑣

𝜕𝑡2
) + 𝐸𝐼

𝜕4𝑣

𝜕𝑥4
+

𝜕𝑐

𝜕𝑥
+

𝜕

𝜕𝑥
[(∫ 𝑝

𝑥

0
𝑑𝜉) (

𝜕𝑣

𝜕𝑥
)] −

𝐸𝐴
𝜕

𝜕𝑥
[(
1

2
(
𝜕𝑣

𝜕𝑥
)
2
+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
) (

𝜕𝑣

𝜕𝑥
+
𝜕𝑣0

𝜕𝑥
)] − 𝐸𝐴

𝜕

𝜕𝑥
[(
𝜕𝑢

𝜕𝑥
−

𝛾(∆𝑇)

𝐸
) (

𝜕𝑣

𝜕𝑥
+
𝜕𝑣0

𝜕𝑥
)] = 0                                                     (19) 

It is evident from Eq. (17) that,  
𝜕𝑢

𝜕𝑥
−
𝛾(∆𝑇)

𝐸
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝛿(∆𝑇)             (20) 

Consequently, 𝛿(∆𝑇) in Eq. (20) can be defined as:  

𝛿(∆𝑇) =
1

𝐿
∫ [

𝜕𝑢

𝜕𝑥
−
𝛾(∆𝑇)

𝐸
] 𝑑𝑥

𝐿

0
=

−𝛾(∆𝑇)

𝐸
           (21) 

Similarly, a deduction can be drawn from Eq. (18) as follows: 
1

2
(
𝜕𝑣

𝜕𝑥
)
2
+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
=

1

𝐿
∫ [

1

2
(
𝜕𝑣

𝜕𝑥
)
2
+
𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
]

𝐿

0
𝑑𝑥 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  (22) 

By substituting Eqs. (21) and (22) into Eq. (19), the equation 

of motion can be expressed as Eq. (23): 

𝑚
𝜕2𝑣

𝜕𝑡2
+ 𝐸𝐼

𝜕4𝑣

𝜕𝑥4
+

𝜕𝑐

𝜕𝑥
+

𝜕

𝜕𝑥
[(∫ 𝑝

𝑥

0
𝑑𝜉) (

𝜕𝑣

𝜕𝑥
)] −

𝐸𝐴

𝐿
∫ [

1

2
(
𝜕𝑣

𝜕𝑥
)
2
+

𝐿

0

𝜕𝑣

𝜕𝑥

𝜕𝑣0

𝜕𝑥
] 𝑑𝑥 (

𝜕2𝑣

𝜕𝑥2
+
𝜕2𝑣0

𝜕𝑥2
) + 𝐴𝛾(∆𝑇) (

𝜕2𝑣

𝜕𝑥2
+
𝜕2𝑣0

𝜕𝑥2
) = 0⁡        (23) 

  

2.2 Electromagnetic force 

A magnetoelastic volume V experiences the electromagnetic 

force F and torque c, according to Ref. [16], which can be 

expressed as Eqs. (24) and (25): 

𝑭 = ∫𝜎(𝒓̇ × 𝐁0) × 𝐁0𝑑𝑉⁡                    (24) 

𝒄 = ∫𝐌 × 𝐁0 𝑑𝑉                            (25) 

where σ is the conductivity, 𝒓̇  is the velocity, 𝐁0  is the 

magnetic field, and 𝐌 = 𝜒(𝜇0𝜇𝑟)
−1𝐁  is the density of 

magnetization within the body’s volume. µ0 is the 

permeability of the vacuum, µr is the relative permeability, 

𝜒 = 1 − 𝜇𝑟  is the susceptibility, and 𝐁  is the magnetic 

induction vector, c stands for the body couple per unit length. 

 

3. Analytical approach 

3.1 Displacement and initial rise functions 

Utilizing Galerkin’s procedure using the single-mode 

approach in the present study, the displacement function is  

given by: 

𝑣(𝑥, 𝑡) = 𝑤(𝑡) sin(𝜆𝑥) , 0 ≤ 𝑥 ≤ 𝐿              (26) 
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The initial rise function can be written as: 

𝑣0(𝑥) = 𝑉0 sin(𝜆𝑥), ⁡⁡0 ≤ 𝑥 ≤ 𝐿                (27) 

where 𝜆 =
𝜋

𝐿
. A beam length s with initial rise, as derived in 

Ref. [29], is 

𝑠 = ∫ √1 + (𝑣′(ξ, t) + 𝑣0
′ (ξ, t))

2𝑥

0
𝑑ξ                  (28) 

Differentiating Eq. (28) with respect to time assuming an 

inextensible beam, rearranging, and substituting Eqs. (26) and 

(27), the velocity in the x direction can be expressed as: 

𝑥̇ =
−1

(1+(𝑣′+𝑣0
′)
2
)

1
2

∫
(𝑣′+𝑣0

′)(𝑣̇′+𝑣̇0
′)

√1+(𝑣′+𝑣0
′)
2

𝑥

0
𝑑𝜉                 (29) 

For small deflection and small initial rise compared to beam 

length √1 + (𝜆 cos(𝜆𝑥))2(𝑤 + 𝑉0)
2 ≅ 1, Eq. (29) becomes: 

𝒓̇(𝑥, 𝑤) = 𝑥̇ = −∫ (𝜆 cos(𝜆𝑥))2𝑤̇(𝑤 + 𝑉0)
𝑥

0
𝑑𝜉 = −𝜆2(𝑤 +

𝑉0)𝑤̇ (
sin(2𝜆𝑥)

4𝜆
+
𝑥

2
)                                                              (30) 

Substituting it in Eq. (24), electromagnetic force can be 

rewritten as: 

𝑭 = 𝑝𝑖 = −(⁡
𝜎

2
⁡) ℎ𝑑𝐵𝑚

2 (1 + cos(2𝜛𝑡))𝒓̇(𝑥, 𝑤)𝑖                (31) 

The magnetization 𝐌 can be determined as described in Ref. 

[9], and body couple can be acquired as: 

𝒄 = ∫𝑀 × 𝐵0𝑑𝑉 = 𝜆𝛷𝑑𝑐𝑜𝑠(𝜆𝑥)(1 + cos(2𝜛𝑡))𝑤𝑘⃗⃗       (32) 

where  𝛷 =
𝜒2𝐵𝑚

2 sinh⁡(𝜆ℎ/2)

𝜇0𝜇𝑟𝜆∆
 , ∆= 𝜇𝑟 sinh (

𝜆ℎ

2
) + cosh (

𝜆ℎ

2
). 

Substituting Eqs. (30)-(32) into Eq. (23) leads to a linear 

operator Π(w) using Eq. (33). 

𝛱(𝑤) = {𝑚𝑤̈ + 𝐸𝐼𝜆4𝑤 − 𝜆2𝛷(1 + 𝑐𝑜𝑠(2𝜛𝑡))𝑤 +
𝐸𝐴

2
𝜆4 [

1

2
𝑤3 +

3

2
𝑉0𝑤

2 + 𝑉0
2𝑤] − 𝐴𝛾(∆𝑇)(𝑤 + 𝑉0)𝜆

2} sin(𝜆𝑥) −
𝜎

2
ℎ𝑑𝐵𝑚

2 (1 + 𝑐𝑜𝑠(2𝜛𝑡))[𝜆𝑤𝑐𝑜𝑠(𝜆𝑥)𝑟̇(𝑥, 𝑤) −

𝜆2𝑤 sin(𝜆𝑥) ∫ 𝒓̇(𝑥, 𝑤)𝑑𝑥
𝑥

0
] = 0⁡⁡                                          (33) 

 

3.2 Temperature effects 

A material resistivity 𝜗  varies with temperature and is 

governed by Eq. (34). Furthermore, the conductivity (σ) and 

resistivity of a material are inversely associated, 𝜎 = 1/𝜗. 

𝜗 = 𝜗0 + 𝜗0𝛼𝑟∆𝑇⁡⁡                            (34) 

where 𝜗0 is the resistivity at room temperature, and 𝛼𝑟 is the 

temperature coefficient of resistivity. The restraining force 

imposed by the boundaries cancels out the thermal expansion. 

When the nonlinear stress-temperature coefficient 𝛾(∆𝑇)  is 

identified, the restraining force 𝑃𝑡 can be expressed as follows 

Eq. (35). 

𝑃𝑡 = −𝐸𝐴𝛼∆𝑇 − ℎ𝐴𝛼
2∆𝑇2                    (35) 

 

3.3 Galerkin’s method 

Taking sin(𝜆𝑥)  as the fundamental function, the Galerkin 

equation yields in Eq. (36). 

∫ 𝛱(𝑤) sin(𝜆𝑥) 𝑑𝑥
𝐿

0
= 0⁡⁡               (36) 

A time-dependent nonlinear Matheu differential equation is  

obtained as: 
𝑑2𝑤

𝑑𝑡2
+ 2𝜉(1 + 𝑐𝑜𝑠(2𝜛𝑡))(𝑤2 + 𝑉0𝑤)

𝑑𝑤

𝑑𝑡
+ (𝜔𝐿

2 −

𝜓 cos(2𝜛𝑡))𝑤 + 𝜍𝑤2 + 𝜂𝑤3 − 𝛫 = 0⁡⁡                             (37) 

where 2𝜉 = (
−18−8𝜋2

192
)
𝜎𝐵𝑚

2 𝜆2

𝜌
, 𝜔0

2 =
𝐸𝜆4(2𝐼+𝐴𝑉0

2)

2𝜌ℎ𝑑
, 𝜔𝐿

2 = 𝜔0
2 (1 −

2(𝐸𝐴𝛼∆𝑇+ℎ̅𝐴𝛼2∆𝑇2)

𝐸𝜆2(2𝐼+𝐴𝑉0
2)

−
𝐵𝑟
2

𝐵𝑐
2) , 𝜓 =

𝜆2𝛷

𝜌ℎ
, 𝜍 =

3

4

𝐸𝜆4𝑉0

𝜌
, 𝜂 =

1

4

𝐸𝜆4

𝜌
,

𝐵𝑐
2 =

𝐸𝜆3(2𝐼+𝐴𝑉0
2)𝜇0𝜇𝑟∆

4𝜒2𝑑sinh(𝜆ℎ/2)
, ⁡𝐵𝑟

2 =
𝐵𝑚
2

2
, 𝛫 =

(𝐸𝛼∆𝑇+ℎ̅𝛼2∆𝑇2)𝑉0𝜆
2

𝜌
⁡,  𝜌  is 

the density of the microbeam, 𝐵𝑐  is the first mode buckling 

field of the system, 𝜔0 is the natural frequency, and 𝜔𝐿 is the 

fundamental natural frequency. For instability analysis, it is 

customary to introduce new variables: the reduced natural 

frequency 𝛺 = 𝜛/𝜔𝐿, a new time scale 𝜏 = 𝜛𝑡, 𝜑 = 𝐵𝑟
2/𝐵𝑐

2. 

Introducing the new variables to Eq. (37) leads to: 

𝛺2
𝑑2𝑤

𝑑𝜏2
+ 𝛰𝜑𝛺(1 + 𝑐𝑜𝑠(2𝜏))(𝑤2 + 𝑉0𝑤)

𝑑𝑤

𝑑𝜏
+ (1 − 𝜃 −

𝜑(1 + cos(2𝜏)))𝑤 + 𝜇𝑤2 + 𝛽𝑤3 − 𝑘 = 0⁡⁡                      (38) 

where 𝛰 =
(−18−8𝜋2)𝜎𝜆2𝐵𝑐

2

96𝜌𝜔0
, 𝜃 =

2(𝐸𝐴𝛼∆𝑇+ℎ̅𝐴𝛼2∆𝑇2)

𝐸𝜆2(2𝐼+𝐴𝑉0
2)

, 𝜇 =

3

4

𝐸𝜆4𝑉0

𝜌𝜔0
2 ,⁡⁡⁡𝛽 =

1

4

𝐸𝜆4

𝜌𝜔0
2 , 𝑘 =

(𝐸𝛼∆𝑇+ℎ̅𝛼2∆𝑇2)𝑉0𝜆
2

𝜌𝜔0
2  

 

3.4 IHB method 

The procedure of solving Eq. (38) using the method consists 

of two steps, as outlined in the references.[27,30] In the first step, 

the Newton-Raphson method is employed to solve a system of 

linear equations. Once a periodic solution denoted as w0, 

associated with a point (𝜑0, 𝛺0 ) located on the instability 

boundary, is identified, additional points along the instability 

boundary and their respective solutions can be obtained 

through incremental steps as follows Eq. (39): 

𝜑 = 𝜑0 + ∆𝜑, 𝛺 = 𝛺0 + ∆𝛺,⁡⁡⁡𝑤 = 𝑤0 + ∆𝑤        (39) 

Inserting these expressions into Eq. (38) and retaining only the 

linear terms of increments ∆𝜑, ∆𝛺, ∆𝑤,  a linearized 

incremental equation is obtained as follows in Eq. (40): 

𝛺0
2∆𝑤̈ + 2𝜑0𝛺0𝛰 𝑐𝑜𝑠(𝜏)

2 (𝑤0
2 + 𝑉0𝑤0)∆𝑤̇ + (1 − 𝜃 +

3𝛽𝑤0
2 − 2𝜑0 𝑐𝑜𝑠(𝜏)

2 + 2𝜇𝑤0 + 2𝜑0𝛺0𝛰 𝑐𝑜𝑠(𝜏)
2 (2𝑤0 +

𝑉0)𝑤̇0)∆𝑤 = 𝑅 − ∆𝜑(2𝛺0𝛰 𝑐𝑜𝑠(𝜏)
2 (𝑤0

2 + 𝑉0𝑤0)𝑤̇0 −
2𝑐𝑜𝑠(𝜏)2𝑤0) − ∆𝛺(2𝛺0𝑤̈0 + 2𝜑0𝛰 𝑐𝑜𝑠(𝜏)

2 (𝑤0
2 +

𝑉0𝑤0)𝑤̇0)                                                                           (40) 

where 𝑅 = −(𝛺0
2𝑤̈0 + 2𝜑0𝛺0𝛰 𝑐𝑜𝑠(𝜏)

2 (𝑤0
2 + 𝑉0𝑤0)𝑤̇0 +

(1 − 𝜃 − 2𝜑0 𝑐𝑜𝑠(𝜏)
2)𝑤0 + 𝜇𝑤0

2 + 𝛽𝑤0
3 − 𝑘) 

In the second step, assuming an approximate periodic solution, 

Galerkin’s Method is applied as Eqs. (41) and (42): 

𝑤0(𝜏) = ∑ (𝑎𝑘 sin 𝑘𝜏 + 𝑏𝑘 cos 𝑘𝜏)
𝑁
𝑘=0             (41) 

∆𝑤(𝜏) = ∑ (∆𝑎𝑘 sin 𝑘𝜏 + ∆𝑏𝑘 cos 𝑘𝜏)
𝑁
𝑘=0          (42)  

Referring to the primary region of instability associated with 

a solution of period 2π. N is the number of temporal terms. In 

this study, the first five harmonic terms are considered, and 

according to Ref. [27], the first three harmonic odd terms are 

adequate to give a high level of accuracy. By inserting Eq. (42) 

into Eq. (40) and employing the Galerkin’s method, a system  

of linear equations can be obtained as follows: 

[𝐶]{∆𝑎} = {𝑅} + ∆𝜑{𝑃} + ∆𝑤{𝑄}              (43) 

where [𝐶]⁡is a matrix of Fourier coefficients, {∆𝑎} is a column 

vector comprising Fourier coefficients ∆𝑎𝑘⁡or ∆𝑏𝑘 . {𝑅} 
represents the corrective vector obtained from Eqs. (41) and  

(42), {𝑃},⁡and {𝑄} are vectors derived from the second and  

https://www.espublisher.com/


Engineered Science                                                                                                                                                                                Research article        

 

Engineered Science Publisher                                                                                                                                    Eng. Sci., 2025, 34, 1401 | 5  

third right-hand side terms, respectively. 

Two constraints, ∆𝜑 = 0.01  and ‖𝑎‖ = ‖𝑎 + ∆𝑎‖  are 

introduced to Eq. (43) owing to its 2𝑁 + 2 unknows. Both 

constraints remained unchanged throughout each increment. 

In this research, the Euclidian norm was employed as Eq. (44): 

‖𝑎‖ = [∑ (𝑎𝑘
2 + 𝑏𝑘

2)𝑁
𝑘=1 ]1/2                    (44) 

 

3.5 MMS 

In this section, we utilize the MMS to investigate the steady 

state response of the structure.[31] Scaling parameter 𝜖  is 

applied to nonlinear terms in Eq. (37) as follows Eq. (45): 
𝑑2𝑤

𝑑𝑡2
+ 2𝜉𝜖(1 + 𝑐𝑜𝑠(2𝜛𝑡))(𝑤2 + 𝑉0𝑤)

𝑑𝑤

𝑑𝑡
+ (𝜔𝐿

2 −

𝜓 ϵcos(2𝜛𝑡))𝑤 + 𝜍𝜖𝑤2 + 𝜂𝜖𝑤3 − 𝜖𝛫 = 0                      (45) 

Expanding time dependence into ordinary and slow time 

scales in the following 𝑇1 = 𝜖𝑡 , respectively. The time 

derivatives, considering both scales, can be formulated as Eq. 

(46): 
𝑑

𝑑𝑡
= 𝐷0 + 𝜖𝐷1 + 𝑂(𝜖

2),
𝑑2

𝑑𝑡2
= 𝐷0

2 + 2𝜖𝐷0𝐷1 + 𝑂(𝜖
2)  (46) 

Midspan displacement function 𝑤(𝑡)⁡can be expanded from 

Eq. (37) in the following Eq. (47): 

𝑤 = 𝑤1(𝑇0, 𝑇1) + 𝜖𝑤2(𝑇0, 𝑇1) + 𝑂(𝜖
2)            (47) 

Substituting both time scales and their derivatives into Eq. 

(45). Then, collecting terms of equal power of 𝜖⁡results in the 

following Eqs. (48) and (49): 

𝑂(𝜖0):⁡𝐷0
2𝑤1 + 𝜔𝐿

2𝑤1 = 0                (48) 

𝑂(𝜖):⁡𝐷0
2𝑤2 + 𝜔𝐿

2𝑤2 = 2𝜓 cos
2(𝜛𝑇0)𝑤1 −

4𝜉 cos2(𝜛𝑇0)𝑤1
2𝐷0𝑤1 ⁡− 2𝐷0𝐷1𝑤1 − 𝜍𝑤1

2 − 𝜂𝑤1
3 −𝜓𝑤1 −

4𝜉 cos2(𝜛𝑇1)𝑉0𝑤1𝐷1𝑤1 + 𝐾                                               (49) 

The general solution of Eq. (48) can be expressed in a complex 

form Eq. (50). 

𝑤1 = 𝐴(𝑇1)𝑒
𝑖𝜔𝐿𝑇0 + 𝐴̅(𝑇1)𝑒

−𝑖𝜔𝐿𝑇0             (50) 

Rewriting Eq. (49) in the complex form yields: 

𝐷0
2𝑤2 + 𝜔𝐿

2𝑤2 = (−2𝑖𝜉𝐴
3𝜔𝐿 − 𝐴

3𝜂)𝑒3𝑖𝜔𝐿𝑇0 −

𝑖𝐴2𝜉𝑉0𝜔𝐿𝑒
2𝑖𝑇0(𝜔𝐿−𝜛) − 𝑖𝐴2𝑉0𝜉𝜔𝐿𝑒

2𝑖𝑇0(𝜔𝐿+𝜛) ⁡+

𝑒𝑖𝑇0(𝜔𝐿+2𝜛) (
1

2
𝐴𝜓 − 𝑖𝐴2𝐴̅𝜔𝐿𝜉) + 𝑒

𝑖𝑇0(𝜔𝐿−2𝜛) (
1

2
𝐴𝜓 −

𝑖𝐴2𝐴̅𝜔𝐿𝜉) + 𝑒
2𝑖𝜔𝐿𝑇0(−2𝑖𝐴2𝑉0𝜔𝐿𝜉 − 𝜍𝐴

2) +

⁡𝑒𝑖𝑇0(3𝜔𝐿+2𝜛)(−𝑖𝜉𝐴3𝜔𝐿) + 𝑒
𝑖𝑇0(3𝜔𝐿−2𝜛)(−𝑖𝜉𝐴3𝜔𝐿) +

𝑒𝑖𝜔𝐿𝑇0 (−3𝐴2𝐴̅𝜂 − 2𝑖𝜔𝐿
𝑑𝐴

𝑑𝑇2
− 2𝑖𝐴2𝐴̅𝜔𝐿𝜉) ⁡⁡⁡+ 𝐶𝐶 + 𝐾 −

2𝐴𝐴̅𝜍                                                                 (51) 

Eliminating secular terms in the right-hand side of Eq. (51) 

yields the following: 

−3𝐴2𝐴̅𝜂 − 2𝑖𝜔𝐿
𝑑𝐴

𝑑𝑇2
− 2𝑖𝐴2𝐴̅𝜔𝐿𝜉 = 0           (52) 

Assuming that 𝐴  and 𝐴̅  in the following complex form are 

given by 𝐴(𝑇1) =
1

2
𝑎(𝑇1)𝑒

𝑖𝑏(𝑇1) and 𝐴̅(𝑇1) =
1

2
𝑎(𝑇1)𝑒

𝑖𝑏(𝑇1) , 

substituting these terms into Eq. (52) and equating real terms 

and imaginary terms to zero leads to the following Eqs. (53) 

and (54), respectively. 
3

8
𝑎3𝜂 − 𝜔𝐿𝑎

𝑑𝑏

𝑑𝑇2
= 0⁡⁡⁡                       (53) 

𝜔𝐿
𝑑𝑎

𝑑𝑇1
+
1

4
𝑎3𝜔𝐿𝜉 = 0                         (54) 

Furthermore, w1 can be rewritten in the following form Eq. 

(55): 

𝑤1 = 𝑎 𝑐𝑜𝑠(𝜔𝐿𝑇1 + 𝑏)                        (55) 

Applying the boundary conditions 𝑤(0,0) = 𝑤𝑖 , and 

𝑤̇(0,0) = 0, where 𝑤𝑖is the initial displacement, results in the 

following Eq. (56): 

𝑎(0) = 𝑤𝑖 ,⁡⁡⁡𝑏(0) = 0                        (56) 

Solving Eqs. (53) and (54) with respect to the boundary 

conditions yield Eqs. (57) and (58), respectively.  

𝑎(𝑇1) =
2𝑤𝑖

√2𝑇1𝑤𝑖
2𝜉+4

                             (57) 

𝑏(𝑇1) =
3

4

𝜂 ln(𝑇1𝑤𝑖
2𝜉+2)

𝜔𝐿𝜉
−
3

4

𝜂 ln(2)

𝜔𝐿𝜉
                    (58) 

The particular solution of Eq. (51) can be expressed in the 

following Eq. (59): 

𝑤2 = 𝐴1 sin(𝜔𝐿𝑇0 + 𝑏 + 2𝜛𝑇0) + 𝐴2 sin(𝜔𝐿𝑇0 + 𝑏 −
2𝜛𝑇0) + 𝐴3 sin(2𝜔𝐿𝑇0 + 2𝑏 + 2𝜛𝑇0) + 𝐴4 sin(2𝜔𝐿𝑇0 +
2𝑏 − 2𝜛𝑇0) + 𝐴5 sin(2𝜔𝐿𝑇0 + 2𝑏) + 𝐴6 cos(2𝜔𝐿𝑇0 +
2𝑏) + 𝐴7 sin(3𝜔𝐿𝑇0 + 3𝑏) + 𝐴8 cos(3𝜔𝐿𝑇0 + 3𝑏) +
𝐴9 cos(𝜔𝐿𝑇0 + 𝑏 − 2𝜛𝑇0) ⁡+ 𝐴10 cos(𝜔𝐿𝑇0 + 𝑏 + 2𝜛𝑇0) +
𝐴11 sin(3𝜔𝐿𝑇0 + 3𝑏 + 2𝜛𝑇0) + 𝐴12 sin(3𝜔𝐿𝑇0 + 3𝑏 −
2𝜛𝑇0) + 𝐴13                                                             (59) 

where 

𝐴1 = −
1

16

𝜉𝑎3𝜔𝐿
𝜛(𝜛 + 𝜔𝐿)

,⁡⁡⁡𝐴2 = −
1

16

𝜉𝑎3𝜔𝐿
𝜛(𝜛 − 𝜔𝐿)

,⁡⁡⁡ 

𝐴3 = −
1

2

𝜉𝑉0𝑎
2𝜔𝐿

(2𝜛 + 3𝜔𝐿)(2𝜛 + 𝜔𝐿)
, 

𝐴4 = −
1

2

𝜉𝑉0𝑎
2𝜔𝐿

(2𝜛 − 𝜔𝐿)(2𝜛 − 3𝜔𝐿)
, ⁡⁡𝐴5 = −

1

3

𝜉𝑉0𝑎
2

𝜔𝐿
,⁡⁡⁡⁡ 

𝐴6 =
1

6

𝑎2𝜍

𝜔𝐿
,⁡⁡⁡𝐴7 = −

1

16

𝑎3𝜉

𝜔𝐿
, ⁡𝐴8 =

1

32

𝑎3𝜂

𝜔𝐿
,⁡⁡⁡ 

𝐴9 = −
1

8

𝑎𝜓

𝜛(𝜛 − 𝜔𝐿)
, ⁡𝐴10 = −

1

8

𝑎𝜓

𝜛(𝜛 + 𝜔𝐿)
,⁡⁡ 

𝐴11 = −
1

16

𝜉𝑎3𝜔𝐿
(𝜛 + 2𝜔𝐿)(𝜛 + 𝜔𝐿)

,⁡⁡⁡⁡ 

𝐴12 = −
1

16

𝜉𝑎3𝜔𝐿
(𝜛 − 𝜔𝐿)(𝜛 − 2𝜔𝐿)

,⁡⁡⁡𝐴13 =
1

2

2𝐾 − 𝑎2

𝜔𝐿
2

 

 

4. Numerical validation 

In this study, the MMS was used to investigate the steady state 

response, and Runge-Kutta Method was also utilized for 

numerical validation. The steady state response is illustrated 

in Fig. 2 for an excitation frequency 𝜛 = 2 × 106⁡𝑟𝑎𝑑/𝑠, a 

magnetic field intensity Bm of 0.15 T, an initial rise V0 of 0.5 

nm, a temperature increment ∆T of⁡0⁡℃, and an initial 

displacement 𝑤𝑖 ⁡of 1 nm. Fig. 3 shows the steady state 

response with the following parameters: 𝜛 = 3 × 107⁡𝑟𝑎𝑑/𝑠, 
Bm = 0.1 T, V0 = 0.1nm, ∆𝑇 = 0⁡℃, and 𝑤𝑖 = 1⁡𝑛𝑚. A solid 

line represents the approximate analytical solution using the 

MMS, and markers represent the numerical solution. It is 

clearfrom Fig. 2 and Fig. 3 the numerical results show 

excellent agreement with the analytical response utilizing the 

MMS.  
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Fig. 2: Steady state response for 𝜛⁡ = ⁡2 × 106⁡𝑟𝑎𝑑/𝑠, Bm = 0.15 

T, V0 = 0.5 nm, ∆T =0⁡℃, and 𝑤𝑖 = 1⁡𝑛𝑚. A solid line represents 

the approximate analytical solution using the MMS, and markers 

represent the numerical solution. 

 

 
Fig. 3: Steady state response for 𝜛 = 3 × 107⁡𝑟𝑎𝑑/𝑠, Bm  = 0.1 

T, V0  = 0.1 nm,  ∆T = 0.5⁡℃,  and 𝑤𝑖 = 1⁡𝑛𝑚 . A solid line 

represents the approximate analytical solution using the MMS, 

and markers represent the numerical solution. 

  

5. Results and discussion 

In order to examine the dynamical behavior of an imperfect 

microbeam under periodic magnetic excitation and thermal 

loading, we consider a microbeam made of low-carbon steel. 

The systems physical, geometric, electric, magnetic, and 

mechanical are outlined in Table 1. 

 

5.1 Dynamic instability 

The dynamic instability region is influenced by the initial rise, 

increased temperature, magnetic field, and amplitude of the 

vibration. Using the incremental harmonic balance method, 

dynamic instability boundaries were determined for different 

initial rise values, as shown in Fig. 4, with small dimensionless 

amplitude ‖𝑎‖ = 1 × 10−9and with a temperature increment 

of⁡∆𝑇 = 1⁡℃.  

Table 1: Geometric, electric, magnetic, and mechanical 

properties of the system. 

Symbol Quantity (Unit) Value 

L Length (m) 4 × 10−6 

h Thickness (m) 4 × 10−8 

d Width (m) 2 × 10−7 

E Young's Modulus (Pa) 194 × 109 

 𝜌 Density (𝑘𝑔/𝑚3) 7930 

 𝛼 Thermal expansion coefficient (℃−1) 11 × 10−6 

𝛼𝑟 Temperature coefficient of resistivity 

(℃−1) 

6.5 × 10−3 

𝜇𝑟 Relative permeability (𝐻𝑚−1) 3 × 103 

𝜇0 Vacuum permeability (𝐻𝑚−1) 1.26 × 10−6 

𝜗0 Resistivity at room temperature (𝛺𝑚) 9.68 × 10−8 

ℎ̅ Murnaghan’s constant −2.17 × 1013 

 

 
Fig. 4: The influence of the initial rise on the instability region. 

 

The results indicate that as the initial rise value increases, 

the instability boundary shifts upward. When the initial rise 

values are less than the amplitude, there is a negligible shift. 

However, for initial rise values higher than the amplitude, a 

noticeable shift is observed. This result is reasonable since the 

initial rise contributes to the stiffness of the system, which in 

turn increases the excitation frequency of the system. 

Considering different temperature increments with ⁡𝑉0 =
0.5⁡𝑛𝑚, Fig. 5 illustrates the regions of instability. The figure 

illustrates that as the temperature increment ∆𝑇 increases, the 

instability region shifts downward.  

As the temperature increases, the system stiffness reduces. 

As a result, the instability area shifts downward to lower 

frequency regions. Additionally, Fig. 6 shows the instability 

regions for various dimensionless amplitudes ‖𝑎‖ under the 

conditions of 𝑉0 = 1⁡𝑛𝑚 and⁡∆𝑇 = 0⁡℃. The observed trend 

reveals an upward shift in the instability region as the 

dimensionless amplitude increases. 
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Fig. 5: The impact of thermal load on the instability region. 

 

 
Fig. 6: The influence of the dimensionless amplitude on the 

instability region. 

 

 
Fig. 7: System’s transient response ( 𝑉0 = 5⁡𝑛𝑚, ∆𝑇 = 0⁡℃,

𝜛 = 2 × 106⁡𝑟𝑎𝑑/𝑠). Corresponding to various magnetic field 

intensities: (a) Bm = 0.1 T, (b) Bm = 0.35 T, and (c) Bm = 0.5 T.

5.2 Transient response 

The transient vibration of the system under various parameter 

variations is examined by utilizing the response obtained by 

using numerical solutions. The dimensionless amplitude 

versus time at midspan is depicted for various magnetic field 

intensities (𝐵𝑚 = 0.1, 0.35, 0.5⁡T) and 𝜛 = 2 × 106𝑟𝑎𝑑/𝑠, 

while the initial rise and the temperature increment are set to 

be⁡𝑉0 = 5⁡𝑛𝑚, ∆𝑇 = 0⁡℃, respectively. 

These results are respectively shown in Fig. 7 The 

waveform patterns show that increasing the magnetic field 

reduces the fundamental frequency. In addition, different 

temperature increments ∆𝑇 = 0, 1, 3⁡℃  are applied with no 

initial rise, while 𝐵𝑚 = 0.25⁡T, 𝜛 = 8 × 106⁡𝑟𝑎𝑑/𝑠 are kept 

constant. Similarly, an increase in temperature results in a 

decrease in the fundamental frequency, consistent with Wu et 

al.[15] findings for a microscale beam size. This reduction in the 

fundamental frequency is caused by increasing the magnetic 

field amplifies the damping effect. Moreover, the temperature 

increment affects the damping through the conductivity of the 

material 𝜎 = 1/(𝜗0 + 𝜗0𝛼𝑟∆𝑇) . Different temperature 

increments ∆𝑇 = 0, 1, 3⁡℃ are applied while maintaining a 

constant initial rise 𝑉0 = 1⁡𝑛𝑚 , ⁡𝐵𝑚 = 0.25⁡𝑇⁡𝑎𝑛𝑑⁡𝜛 = 8 ×
106⁡𝑟𝑎𝑑/𝑠. The outcomes of these variations are shown in Fig. 

8, which shows that increasing the temperature increment in 

presence of initial rise, reduces the peak-to-peak amplitude 

significantly. The jump in response in Fig. 8 (c) suggests that 

buckling occurs, leading to a new equilibrium position for the 

midspan. 

It is worth mentioning that all the previous cases were 

examined in the stable regions. To explore the response across 

the instability regions, two cases have been considered. In the 

first case, with no initial rise, the magnetic field intensity Bm 

and temperature increment ∆𝑇 are kept constant at 0.35 T and 

0⁡℃  while applying different excitation frequencies 𝜛 =
2.683 × 107, 3 × 107, 3.2 × 107⁡𝑟𝑎𝑑/𝑠 . The results of 

these variations are depicted in Fig. 9. In the second case, with 

an initial rise⁡𝑉0, magnetic field intensity 𝐵𝑚 and temperature 

increment ∆T are maintained constant at 

5⁡𝑛𝑚, 0.35⁡𝑇⁡and⁡⁡1⁡℃,⁡respectively, where Fig. 10 illustrates 

the midspan dimensionless transient response under various 

natural frequencies 𝜛 = 2.924 × 107, 3.3 × 107, 3.4 ×
107⁡𝑟𝑎𝑑/𝑠. Furthermore, the presence of the initial rise with 

thermal load reduces the peak-to-peak amplitude. 

In the stability regions near the lower and upper boundaries, 

stable beating is observed, as shown in Fig. 9 (a), Fig. 9 (c), 

Fig. 10 (a), and Fig. 10 (c). In contrast, within the instability 

region, the dimensionless transient response is observed in the 

form of a pseudo-unstable state, which is a phenomenon 

related to the resonance of nonlinear Mathieu equations and 

depends on the initial conditions,[32] as shown in Fig. 9 (b) and 

Fig. 10 (b). Additionally, the system experiences buckling at 

an initial rise of⁡𝑉0 = 5⁡𝑛𝑚⁡and a temperature increment of 

∆𝑇 = 1⁡℃ , where the midspan oscillates around a new 

equilibrium position. 
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Fig. 8: System’s transient response with response ( 𝑉0 =
1⁡𝑛𝑚, 𝐵𝑚 = 0.25⁡𝑇,𝜛 = 8 × 106⁡𝑟𝑎𝑑/𝑠 ). Corresponding to 

various temperatures increments: (𝑎)⁡∆𝑇 = 0⁡℃, (𝑏)⁡∆𝑇 =
1⁡℃, 𝑎𝑛𝑑⁡(𝑐)⁡∆𝑇 = 3⁡℃. 

 
Fig. 9: System’s transient response with 𝑉0 = 0⁡𝑛𝑚, ∆𝑇 =
0⁡℃⁡and⁡𝐵𝑚 = 0.35⁡𝑇.⁡ Corresponding to various excitation 

frequencies: (𝑎)⁡𝜛 = 2.683 × 107⁡𝑟𝑎𝑑/𝑠, (𝑏)⁡𝜛 = 3 ×
107⁡𝑟𝑎𝑑/𝑠, 𝑎𝑛𝑑⁡(𝑐)⁡𝜛 = 3.2 × 107⁡𝑟𝑎𝑑/𝑠. 

 
Fig. 10: System’s transient response with 𝑉0 = 5⁡𝑛𝑚, ∆𝑇 = 1⁡℃,
𝑎𝑛𝑑⁡𝐵𝑚 = 0.35⁡𝑇.  Corresponding to various excitation 

frequencies: (𝑎)⁡𝜛 = 2.924 × 107⁡𝑟𝑎𝑑/𝑠, (𝑏)⁡𝜛 = 3.3 ×
107⁡𝑟𝑎𝑑/𝑠, 𝑎𝑛𝑑⁡(𝑐)⁡𝜛 = 3.4 × 107⁡𝑟𝑎𝑑/𝑠. 

 

6. Conclusion 

In this study, we investigated the dynamic instability of a 

magnetoelastic microbeam with an initial rise exposed to a 

periodic transverse magnetic field and thermal load. The 

mathematical model has been derived using Galerkin’s 

method and Hamilton’s principle. Stability analysis was 

conducted using the Incremental Harmonic Balance method. 

The transient responses were obtained by implementing the 

MMS validated against numerical analysis. It was shown that 

increasing the initial rise value 𝑉0 shifts the instability region 

to higher frequencies. Conversely, increasing thermal load 

moves the instability region to lower frequencies. Moreover, 

the Instability region has significant sensitivity to the 

excitation amplitude. A significant shift in instability to a 

higher frequency range occurs when the vibration's amplitude 

increases. The transverse magnetic field intensity and 

temperature increase cause a decrease in fundamental 

frequency. Finally, the increase in temperature, following an 

initial rise, results in a substantial decrease in both the peak-

to-peak amplitude and the fundamental frequency. The 

investigation, concentrating on small amplitudes, reveals the 

resonance phenomenon as a pseudo-unstable condition. 

Beating phenomena close to the instability boundary were 

observed. 
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