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Abstract 
 

This study investigates the non-isothermal laminar flow and heat transfer of waxy oil in a pipe with a sudden enlargement, 
emphasizing its transition from a Newtonian to a viscoplastic state during cooling. Using the Schwedoff-Bingham rheological 
model, the motion and heat transfer governing equations were numerically solved via Patankar’s control volume method in 
“velocity components-pressure” variables. A significant transformation is observed in the flow structure. In isothermal 
conditions with Reynolds numbers of 1046 and 2092 and Bingham numbers of 0.05 and 0.025, reverse flow zones and 
negative pressure distributions are observed. However, under non-isothermal conditions with Bingham numbers ranging 
from 8.5 to 59.14, reverse flow zones disappear, replaced by a stagnation zone with zero velocity due to increased plastic 
viscosity and yield stress during oil cooling. The study also demonstrates an enhanced convective heat transfer arising from 
the sudden pipe enlargement. The novelty of this work lies in its focus on the temperature-dependent rheological 
transformation of waxy oil, extending beyond previous studies by providing detailed insights into the interplay between flow 
structure and thermal effects in viscoplastic fluids. These findings are critical for optimizing pipeline operations and ensuring 
efficient transport of waxy oils. 
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1. Introduction 

Modeling fluid movement in pipes with variable radii is 

important for studying the characteristics of liquid media 

transporting and processing materials, such as pastes, paints, 

polymer melts, and petroleum products, in technical 

applications under certain conditions. Suddenly, expanding 

elements in pipes make it possible to control flow and plan 

loads on the pipeline and pressure distribution. The flow of 

Newtonian fluid in pipes with sudden enlargement under 

various conditions and radius ratios of the pipe sections has 

been widely studied numerically and experimentally. [1–3] 

Modeling many technological processes is accompanied 

by the need to study the flow of non-Newtonian fluids.[4-9] The  

 

 

 

 

 

 

 

 

 

movement of a fluid is considered to obey a power law in pipes 

with a variable cross-sectional area.[10,11] These flows consist 

of the following structural parts: regions near the inlet and 

outlet sections - one-dimensional flow zones; regions 

upstream and downstream from the cross-sectional change - 

two-dimensional flow zones; and a region with circulating 

flow near the internal corner – the circulation zone. The 

lengths of these zones differ depending on the Reynolds 

number. 

Among the studies focused on fluid movement in pipes 

with sudden enlargement, significant attention is given to 

determining the length of the circulation zone,[12,13] and 

examining the conditions under which the flow symmetry is 

disrupted.[14] Hammad studied the following flow pattern near 

the pipe enlargement and observed that the flow divides at the 

point of sudden enlargement, with the main flow continuing 

along the pipe axis while a circulation zone forms near the 

internal corner.[13] The distance from the cross-sectional 

change to the place where the main flow joins the solid 

boundary determines the length of the circulation zone. The 

presence of enlargement in pipes promotes flow mixing due to 

the formation of a circulation zone after the cross-sectional 

change. For example, a sequence of sudden enlargements was 
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used to improve the mixing of reagents in a reactor designed 

to remove crystalline phosphorus from wastewater.[15] In 

another case, the isothermal flow of a power-law fluid was 

considered in a pipe with symmetrical sudden enlargement of 

1:2 for a Reynolds number of Re=10.[16] The length of the 

circulation zone is observed to depend on the nonlinearity 

index. 

The enlargement rate of a pipe is also used as a determining 

parameter for flow characteristics. An increased length of the 

circulation zone is displayed as the degree of enlargement 

increases.[17–20] The study shows how the stream function 

isolines change for the fluid flow obeying the power law in a 

flat pipe as the Reynolds number (Re) varies from 40 to 130.[21] 

For various degrees of fluid nonlinearity, the Re values that 

lead to disruption of the flow symmetry are determined. 

As a result of studies on the fluid movement in a pipe with 

sudden enlargement, local pressure losses were determined, 

arising from the sudden change in the flow region geometry. 

A review of the work includes information on the calculated 

results of local hydraulic pressure losses for pipes with varying 

degrees of enlargement in studying the flow of non-Newtonian 

fluids.[22] Mamazova et al.[23] present experimental studies of 

the viscoplastic fluid flow structure characteristics in a pipe 

with enlargement for various Re values. 

Heat transfer processes of laminar flow were studied in a 

pipe with enlargement.[24-28] The non-isothermal laminar flow 

of Bingham fluid was investigated in a pipe with sudden 

enlargement.[24-26] The results establish flow and heat transfer 

patterns for non-Newtonian fluids that differ from those 

observed in Newtonian fluids. In both with and without 

circulation zones, the thermal convection of viscoplastic fluids 

is considered in a pipe with enlargement.[27] In parametric 

calculations, the effects of geometry, inertia, rheology, and 

thermophysical properties on the structure of thermal 

convection are found. The steady laminar flow of a 

viscoplastic fluid with Herschel-Bulkley rheology was 

investigated under non-isothermal conditions with sudden 

pipe narrowing.[28] The parametric calculations reveal non-

deformable zones within the flow region. 

In this work, unlike in well-known studies, the plastic 

viscosity μp(t) and the yield stress τ0(t) of a viscoplastic fluid 

are temperature-dependent, allowing for an analysis of how 

mode parameters influence the structure of flow and heat 

transfer in a pipe with a sudden enlargement. 

 

2. Mathematical model 

2.1 Physical formulation 

A non-isothermal viscoplastic non-Newtonian fluid of waxy 

crude oil flows in a pipe with a sudden enlargement (Fig. 1). 

The sudden enlargement of the pipe leads to the formation of 

a circulation zone, which influences the mass and heat transfer 

processes, described by the distribution of velocity, pressure, 

and temperature.  

The diameter of a pipe before a sudden enlargement is 

D1=2R1=0.05 m, the step height is H=0.01 m, the average 

velocity at the pipe inlet varies within the range of 

u1=0.05÷0.20 m/s, the average inlet temperature is t1=25 ℃. 

The Re is determined by the flow parameters at the pipe inlet 

and varies within the range of Re=ρ12R1u1/µp1=523/2092. The 

ratio of the pipe diameters to the inlet diameter is given by 

ER=(R2/R1)2=1.96. The temperature of the pipe wall varies 

within the range of tw=5/25 ℃. The wall temperature 

determines the Bingham number Bn=τ0w2R1/(µpwu1), which 

varies from 0.02534 to 59.14. The density of fluid flow in the 

inlet cross-section is ρ1=850 kg/m3. The Prandtl number (Pr) 

is 45. 

 
Fig. 1: Flow diagram in a pipe with a sudden enlargement. 

 
2.2 Rheology of viscoplastic fluid 

The rheology of waxy oil can be modeled using the 

Schwedoff-Bingham fluid model. Then, the effective 

molecular viscosity of the fluid μeff is expressed by equation 

(1):[29-31] 

𝜇𝑒𝑓𝑓 = {
𝜇𝑝 + 𝜏0|𝛾̇|

−1,  if |𝜏| > 𝜏0

∞,                       if |𝜏| ≤ 𝜏0

                      (1) 

where τ0 is the yield stress, and μp is the plastic viscosity, |𝜏| =

√𝜏𝑖𝑗𝜏𝑖𝑗, 𝛾̇ = √2𝑆𝑖𝑗𝑆𝑖𝑗 = 𝑆, 𝑆𝑖𝑗 = 0.5 (
𝜕𝑈𝑖

𝜕𝑥𝑗
+

𝜕𝑈𝑗

𝜕𝑥𝑖
). 

The main difficulty in numerical modeling of viscoplastic 

flows arises from the existence of singular molecular viscosity 

in regions where the shear stress is less than τ0. To regulate 

expression (1), equation (2) is used:[32] 

𝜇𝑒𝑓𝑓 = 𝜇𝑝 + 𝜏0
[1−𝑒𝑥𝑝(−103|𝛾̇|)]

|𝛾̇|
                        (2) 

 

2.3 The governing equations  

The system of equations of motion and heat transfer of a 

viscoplastic fluid in a cylindrical coordinate system in 

dimensionless variables can be written as: 
𝜕𝑈

𝜕𝑥̄
+

1

𝑟̄

𝜕

𝜕𝑟̄
(𝑟̄𝑉) = 0      (3) 

𝑈
𝜕𝑈

𝜕𝑥̄
+ 𝑉

𝜕𝑈

𝜕𝑟̄
= −

𝜕𝑃

𝜕𝑥̄
+

1

𝑅𝑒
[

𝜕

𝜕𝑥̄
(2𝜇𝑒𝑓𝑓

𝜕𝑈

𝜕𝑥̄
) +

1

𝑟̄

𝜕

𝜕𝑟̄
(𝜇𝑒𝑓𝑓𝑟̄(

𝜕𝑈

𝜕𝑟̄
+

𝜕𝑉

𝜕𝑥̄
))]                                                                         (4) 

𝑈
𝜕𝑉

𝜕𝑥̄
+ 𝑉

𝜕𝑉

𝜕𝑟̄
= −

𝜕𝑃

𝜕𝑟̄
+

1

𝑅𝑒
[

𝜕

𝜕𝑥̄
(𝜇𝑒𝑓𝑓 (

𝜕𝑉

𝜕𝑥̄
+

𝜕𝑈

𝜕𝑟̄
)) −

2𝜇𝑒𝑓𝑓𝑉

𝑟̄2 +

1

𝑟̄

𝜕

𝜕𝑟̄
(2𝑟̄𝜇𝑒𝑓𝑓

𝜕𝑉

𝜕𝑟̄
)]                                                             (5) 

𝜕(𝑐𝑝̄𝑈𝜃)

𝜕𝑥̄
+

𝜕(𝑐𝑝̄𝑉𝜃)

𝜕𝑟̄
=

1

𝑃𝑒
[
𝜕2𝜃

𝜕𝑥̄2 +
1

𝑟̄

𝜕

𝜕𝑟̄
(𝑟̄

𝜕𝜃

𝜕𝑟̄
)] +

𝐵𝑟

𝑃𝑒
𝛷(𝑥̄, 𝑟̄)       (6) 

where 𝑥̄ =
𝑥

𝑅
 , 𝑟̄ =

𝑟

𝑅
 , 𝑈 =

𝑢

𝑢1
 , 𝑉 =

𝑣

𝑢1
 , 𝑃 =

𝑝

𝜌𝑢1
2 , 𝜃 =

(𝑡−𝑡𝑤)

(𝑡1−𝑡𝑤)
 , 

𝑐̄𝑝 = 𝑐𝑝(𝑡)/𝑐𝑝1 , Re, Pe, Bn are Reynolds, Peclet, and 
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Brinkman numbers, respectively; and  𝛷(𝑥̄, 𝑟̄)  is the 

dissipation function. 

The dependences of the coefficients of plastic viscosity 

μp(t), yield stress τ0(t), and heat capacity cp(t) on temperature 

are given in the study.[33] 

 

2.4 Boundary conditions 

The following conditions are set on the pipe wall: 

𝑟̄ = 1, 𝑈 = 𝑉 = 𝜃 = 0        (7)  

The following conditions are set on the pipe axis: 

𝑟̄ = 0, 
𝜕𝑈

𝜕𝑟̄
=

𝜕𝜃

𝜕𝑟̄
= 𝑉 = 0     (8) 

At the pipe inlet, the conditions are set: 

𝑥̄ = 0: U=1, V=0, 𝜃 = 1,     (9) 

At the pipe outlet, the conditions are set: 

𝑥̄ =L/R: 
𝜕𝑈

𝜕𝑥̄
=

𝜕𝑉

𝜕𝑥̄
=

𝜕𝜃

𝜕𝑥̄
= 0     (10) 

The dependence of plastic viscosity μp(t) and yield stress 

τ0(t) on the temperature of waxy oil is determined by 

experimental data and is given in Table 1. 

Table 1: The dependence of yield shear stress and plastic 

viscosity of non-Newtonian fluid. 

t, ℃ T, K τ0, Pa μP, Pas 

0 273 589.6  0.3585 

5 278 34.62044 0.14634 

10 283 2.03286 0.05974 

15 288 0.11937 0.02438 

20 293 0.00701 0.00995 

25 298 4.1156E-4 0.00406 

30 303 2.41662E-5 0.00166 

 

2.5 Numerical realization 

Systems of two-dimensional Navier–Stokes equations are 

solved using a pressure correction procedure. In the “predictor” 

step, preliminary velocities are determined for a frozen 

pressure field while solving the equations of fluid motion. 

Next, in the “corrector” step, the pressure correction field is 

calculated to satisfy the continuity equation in each grid cell, 

followed by corrections to the velocity and pressure fields. A 

characteristic feature of the algorithm involves constructing 

discretization schemes for the original equations based on the 

increments of the dependent variables. In this approach, the 

finite-volume approximation of the original differential 

equation is placed in the explicit part of the equations, 

particularly in the momentum equations. In the implicit part, a 

simplified form of the same equation is expressed concerning 

the increments of dependent variables, supplemented by 

stabilizing terms. The resulting intermediate velocity field is 

obtained for a given pressure distribution, though it does not 

satisfy the continuity equation. Consequently, it is necessary 

to introduce a pressure correction in each grid cell so that the 

corrected velocity field, accounting for this adjustment, 

satisfies the continuity equation.[34] 

The relationship between velocity 𝛿𝑉⃗   and pressure 𝛿𝑃 

corrections has the form: 

𝑎𝑃𝛿𝑉⃗ 𝑃 = ∑ 𝑎𝑛𝑏𝛿𝑉⃗ 𝑛𝑏𝑊,𝐸,𝑆,𝑁 − ∑ 𝛿𝑃𝑤,𝑒,𝑠,𝑛 𝛥𝑠                        (11) 

The finite volume method on the staggered grid discretized 

the equations. The semi-implicit method for pressure-linked 

equations (SIMPLE) algorithm was used to solve the different 

equations of the Navier-Stokes system.[34] 

 

2.6 Verification of the numerical method 

Fig. 2 compares the calculated data with the experimental 

results from the literature to determine the length of the reverse 

flow zone in a pipe with a sudden enlargement.[31] The points 

are the numerical simulation results for the laminar non-

Newtonian fluids of the study, and the curves are the authors’ 

predictions for ER=(R2/R1)2=4. As seen from Fig. 2, the 

calculated relationships between the length of the reverse flow 

zone and the Bingham number at various Reynolds numbers 

align with the experimental data of the study.[35] 

 

Fig. 2: The effect of Reynolds numbers Re=ρ12R1u1/µP1 on the 

circulation length xR for various values of Schwedoff-Bingham 

fluids Bn=τ0w2R1/(µpwu1). 

 

Fig. 3 illustrates the distribution of the heat transfer 

enhancement coefficient for the Schwedoff-Bingham fluid 

along the length of a pipe with a sudden enlargement. The 

points are the numerical simulation for the laminar non-

Newtonian fluids of the study,[21] and the curves are the 

authors’ predictions for Re=ρ12R1u1/µp1=100, Pr=µp1cp1/λ1=7, 

and ER=(R2/R1)2=25. Nufd is the Nusselt number for a fully 

developed flow in a pipe without a sudden enlargement. 

As shown in Fig. 3, for the Bingham number of Bn=0 

(Newtonian fluid), there is a good agreement between the 

calculation results and the data from the literature. For 

Bingham numbers of Bn=1 and Bn=5, the calculation results 

show slight discrepancies within the reverse flow zone. 

However, outside this zone, the calculations align closely with 

the data reported in the literature.[21] 

A comparison of the calculations for laminar motion and 

heat transfer of a viscoplastic fluid in a pipe with a sudden 

enlargement with data from other authors demonstrates the 

reliability of the numerical method used to solve the problem. 
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Fig. 3: The heat transfer enhancement ratio distributions Nu/Nufd 

along the pipe length for various values of Schwedoff-Bingham 

fluids Bn=τ0w2R1/(µpwu1). 

 

3. Results and discussion 

3.1 Isothermal laminar flow 

The isothermal flow was simulated with the inlet flow 

temperature of t1 = 25 ℃ and the wall temperature of tw = 25 ℃ 

in the pipe with sudden enlargement. Fig. 4 shows the velocity 

vector contours of an isothermal flow at Re = 1046 and Re = 

2092 and Bn = 0.05 and Bn = 0.025 in a pipe with a sudden 

enlargement. 

 
Fig. 4: Contours of the velocity vector of an isothermal flow in a 

pipe with a sudden enlargement at operating parameters: (a) 

Re=1046, Bn=0.05068; (b) Re=2092, Bn=0.02534. 

 

The zone of reverse flows of viscoplastic fluid at Re=1046 

and Bn=0.05 has a length from x/R=4 to x/R=14 (see Fig. 4a), 

and at Re=2092 and Bn=0.025 has a length from x/R=4 to 

x/R=24 (see Fig. 4b).  

The contours of the velocity vector show areas of 

maximum velocity values in the cross sections of a pipe with 

a sudden enlargement. In the case of Re=1046 and 

Bn=0.05068, the region of maximum value reaches the pipe 

section x/R=9.3 along the length, and for the case of Re=2092 

and Bn=0.02534, the region of maximum value is up to the 

pipe section x/R=13.2. The sudden enlargement of a pipe 

cross-section causes a velocity increase and, accordingly, a 

pressure decrease. An increase in the Reynolds number of 

Re=2092 and a reduction in the Bingham number of Bn=0.025 

increase the length of circulation zone, as shown in Fig. 4b. 

Fig. 5 shows an isothermal flow's radial and axial velocity 

profiles at Reynolds numbers of Re=1046 and Re=2092 and 

the Bingham numbers of Bn=0.05 and Bn=0.025 in a pipe with 

a sudden enlargement. Radial profiles of the axial velocity in 

an isothermal flow clearly illustrate the influence of Reynolds 

and Bingham numbers on the flow structure in a pipe with a 

sudden enlargement. 

As shown in Fig. 5a, the radial profiles of the axial velocity 

of an isothermal flow reveal reverse flows in the section 

x/R=10 of a pipe with a sudden enlargement. Additionally, the 

radial profiles of the axial velocity have a parabolic shape of 

the fluid flow in a pipe. As the Re increases to 2092, the 

reverse flow zone grows along the pipe length and radius. The 

radial profiles of the axial velocity up to the section x/R=20 

have negative values near the pipe wall (see Fig. 5b). 

Fig. 6 shows the pressure distribution of an isothermal flow 

at Re of 1046 and 2092 and the Bn of 0.05 and 0.025 along the 

length of a pipe with a sudden enlargement. 

As shown in Fig. 6a, the pipe inlet pressure decreases and 

becomes negative, reaching a minimum value at the pipe 

section x/R=4. Subsequently, the pressure begins to increase, 

becoming positive at the pipe section x/R=15, where it reaches 

a maximum value before monotonically decreasing toward the 

pipe outlet. A sudden enlargement of a pipe’s cross-section 

results in an increase in the kinetic energy of the fluid flow and 

a corresponding pressure drop. It is known that in subsonic 

flows, pressure disturbances propagate upstream, which 

explains the decrease in pressure in the inlet section, reaching 

a negative value before the sudden enlargement of a pipe. The 

minimum negative pressure value occurs at the pipe section 

x/R=4, where the cross-section change takes place. Beyond 

this point, the pressure increase causes the flow separation in 

the flow enlargement section and the formation of a reverse 

flow zone. At Re of 2092 and Bn of 0.02534, there is an 

observed increase in the minimum negative pressure value at 

the pipe section x/R=4 (Fig. 6b). The negative pressure value 

extends up to the section x/R=35, after which the pressure 

begins to recover toward the pipe outlet section. 

 

3.2 Non-isothermal laminar flow and heat transfer 

The non-isothermal flow was simulated for different values of 

the inlet flow temperature t1 and the wall temperature tw of a 
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Fig. 5: Radial, axial velocity profiles of an isothermal flow in a pipe with a sudden enlargement at operating parameters: (а) Re=1046, 

Bn=0.05068; (b) Re=2092, Bn=0.02534. 

 
Fig. 6: Pressure distribution along the length of a pipe with a sudden enlargement at operating parameters: (a) Re=1046, Bn=0.05068; 

(b) Re=2092, Bn=0.02534. 
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pipe with a sudden enlargement. The Re is determined by the 

value of the plastic viscosity μp(t) at the inlet flow temperature, 

while the values of the plastic viscosity 𝜇𝑝𝑤(𝑡𝑤)  and yield 

stress 𝜏0𝑤(𝑡𝑤) at the pipe wall temperature determine the Bn.  

Fig. 7 illustrates the velocity vector contours at the inlet flow 

temperature of t1=25 ℃, wall temperature of tw=5 ℃, 

Reynolds numbers of Re=1046 and Re=2092, and Bingham 

numbers of Bn=0.05 and Bn=0.025 in a pipe with a sudden 

enlargement. The inlet flow temperature of t1=25 ℃ begins to 

decrease due to the heat exchange between the waxy oil and 

the pipe wall, increasing the plastic viscosity μp(t) and the 

yield stress within the flow field. 

 

Fig. 7: Contours of the velocity vector in a pipe with a sudden 

enlargement at operating parameters: t1=25 ℃, tw=5 ℃, (a) 

Re=1046, Bn=59.14, (b) Re=2092, Bn=29.57. 

As shown in Fig. 7, there are no reverse flows, and an 

extensive stagnation zone appears where the flow velocity is 

zero. The appearance of this stagnation zone is associated with 

the distribution of the yield stress τ0(t) and plastic viscosity 

μp(t) in the flow field due to the decrease in fluid temperature. 

In this region, the fluid exists in a viscoplastic state. 

Additionally, the zone of the maximum velocity vector is 

reduced in the flow field, indicating a compression of the 

region where the maximum velocity occurs. 

Fig. 8 demonstrates the radial profiles of axial velocity U 

and excess temperature θ in a pipe with a sudden enlargement 

at the inlet flow temperature of t1=25 ℃, wall temperature of 

tw=5 ℃, Reynolds number of Re=1046, and Bingham number 

of Bn=59.14. 

As shown in Fig. 8a, the radial profiles of axial velocity 

clearly illustrate the movement of a viscoplastic fluid in a pipe 

with a sudden enlargement. In the pipe section x/R=10, the 

braking zone occupies a radius from r/R=0.52 to r/R=1.0. This 

leads to a reduction in the flow's cross-sectional area and an 

elongated axial velocity shape, with a maximum value on the 

pipe axis of Um=4.15. After the braking zone, the radial 

profiles of the axial velocity begin to resemble those of 

Bingham fluid flow, characterized by a constant core in the 

axial region. Such forms are evident in the radial profiles of 

the axial velocity in the pipe sections from x/R=20 to x/R=40. 

It should be noted that the axial velocity profiles have areas of 

non-deformable (solid) body along the pipe length from 

x/R=20 to x/R=40. As shown in Fig. 8b, the excess 

temperature profiles θ decrease and equalize with the wall 

temperature. The enlargement of a pipe leads to a radial 

convective transfer of heat flux and an increase in the 

reduction of excess temperature θ along the pipe length. 

 
Fig. 8: Radial profiles of axial velocity U (a) and excess temperature θ, (b) in a pipe with a sudden enlargement at operating 

parameters: t1=25 ℃, tw=5 ℃, Re=1046, Bn=59.14. 
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Fig. 9: Radial profiles of axial velocity U (a) and excess temperature 𝜃 (b) in a pipe with sudden enlargement at operating parameters: 

t1=25 ℃, tw=5 ℃, Re=2092, Bn=29.57. 

 

Fig. 9 illustrates the radial profiles of axial velocity U and 

excess temperature θ at the inlet flow temperature of t1=25 ℃, 

wall temperature of tw=5 ℃, Reynolds number of Re=2092, 

and Bingham number of Bn=29.57 in a pipe with a sudden 

enlargement. 

The stagnation zone in the pipe section x/R=10 extends 

from r/R=0.57 to r/R=1.0. Following the stagnation zone, the 

radial profiles of the axial velocity resemble those of a 

Bingham fluid flow (see Fig. 9a). In this mode, the increase in 

the Reynolds number of Re=2092 enhances the convective 

heat transfer and influences the distributions of the radial 

profiles of excess temperature in a pipe with a sudden 

enlargement (see Fig. 9b). 

Fig. 10 shows the pressure distributions along the length of 

a pipe with a sudden enlargement at the inlet flow temperature 

of t1=25 °C, wall temperature of tw=5 °C, Reynolds numbers 

of Re=1046 and Re=2092, and Bingham numbers of Bn=59.14 

and Bn=29.57. 

As shown in Fig. 10a, at Re=1046 and Bn=59.14, the 

dimensionless pressure at the pipe inlet is P=435 

(corresponding to p=3697.5 Pa), which decreases slightly in 

the pipe section x/R=4 and monotonically drops to the pipe 

outlet section x/R=40. The dimensionless pressure P exhibits 

a similar trend at Re=2092 and Bn=29.57 (see Fig. 10b). The 

high inlet pressure values are explained by the viscoplastic 

state of the fluid in a pipe with sudden enlargement. 

 
Fig. 10: Pressure distribution along the length of a pipe with a 

sudden enlargement at operating parameters: t1=25 ℃, tw=5 ℃; 

(a) Re=1046, Bn=59.14; (b) Re=2092, Bn=29.57. 
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Fig. 11 demonstrates the velocity vector contours at the 

inlet flow temperature of t1=25 ℃, wall temperature of 

tw=10 ℃, Reynolds numbers of Re=1046 and Re=2092, and 

Bingham numbers of Bn=17.01 and Bn=8.5 in a pipe with a 

sudden enlargement. The temperature of the pipe wall with 

sudden enlargement is tw=10 ℃, and the temperature drop is 

less than that in the previous case (see Fig. 7). The sudden 

enlargement of a pipe increases the heat exchange between the 

flow and the wall, equalizing the flow temperature over the 

pipe cross-section. 

 
Fig. 11: Velocity vector contours along the length of a pipe with 

a sudden enlargement at operating parameters: t1=25 ℃, tw=10 ℃; 

(a) Re=1046, Bn=17.01; (b) Re=2092, Bn=8.5. 

 

As shown in Fig. 11, the increase in plastic viscosity μp(t) 

and the yield stress τ0(t) in the low field causes a reduction in 

the maximum values of the velocity vector contour, compared 

to the previous case (see Fig. 7). 

Fig. 12 demonstrates the radial profiles of axial velocity U 

and excess temperature θ at the inlet flow temperature of 

t1=25 ℃, wall temperature of tw=10 ℃, Reynolds number of 

Re=1046, and Bingham number of Bn=17.01 in a pipe with 

sudden enlargement. 

The velocity U profiles tend to the shape of a Bingham 

fluid with a constant velocity core in the axial zone (see Fig. 

12a). The excess temperature θ profiles are leveled at the 

regime parameters of Re=1046, Bn=17.01 (see Fig. 12b).  

Fig. 13 illustrates the radial profiles of axial velocity U and 

excess temperature θ at the inlet flow temperature of t1=25 ℃, 

wall temperature of tw=10 ℃, Reynolds number of Re=2092, 

and Bingham number of Bn=8.5 in a pipe with a sudden 

enlargement. 

At Re=2092 and Bn=8.5, the velocity U profile in the pipe 

section x/R=10 has a stagnation zone along the radius from 

r/R=0.82 to r/R=1. In further sections x/R=20÷40, it has the  

 
Fig. 12: Radial profiles of axial velocity U (a) and excess 

temperature θ (b) in a pipe with a sudden enlargement at operating 

parameters: t1=25 ℃, tw=10 ℃, Re=1046, Bn=17.01. 

 
Fig. 13: Radial profiles of axial velocity U (a) and excess 

temperature (b) in a pipe with a sudden enlargement at operating 

parameters: t1=25 ℃, tw=10 ℃, Re=2092, Bn=8.5. 

 

shape of a Bingham fluid flow (see Fig. 13a). The excess 

temperature θ profiles (Fig. 13b) show values slightly higher 

than those in the previous case (see Fig. 12b). 

The pressure distributions along the pipe length with a 

sudden enlargement at the inlet flow temperature of t1=25 °C, 

wall temperature of tw=10 °C, Reynolds numbers of Re=1046 

and Re=2092, and Bingham numbers of Bn=17.01 and Bn=8.5 

are shown in Fig. 14. 
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Fig. 14: Pressure distribution along the length of a pipe with a 

sudden enlargement at operating parameters: t1=25 °C, tw=10 °C; 

(a) Re=1046, Bn=17.01; (b) Re=2092, Bn=8.5. 

 

4. Conclusion 

Modeling of laminar flow and heat transfer of viscoplastic 

fluid is carried out in a pipe with a sudden enlargement. The 

numerical solution of the system of equations of motion and 

heat transfer is obtained by the control volume method in the 

variables "velocity components - pressure". In the isothermal 

flow, there is a reverse flow zone, which expands in length and 

width at the Reynolds numbers of Re=1046 and Re=2092 and 

Bingham numbers of Bn=0.05 and Bn=0.025. The pressure 

distributions along the pipe length have negative values due to 

the sudden enlargement of a pipe and the presence of a reverse 

flow zone. At the Reynolds number of Re=2092 and Bingham 

number of Bn=0.025, the pressure has a negative value up to 

the pipe section x/R=35 and is restored to the pipe outlet 

section x/R=40. In a non-isothermal flow with the Bingham 

numbers from Bn=8.5 to Bn=59.14, there is no reverse flow 

zone, i.e., the growth of the viscoplastic state of the fluid levels 

out the effect of the jump in the pipe cross-section. In this case, 

a stagnation zone appears where the flow velocity is zero. With 

the Bingham number of Bn=29.59 and the Reynolds number 

of Re=2092, the stagnation zone occupies a large area, starting 

from the pipe enlargement cross-section x/R=4 to the cross-

section x/R=25. The calculated data established that an 

increase in the Reynolds number and a decrease in the 

Bingham number lead to an increase in the heat exchange in a 

pipe with a sudden enlargement. This is clearly shown for 

Re=2092 and Bn=8.5. The results of numerical simulation of 

viscoplastic fluid flow in a pipe with a sudden enlargement can 

also be applied to the flow of viscoplastic fluids in technical 

devices used for casting metals, polymers, and ceramic slip 

products. Understanding the patterns of hydrodynamics and 

heat transfer in such flows is essential for ensuring the quality 

of the resulting products. 
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