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Abstract 
 

The article proposes a method for calculating the shrinkage of hot casting of thermoplastic beryllium oxide slurries. The 
thermoplastic slurry (hereinafter referred to as slurry) is a composition system with a dispersed phase (binder) having a low 
thermal conductivity compared to the dispersed phase (beryllium oxide). Ultrasonic treatment reduces the viscosity of the 
slurry and improves its casting properties. The hot casting of beryllium oxide slurry is carried out without breaking the 
continuity of the system and depends on speed and temperature factors. Cooling-solidification of the slurry in the casting 
unit takes place in stages in a liquid state, a crystallization state with a phase transition, and a plastic state of the casting. The 
cooling rate of the casting at all stages depends on the design of the cavity, the rheological properties of the slurry, and the 
casting speed. The novelty of the work is the determination of shrinkage by the distribution of the concentration of the 
kinetically free binder. The slurry near the cooled wall is in a state of crystallization and plasticity, and the other part may still 
be in the liquid phase. Along the cavity cross-section, there is the inhomogeneous distribution of temperature, density, and 
concentration of kinetically free binder. This leads to compensation of shrinkage by the inflow of slurry from the liquid into 
the crystallization zones and the plasticity of the casting.  
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1. Introduction 

Beryllium oxide (BeO) ceramics are used in various devices 

as 1) refractory material of crucibles; 2) insulators-heat sinks, 

substrates of transistors and microcircuits; 3) windows and 

insulators for microwave technology; 4) dielectric discharge 

tubes, resonators and hollow dielectric waveguides; 5) heat 

pipes of cryogenic technology; 6) material of a fuel matrix 

element in nuclear reactors; 7) neutron reflector as part of 

neutron filters.[1-6] 

Recently, beryllium oxide (BeO) has attracted much 

attention due to its outstanding properties, such as high 

hardness, high electrical resistivity, high thermal conductivity, 

high melting point, and excellent radiation resistance. 

Beryllium ceramics are widely used as structural ceramics 

(micro heat exchangers) for high-efficiency microwave 

devices, vacuum lamps, magnetrons, and gas lasers.[5] BeO 

also has a long history of use in the nuclear field for both 

fission energy production and fusion due to its excellent 

mechanical, thermal, and chemical properties. The excellent 

chemical compatibility of BeO and uranium dioxide (UO2) 

allows the production of tolerant UO2 and BeO fuels. UO2 and 

BeO ceramics arranged in fuel rods have two main advantages: 

better thermal conductivity due to the existence of BeO and 

better ability to retain fission products.[7] When combined with 

BeO, the poor thermal conductivity of UO2 could be 

effectively improved. In addition, BeO ceramics was one of 

the best candidates as neutron moderators, neutron reflectors, 

and nuclear fuel matrix materials in nuclear reactors.[7,8] Over 

the last few decades, the electronic, optical, and mechanical 

properties of BeO have been described in many experimental 

and theoretical works. Beryllium oxide is widely used in 

precision instruments, particularly in space guidance and 

control systems, where the material is required to be highly 

stable under high thermal stresses. In the refractory industry, 

beryllium oxide is considered one of the best refractory 

materials.[6]  

The development of technology and equipment for casting 
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thermoplastic slurry is similar to technology and equipment 

for casting metals and plastics. The technologies of these 

processes have a long scientific history and great scientific 

achievements. However, the physical and chemical nature of 

plastics and metals is different from composite powder 

materials, including ceramics. In the case of highly thermally 

conductive materials, particularly beryllium oxide, 

information on the technology of ceramics production is 

insignificant and requires further improvement. Therefore, in 

the development of technology for molding ceramics by hot 

casting from the very beginning was put forward the task of 

theoretical and experimental study of processes, which in turn 

were created special equipment for casting ceramics in the 

plant “Ceramics”.[6-9]    

As the results of experimental studies show, the process of 

hot molding of thermoplastic slurry has very strict 

requirements on the properties of products. One of the factors 

of the technological process is the dependence of physical and 

chemical properties of the slurry on temperature, phase 

transformations of the liquid suspensions with the heat of 

crystallization, and changes in the temperature boundary 

conditions on the cooling circuits.[2,9-11]  

During cooling-solidification, the volume of the slurry 

changes (shrinkage). Shrinkage occurs: 1) in the liquid state 

when cooling from the heating temperature to the 

crystallization temperature; 2) when changing the aggregate 

state of crystallization from liquid to plastic; 3) in the plastic 

state when cooling from the crystallization temperature to the 

solidification temperature.[12-15] All the above stages depend on 

a number of factors and are closely related. Shrinkage in the 

hot casting process is determined by the characteristics of the 

dispersion phase of the binder. Achieving shrinkage 

compensation is the main technological task.[12-15] The 

importance of this operation is due to the fact that in the 

absence or incomplete compensation of internal shrinkage, the 

latter is the cause of internal defects (shells, porosity) in 

castings and products.[14,15] Shrinkage compensation can be 

accomplished by the inflow of hot slurry into the liquid and 

crystallization zone of the slurry. In the plastic state, shrinkage 

compensation is created by a pressure gradient to squeeze the 

casting out of the moulding cavity.[14-16]  

The article proposes a method of calculating the shrinkage 

of the slurry by developing a model of physical processes and 

computational experiments. As a result, it is possible to track 

in detail the changes in the temperature-phase fields of the 

process and clearly represent the shrinkage and solidification 

kinetics depending on casting modes and features of the 

casting configuration. 

 

2. Experimental studies of the casting of beryllium oxide 

slurry 

2.1 Pilot plant for slurry casting 

A schematic description of the experimental installation is 

presented in Fig. 1.   

The pilot plant includes a slurry tank 1, a die 2, a set of 

auxiliary equipment including a casting transportation unit 3, 

thermostats 4, and control devices.[6,9] The moulding cavity of 

the die has two zones through which the long product is 

continuously extruded: the pre-treatment zone, where the 

slurry is in a liquid state, the moulding zone, where the casting 

is formed by cooling the slurry. In the die zone, ultrasonic 

treatment of the slurry is carried out by magnetostrictive 

transducer 5 and ultrasonic generator 6. Pressure on the 

surface of the slurry in tank 1 is created by compressed gas 

(air, nitrogen) supplied through the gas distribution system. 

Ultrasonic generator USG-4 (power 𝑃 = 0.1 − 4 kW , 

frequency 𝑓 = 18 − 22 kHz , working voltage 𝑈 = 220 ±
44 V,  magnetizing current 𝐼 = 18 ± 3 A) is used as a power 

supply source for acoustic systems. The main parameters of 

the installation are given.[6] Resistance thermometers, 

thermoregulators, and potentiometers are used to control and 

regulate water temperature in heating and cooling circuits.  

 
Fig. 1 Schematic diagram of a pilot plant for ultrasonic slurry 

casting: 1-slurry tank; 2-die; 3-casting transportation unit; 4-

thermostat; 5-magnetostrictive transducer; 6-ultrasonic 

generators (USG-4); 7-control cabinet. 

 

Experimental results show that the imposition of ultrasonic 

vibrations with an amplitude of 2 -6 𝜇m, with a frequency of 

50-100 Hz, reduces the viscosity of the wall layer of 

thixotropic slurry, respectively friction is reduced by 20-40 

times.[6] For each slurry, there is an optimal vibration intensity, 

which can be realized by selecting the frequency and 

amplitude of vibration. Thus, at frequency 𝑓 = 50 Hz and at 

vibration amplitude 𝐴 = 2 − 2.5 mm, it is possible to obtain a 

viscosity reduction of 10 - 12 times.  The possibilities of the 

experimental installation allow for the precise regulation of air 

pressure (1.0-100 MPa) and the conditions of heat exchange 

during the crystallization of the slurry (Q = 0.01-1.0 m3/hour). 

The most significant impact of ultrasonic vibrations (𝑓 =
16 − 18 kHz) has on multi-component ligaments, and with an 

increase in the number of high-molecular compounds, this 
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effect is most pronounced in the first 5-10 min. treatment.[6] 

The thermoplastic slurry is a high-viscosity suspension 

consisting of organic binder and beryllium oxide powder 

(Table 1, specific surface area 1.72 ∙ 10−3 m2/kg ). The 

organic binder consists of three components: paraffin, 

beeswax, and oleic acid in ratios (82, 15, and 3%).[6] 

Table 1. Main characteristics of beryllium oxide powder.[6] 

Bulk weight 𝜌 ∙ 103 𝑘𝑔/𝑚3 0.75 

Specific surface,  𝑆 ∙ 10−3 𝑚2/𝑘𝑔 1.72 

 fraction in μm % 

 from 1.4 35.2 

 1.4-4.2 52.7 

Grain size distribution 4.2-7.0 9.6 

 7.0-9.8 1.7 

 9.3-12.6 0.4 

 12.6-15.4 0.3 

 15.4-18.2 0.1 

 

Beryllium oxide powder has a particle size distribution by 

fractions (Table 1). The mass fraction of organic binder varies 

in the range 𝜔 = 0.100 − 0.117. This composition of BeO 

powder shows satisfactory casting properties of the slurry at 

the change of mass fraction of binder from 𝜔 = 0.100 to 𝜔 =
0.117.  

 

2.2 Experimental data on moulding of slurry 

The moulding of the slurry was carried out in the experimental 

die (Fig. 2) by measuring the temperature using thermocouples 

along the height of the annular cavity.[9]  

The experimental die is designed for casting a round tube 

with an outer diameter of 0.02 𝑚  and an inner diameter of 

0.012 𝑚 . The material of the mandrel and crystallizer is 

X18H10T steel, and the wall thickness of the crystallizer is 

0.003 𝑚. The total height of the cylindrical part of the annular 

cavity-𝐻 = 0.028 𝑚, the height of the hot zone of the annular 

cavity- ℎ1 = 0.008 𝑚 , the height of the cold zone of the 

annular cavity-ℎ2 = 0.020 𝑚.[9] Water with temperature 𝑡1 =
80 ºC. was supplied to the upper (hot) circuit of the crystallizer. 

In the lower (cold) circuit - water with temperature 𝑡2 = 20 ºC. 

The maximum water throughput of the crystallizer circuits is 

1500 𝑙/ℎ𝑜𝑢𝑟.    

The working tank connects the inlet conical part of the die 

of the casting unit, where the beryllium oxide (BeO) slurry is 

located. The slurry flows from the working tank into the inlet 

conical part of the annular cavity with the initial temperature 

𝑡0 = 80 ºC. As it moves due to heat exchange with the wall of 

the mandrel and the die, it changes its aggregate state and 

hardens. Table 2 shows the casting mode parameters. In the 

experiments, the casting speed varied from 0.020 to 0.100 

m/min, and their effects on the thermal regime of the slurry 

formation were found. According to the experimental data, the 

boundaries of solidification of the slurry were obtained. Figure 

3 shows the positions of the solidification zone: AВ-isotherm 

of "fluid" (54 ℃) , CD-isotherm of "solidus" (40 ℃) , BS-

bushing surface, MS-mandrel surface. 

As can be seen from Fig. 3, the increase in casting speed 

leads to the expansion of the solidification zone and its 

displacement to the area of heat removal of the cold circuit. 

This is explained by the fact that with the increase in casting 

speed, the heat removal on the walls of the annular cavity does 

not have time to cool the slurry, and the solidification zone is 

stretched out and displaced downward in the direction of 

casting speed. 

 

2.3 Rheological properties of beryllium oxide slurry 

Exposure of oscillations on the slurry provides distribution of 

rheological properties of thermoplastic beryllium oxide slurry 

by changing the volume contents of solid and liquid phases. 

The composition and properties of the casting system are 

characterized by the concentration ratio of beryllium oxide 

powder - solid phase 𝐶𝑣 and organic binder - liquid phase 𝐶𝜔. 

Concentrations 𝐶𝑣 and 𝐶𝜔 are determined by equations (1-2): 

 
Fig. 2 Schematic diagram of a pilot die: 1-casting, 2-mandrel, 3-

thermocouple, 4-crystallizer, 5-liquid slurry, 6-solidification zone. 

Table 2. Experimental modes in the casting plant.[9] 

Chart №1   1 2 3 4 5 

Casting mode 

Hot water flow, l/hour 500 500 500 500 500 

Cold water flow rate, l/hour 1500 1500 1500 1500 1500 

Casting speed, mm/min 20 40 60 80 100 

Hot water temperature (ºC) 80 80 80 80 80 

Cold water temperature (ºC) 20 20 20 20 20 
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Fig. 3 Position of the solidification zone depending on casting speed. 

 

𝐶𝑣 =
𝑉𝑠𝑙−𝑉𝑏𝑖𝑛

𝑉𝑠𝑙
= 1 − 𝐶𝜔                        (1) 

𝐶𝜔 =
𝑉𝑠𝑙−𝑉𝐵𝑒𝑂

𝑉𝑠𝑙
                                        (2) 

where 𝑉𝑏𝑖𝑛 and 𝑉𝐵𝑒𝑂 are the volumes of binder and powder in 

slurry; 𝑉𝑠𝑙 is the slurry volume found from the expression: 

𝑉𝑠𝑙 =
𝑚𝑠𝑙

𝜌𝑠𝑙
=

𝑚𝐵𝑒𝑂

𝑚𝐵𝑒𝑂
+

𝑚𝑏𝑖𝑛

𝜌𝑏𝑖𝑛
,       𝜔 =

𝑚𝑏𝑖𝑛

𝜌𝑏𝑖𝑛
 

Substituting 𝑉𝑠𝑙 to formula (2), you can define 𝐶𝑣 relative 

to the density of the solid phase and binder as equation (3): 

𝐶𝑣 = 1 −
 𝜔𝜌𝐵𝑒𝑂

(1−𝜔)𝜌𝑠𝑙+𝜔𝜌𝐵𝑒𝑂
                       (3) 

where ω - relative mass content of binder, fractions of units.  

According to the results of the experiments, the volume 

content % of the solid phase was calculated by formula (3) in 

the range of varying values of binder content (9.5 - 11.7% wt.) 

and temperature (20 − 75 ℃) (Table 3). The volume content 

of the solid phase at the initial temperature of 75 ºC and the 

composition of the binder varies in the liquid slurry from 65.7 

to 70.7 % (Table 3). The critical concentration of solid phase 

in the slurry 𝐶𝑣
𝑠  is the limiting concentration of beryllium 

oxide powders. The value 𝐶𝑣
𝑠 is equal to the relative density of 

the solid phase in the precipitate obtained by centrifugation of 

the slurry at a temperature of 90 ºC.[6] 

Concentration of the liquid slurry 𝐶𝜔 is given by equation 

(4): 

𝐶𝜔 = 𝐶𝜔
𝑘 + 𝐶𝜔

𝑊                                     (4) 

The kinetically bound part of the binder 𝐶𝜔
𝑤 is solvated by 

beryllium oxide powder particles. Therefore, it goes through 

the whole moulding stage in the solid phase and hardens in the 

casting of the slurry. After the firing stage, it defines beryllium 

oxide ceramics.[6,12] The kinetic free part of the binder 𝐶𝜔
𝑘  

expresses the flowability of the slurry during the moulding 

process. The value 𝐶𝜔
𝑘   changes during cooling and 

solidification of the slurry along the length of the cavity. 

Therefore, the temperature shrinkage of the slurry can be 

determined from the concentration distribution of the 

kinetically free binder 𝐶𝜔
𝑘  .[6, 12] The volume fraction of 

kinetically free binder in the slurry is smaller the closer the 

volume fraction of the solid phase of the suspension is to the 

critical one and is determined by equation (5):[12]  

𝐶𝜔
𝑘 = 1 − 𝑛𝑣                                  (5) 

where 𝑛𝑣 =
𝐶𝑣

𝐶𝑣
𝑠 - relative fraction of solid phase concentration 

is in the slurry. Table 4 shows the experimental data of the 

parameters of the slurry composition depending on the content 

of the solid phase at a temperature of 75 ºC. 

Table 3. Volumetric content of solid phase % slurries of different 

compositions depends on temperature.  

Temperat

ure, ℃ 

Binder 

density, 
Content of binder, % by weight 

 𝑔

/𝑐𝑚3 
9.5 10.0 10.3 10.7 11.7 

20 0.924 74.3 73.2 72.5 71.7 69.6 

40 0.900 73.8 72.6 72.0 71.1 69.0 

55 0.788 71.1 69.9 69.2 68.3 66.1 

60 0.783 71.0 69.8 69.1 68.2 66.0 

63 0.780 70.9 69.7 69.0 68.1 65.9 

66 0.777 70.8 69.6 68.9 68.0 65.7 

75 0.773 70.7 69.5 68.8 67.9 65.7 

 

The density of the binder components changes during the 

transition from liquid to plastic state. Fig. 4 shows a graph of 

the change in the density of binders and their components from 

temperature, obtained experimentally. The curve of the binder 

density dependence on temperature is described by spline 

functions as equation (6): 

𝜌𝑏𝑖𝑛 = 1.1987 − 0.0075 𝑡 (20℃ ≤ 𝑡 < 55℃)  

𝜌𝑏𝑖𝑛 = 1.0122𝑡−0.063(55℃ ≤ t < 76℃)                          (6) 
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Fig. 4 Experimental data on the density of binders and their components as a function of temperature. 

Table 4. Parameters of the slurry depend on the content of solid phase (𝑇 = 75 ℃). 

𝜔, % binder mass 

fraction  
𝐶𝑣 𝐶𝑣

𝑠  𝑛𝑣 =
𝐶𝑣

𝐶𝑣
𝑠    𝐶𝜔

𝑘  𝐶𝜔
𝑊                                                          

1 2 3 4 5 6 

11.7 0.657 0.723 0.908 0.092 0.251 

10.7 0.679 0.728 0.932 0.068 0.253 

10.0 0.695 0.734 0.946 0.054 0.251 

In the process of cooling the binder from 75 to 20 ºC, the 

binder density increment is 1.20 (Table 4). Including cooling 

up to 55 ºC is 1.03, from 55 to 40 ºC-1.14, and from 40 to 

20 ºC-1.03. The binder density increment at crystallization 

and plastic state of the slurry has a value of 1.17. Thus, 

according to experimental data, the interval below 55  ºC 

(crystallization zone and plastic state) accounts for up to 

97.5% of the temperature shrinkage value. The density of the 

solid phase (BeO powder) is 3020 kg/m3. The change in the 

density of the slurry depending on the temperature is 

determined by equation (7)  

𝜌𝑠𝑙 =
𝜌𝑡𝑣𝜌𝑏𝑖𝑛

(1−𝜔)𝜌𝑏𝑖𝑛+𝜔𝜌𝐵𝑒𝑂
                            (7) 

Exposure of disperse systems to ultrasonic vibrations at a 

frequency of 18-22 kHz and power of 0.1-1.6 kW is 

accompanied by changes in their structure.[6,9,17] Experimental 

study of viscosity changes in time showed that the decrease in 

viscosity of the slurry is clearly manifested in the first 5-15 

min of ultrasonic treatment (Fig. 5). Decrease in viscosity of 

the slurry (time of ultrasonic treatment 5-15 min.) is associated 

with intensive mass exchange processes at the interface of 

phases with different characteristics (solid dispersed phase and 

dispersion medium). The viscosity will decrease during 

movement until the structure is completely destroyed. 

However, the viscosity will gradually increase. At laminar 

flow in the temperature range 59 − 75  ºC and at constant 

pressure, the viscosity of the slurry mass depends significantly 

on the US exposure time and shear rate. The graphs of 

experimental data show that there is a non-monotonic change 

in viscosity depending on the duration of US exposure (Fig. 

5).[17] 

Rheological parameters of the slurry 𝜇𝑝(𝑃𝑎 ∙ 𝑠),

𝜏0(𝑃𝑎) at mass fraction of binder 𝜔 = 0.100, 𝜔 = 0.117 and 

duration of 15 minutes of ultrasonic treatment, taken on 

viscometers, were approximated by empirical formulas. 

Dependences of plastic viscosity 𝜇𝑝 (𝑃𝑎 ∙ 𝑠) , yield 

strength 𝜏0 (𝑃𝑎) , heat capacity 𝑐𝑝 (𝐽/𝑘𝑔 ∙ ℃)  and thermal 

conductivity 𝜆(𝑊/𝑚 ∙ ℃)  on temperature for binder 𝜔 =
0.100 are described by equations (8): 

𝜇𝑝(𝑡) = 4440.958 ∙ exp(−0.09068 ∙ 𝑡)    

𝜏0(𝑡) = 762.1393 ∙ exp(−0.04968 ∙ 𝑡)  

𝑐𝑝(𝑡) = 1000 ∙ exp(0.0034 ∙ 𝑡)                                           (8) 

𝜆(𝑡) = 7.1𝑒𝑥𝑝(−0.01 ∙ 𝑡) 

and for binder 𝜔 = 0.117 are described by equations (9):  

𝜇𝑝(𝑡) = 625.044 ∙ 𝑒𝑥𝑝(−0.0708 ∙ 𝑡) 
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Fig. 5 Changes of viscosity (a) and yield strength, (b) depending on temperature and duration of US processing. 

 

        𝜏0(𝑡) = 18.1 + 8.3 ∙ 𝑒𝑥𝑝[−(𝑡 − 69) /4.8]  
𝑐𝑝(𝑡) = 70 + 1070 ∙ 𝑒𝑥𝑝(0.0027 ∙ 𝑡)               (9) 

𝜆(𝑡) = 1.6 + 4.8 ∙ 𝑒𝑥𝑝(−0.017 ∙ 𝑡)                        

Empirical equations (8) and (9) obtained by generalizing 

experimental data are used to close the mathematical model. 

 

3. Mass and heat transport model 

3.1 Problem statement 

Forming of thermoplastic beryllium oxide slurry takes place 

in the cooled cavity of the die of the plant (Fig. 6). The cavity 

has a circular (Fig. 6a) or annular shape (Fig. 6b). The cooling 

circuit consists of two parts of hot and cold water. The circular 

cavity has a radius 𝑟1 = 0.006 𝑚 , length 𝐿 = 0.050 𝑚  for a 

binder with mass fraction 𝜔 = 0.100  and length 𝐿 =
0.089 𝑚   for a binder with mass fraction 𝜔 = 0.117, 
respectively. The annular cavity has radii 𝑟1 = 0.015 𝑚, 𝑟2 =
0.018 𝑚 , length 𝐿 = 0.050 𝑚  for binder with mass fraction 

ω = 0.100  and length 𝐿 = 0.089 𝑚  for binder with mass 

fraction 𝜔 = 0.117, respectively.  

The liquid slurry flows into the die cavity with an initial 

temperature 𝑡0 . As it moves, the slurry mass cools and 

solidifies. 

The slurry takes a structural shape at the outlet of the 

circular cavity in the form of a rod (Fig. 6a) and in the form of 

a tube at the outlet of the annular cavity (Fig. 6b). 

 

3.2 Rheological model of beryllium oxide slurry 

In experiments,[6,9] beryllium oxide slurry has the property of a 

viscoplastic liquid. Therefore, the effective molecular 

viscosity of the slurry can be written as equation (10):[17-20]  

𝜇𝑒𝑓𝑓 = {
𝜇𝑝 + 𝜏0|𝛾̇|−1,               𝑖𝑓 |𝜏| > 𝜏0,

∞,                        𝑖𝑓 |𝜏| ≤ 𝜏0

           (10) 

For a Newtonian fluid, the yield strength 𝜏0 = 0 and the 

effective viscosity are constant and equal to the molecular 

viscosity of the corresponding fluid. The Schwedoff-Bingham 

model is a simple viscoplastic fluid model that linearly relates 

the yield shear stress to the viscosity.[17-20] Expression (10) at 

𝜏 ≤ 𝜏0 tends to infinity. Therefore, in accordance with the 

approach,[21] we present it in the form: 

𝜇𝑒𝑓𝑓 = 𝜇𝑝 + 𝜏0
1−𝑒𝑥𝑝(−103|𝑆|)

|𝑆|
                      (11) 

This effective viscosity equation (11) makes it possible to 

carry out calculations for Schwedoff-Bingham liquids. 

 

3.3 Basic equations 

The equation of motion (13) can be written in the narrow 

channel approximation,[9,22] taking into account the expression 

of the effective viscosity (10). 

 
Fig. 6 Diagram of the die (a) circular cavity, (b) annular cavity. 

(a) (b)
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𝜕𝜌𝑢

𝜕𝑧
+

1

𝑟

𝜕𝑟𝜌𝑣

𝜕𝑟
= 0                               (12) 

𝜌𝑢
𝜕𝑢

𝜕𝑧
+ 𝜌𝑣

𝜕𝑢

𝜕𝑟
= −

𝑑𝑝

𝑑𝑧
+

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜇𝑒𝑓𝑓

𝜕𝑢

𝜕𝑟
) + 𝜌𝑔         (13) 

As experiments show, the aggregate state of the slurry ranges 

in the temperature from 59 to 54 ºC.[6,11] In this case, the heat 

of phase transition can be accounted for by the model of 

apparent heat capacity.[23-26] Heat transfer occurs along the 

radius and length of the cavity due to the cooling of the cavity. 

The heat transfer equation (14), taking into account the 

assumptions made, can be written in the cylindrical coordinate 

system:[26]  

𝜌𝑢𝑐𝑝
𝜕𝑡

𝜕𝑧
+ 𝜌𝑣𝑐𝑝

𝜕𝑡

𝜕𝑟
=

𝜕

𝜕𝑧
(𝜆

𝜕𝑡

𝜕𝑧
) +

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜆

𝜕𝑡

𝜕𝑟
) + 𝜇𝑝 (

𝜕𝑢

𝜕𝑟
)

2
 (14) 

where 𝑧, 𝑟 -axial and radial coordinates; 𝑢, 𝑣  - velocity 

components; 𝑝, 𝜌, 𝑡, 𝑐𝑝, 𝜇𝑒𝑓𝑓, 𝜇𝑝, 𝜆  - slurry parameters.[14] The 

pressure gradient (15) is found from equation (12) of the mass 

flow rate conservation condition:[26] 

∫
𝑆

𝜌𝑢𝑑𝑆 =  𝜌0𝑢0𝑆                             (15) 

where 𝑆 - is the cross-sectional area of the cavity. 

Thus, the system of equations (5)-(15) constitutes a 

mathematical model of the process of hot casting of 

thermoplastic beryllium oxide slurry. 

 

3.4 Boundary conditions 

Boundary conditions of the problem are standard. At the cavity 

inlet, the axial velocity component is equal to the casting 

velocity, and the radial component is zero. The temperature of 

the slurry is equal to 𝑡0 = 75 ºC. On the walls of the cavity for 

the velocity of the slurry in the liquid state are put the 

conditions of adhesion, and in the zones of crystallization and 

solidification - the conditions of sliding.  

In the zone of hot contour on the outer wall of circular and 

annular cavity for temperature Neumann's condition is put. In 

the zone of the cold contour of the cavity on the outer wall, the 

heat transfer conditions are set for the temperature as equation 

(16): 

−𝜆
𝜕𝑡

𝜕𝑟
= 𝑘(𝑡 − 𝜃2)                          (16) 

where 𝑘 - transfer coefficient, 𝜃2 - cold water temperature.  

A Neumann condition is placed on the axis of the circular 

cavity and on the inner wall of the annular cavity. At the outlet 

of the circular and annular cavity, soft conditions are set. The 

heat of phase transition during slurry crystallization is 

considered by the apparent heat capacity method, and the 

calculated results are given.[9] 

 

3.5 Numerical method of solution  

The system of equations of continuity (12), motion (13), and 

heat transfer (14) is solved by numerical method. The region 

under consideration is divided into unit cells with sides Δzi 

and Δrj. The Crank-Nicolson method is used to obtain the 

finite-difference equation of motion (13).[26] The difference 

analog of equation (12) is obtained by a two-layer scheme of 

the second order of accuracy.[26] The splitting method is used 

to calculate the pressure gradient from the condition of 

conservation of mass flow (15).[20,26] The finite-difference 

analog of the heat transfer equation (14) is obtained by the 

control volume method. The convective terms of the heat 

transfer equation (14) are approximated by a counter-flow 

scheme of the second kind, and the conductive terms by a 

scheme of the second order of accuracy.[26] The difference 

analogs of the equation of motion (13), continuity (12), and 

heat transfer equation (14) are considered together since the 

density 𝜌(𝑡), plastic viscosity 𝜇𝑝(𝑡), yield strength 𝜏0(𝑡), heat 

capacity 𝑐𝑝(𝑡) , heat conductivity 𝜆(𝑡)  depends on the 

temperature of the slurry. The iterative process is constructed 

as follows:  

1) Solving the heat transfer equation (14) to determine the 

value of 𝑡𝑖𝑗
𝑛 , the lower index 𝑖, 𝑗 is the specific grid cell, and 

the upper index 𝑛 is the iteration level;  

2) Using the found temperature value, the values of density 

𝜌(𝑡𝑖𝑗
𝑛 ) , plastic viscosity 𝜇𝑝(𝑡𝑖𝑗

𝑛 ) , yield strength 𝜏0(𝑡𝑖𝑗
𝑛 ) , heat 

capacity 𝑐𝑝(𝑡𝑖𝑗
𝑛 ), thermal conductivity 𝜆(𝑡𝑖𝑗

𝑛 )  are found; 

3) Solving the equation of motion (13) and conservation of 

mass (15) to determine the value of 𝑢𝑖𝑗
𝑛  , pressure gradient 

(
𝑑𝑝

𝑑𝑥
)

𝑖

𝑛
; 

4) Solving the continuity equation (12) to determine the value 

of 𝑣𝑖𝑗
𝑛 ; 

5) From the found values of 𝑢𝑖𝑗
𝑛 , 𝑣𝑖𝑗

𝑛   plastic viscosity 𝜇𝑝(𝑡𝑖𝑗
𝑛 ), 

yield strength 𝜏0(𝑡𝑖𝑗
𝑛 ) , effective viscosity can be determined 

𝜇𝑒𝑓𝑓(𝑡𝑖𝑗
𝑛 ).  

The iterative process continues until the maximum error in 

determining 𝑡𝑖𝑗
𝑛 , 𝑢𝑖𝑗

𝑛  , 𝑣𝑖𝑗
𝑛   does not satisfy the convergence 

condition 𝜀 < 10−6. A non-uniform mesh (in both axial and 

radial directions) was used, and mesh refinement was applied 

in the inlet and near-wall regions. For all numerical 

investigations performed in this study, a base mesh with 

1000×80 along the axial and radial directions was used. The 

convergence of the mesh was tested for three mesh sizes: 

coarse 750×50 and fine 1500×120. Numerical calculations 

were performed using the “in-house” code. 

 

4. Discussion of the calculated data 

4.1 Calculation data in a circular cavity 

Figures 7 and 8 show the calculated data in the circular cavity 

with the cavity radius 𝑟1 = 0.006 𝑚, length 𝐿 = 0.050 𝑚 for 

link with mass fraction 𝜔 = 0.100 . The casting velocities 

were 𝑢 = 0.120 𝑚/𝑚𝑖𝑛 (Fig. 7) and 𝑢 = 0.160 𝑚/𝑚𝑖𝑛 (Fig. 

8). The temperature of the slurry at the inlet to the circular 

cavity is constant along the section and is equal to 𝑡0 = 75 ºC. 

In the first cooling circuit, the wall temperature is equal to 

𝜃1 = 75 ºC (Fig. 7a). In the second cooling circuit, the water 

temperature is 𝜃2 = 34  ºC. Heat exchange occurs between 

cold and warm environments.[26] This can cause the 

temperature in the hot zone to drop from 75 to 72 ºC. In the 

cold zone, dynamic viscosity 𝜇𝑝(𝑡) , density 𝜌(𝑡) , and 

ultimate yield strength 𝜏0(𝑡)  increase with decreasing 

temperature. The slurry slides along the cavity walls along the 

length of the second circuit. This causes the profile of the 
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longitudinal velocity component downstream to become 

constant across the cavity cross-section. 

The growth of wall heat removal in the second cooling 

circuit leads to a decrease in the temperature field (Fig. 7a). In 

this area, the temperature decreases from 72 to 34 ºC, and 

there is a change in the aggregate state of the slurry.[6,9] Cooling 

of the slurry leads to a decrease in temperature at the outer wall, 

while in the rest of the cavity, the temperature of the slurry 

will be higher (Fig. 7a). Therefore, the temperature field along 

the cavity cross-section will be inhomogeneous. While near 

the outer wall the slurry will crystallize and solidify, in the rest 

of the cavity the slurry may still be in a liquid state (Fig. 7a). 

Such temperature distribution of the slurry is in qualitative 

agreement with the calculated data.[26] The temperature field 

determines the inhomogeneous distribution of the slurry 

density along the cavity cross-section (Fig. 7b). The density of 

the slurry increases along the length of the circular cavity 

during the transition from liquid to crystallization zone and 

plastic state (Fig. 7b).  

The sliding of the slurry on the wall ensures the continuity 

of the medium and provides the structural shape of the casting 

without warping. The density increment is 1.055 and 

corresponds to the experimental data for the mass fraction of 

binder 𝜔 = 0.100.[6] 

The concentration distribution of the kinetically free 

binder 𝐶𝜔
𝑘  is shown in Fig. 7c. It can be seen that the 

concentration 𝐶𝜔
𝑘  decreases along the length of the circular 

cavity from 0.054 𝑡𝑜 0.0 . As an interpretation of the 

experimental data on shrinkage compensation depending on 

the composition of the slurry, the data of castings with higher 

density achieved due to deformed compaction of the slurry 

during structure formation are given. Increasing the density of 

the casting under conditions of homogeneous cooling due to 

changes in the volume-phase structure under the influence of 

ultrasound is a more effective compensation for shrinkage 

during solidification. Compensation for shrinkage during 

casting with ultrasound is achieved by feeding the casting with 

liquid slurry, as well as by deformed compaction of the slurry 

during structure formation of the casting. 

To test the mechanism of deformation compensation of 

shrinkage, the samples cast without ultrasound were placed in 

a special mold and subjected to hydrostatic compression on 

the unit at a pressure of 5 MPa and a temperature of 40 ºC. 

The increase in the density of the casting under hydrostatic 

compression (Table 5), taking into account the rheological 

characteristics of the slurry in the temperature of the casting 

structure formation, we can consider that the deformation 

mechanism of the slurry compaction is one of the main one in 

shrinkage compensation. The given experimental 

dependences[6] and the data in Table 5 indicate a better 

compensation of shrinkage in 1.5-2 times for the samples 

formed from the slurry with a high 11.2% binder content, 

which is due to the optimal combination of the used modes of 

ultrasonic treatment and the composition of the slurry.

 
Fig. 7 The field of temperature, density, and kinetically free concentration of slurry in the circular cavity with the mass fraction of 

the binder 𝜔 = 0.100. 
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Table 5. The apparent density of castings and semi-finished products after pre-firing. 

Acoustic-

technologic

al scheme 

𝜔, 

% weight 

fraction of 

binder 

apparent density 

of the slurry in a 

liquid state 

apparent density 
relative density of 

castings 
during US processing 

with hydrostatic additional 

pressing 

calc fact castings 

semi-

finished 

product 

castings 

semi-

finished 

product 

at US 
at hydros 

compres 

 
 9.5 2.36 2.36 2.37 2.30 2.42 2.31 95.6 97.6 

11.2 2.28 2.28 2.39 2.31 2.40 2.30 98.0 98.4 

The above fact allows us to recommend for die casting of 

castings from thermoplastic BeO-based slurry, when using 

ultrasonic treatment, the use of a slurry with a high binder 

content of 11.2-11.7%. 

The distribution 𝐶𝜔
𝑘  shows the change of shrinkage along 

the length of the circular cavity. Near the outer wall, the 

shrinkage decreases rapidly to a limiting value (𝐶𝜔
𝑘 = 0) , 

while the inhomogeneous distribution of shrinkage occurs in 

the rest of the circular cavity (Fig. 7c), which explains the 

distribution of the slurry temperature (Fig. 7a). It should be 

noted that along the length of the circular cavity, the shrinkage 

decreases to the limit value.  

An increase in the casting rate (u=0.160 m/min) leads to an 

increase in the region of variation of temperature (Fig. 8a), 

density (Fig. 8b), and kinetically free binder concentration 𝐶𝜔
𝑘  

(Fig. 8c). These figures show the transition of the liquid slurry 

into crystallization and plasticity states. Along the length of 

the cavity, the density of the slurry increases from 2350 to 

2480 kg/m3, and the density increment is 1.055. The 

concentration of kinetically free binder 𝐶𝜔
𝑘  (Fig. 8c) decreases 

from 0.054 to 0.0. The concentration distribution 𝐶𝜔
𝑘  

determines the shrinkage in the liquid zone, crystallization 

state, and plasticity of the slurry.  

Figures 9 and 10 show the calculated data in a circular 

cavity for a binder with mass fraction 𝜔 = 0.117 . In the 

second cooling circuit the water temperature is 𝜃2 = 20  ºC. 

The radius and lengths of the cavity are 𝑟1 = 0.006𝑚 , 𝐿 =
0.089𝑚.  

Casting rates and temperatures in the hot cooling circuit are 

the same as in the case of 𝜔 = 0.100 . Increasing the mass 

fraction of 𝜔 = 0.117 binder of the slurry contributes to the 

cooling-curing rate. This can be seen from the temperature 

distribution for both casting rates. A inhomogeneous 

temperature field can also be seen here (Fig. 9a, Fig. 10a).  

The density of the slurry increases from 2260 to 2480 kg/ 

m3, i.e., the density increment is 1.097 for both casting rates 

(Fig. 9b, Fig. 10b). The concentration of kinetically free binder 

𝑐𝜔
𝑘   decreases from 0.092 to 0.0. Within the moulding

 
Fig. 8 The field of temperature, density and kinetically free concentration of slurry in the circular cavity at the mass fraction of the 

binder 𝜔 = 0.100. 
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Fig. 9 The field of temperature, density and kinetically free concentration of the slurry in the circular cavity at the mass fraction of 

the binder 𝜔 = 0.117. 

 

cavity, the change 𝑐𝜔
𝑘  determines the shrinkage in the liquid 

zone, crystallization state and plasticity of the slurry (Fig. 9c, 

Fig. 10c). The density increment is 1.097 and corresponds to 

the experimental data for the mass fraction of binder 𝜔 =
0.117.[6] 

4.2 Calculation data in the annular cavity 

Figures 11 and 12 show the calculated data in the annular cavity 

for the binder with mass fraction 𝜔 = 0.100  and 𝜔 =  0.117, 

respectively. The casting speed was equal to 𝑢 = 0.245 𝑚/𝑚𝑖𝑛. 

The water temperatures in the cooling circuits were 𝜃1 = 75 ℃,  

 
Fig. 10 The field of temperature, density and kinetically free concentration of the slurry in the circular cavity at the mass fraction of 

the binder 𝜔 = 0.117. 
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Fig. 11 The field of temperature, density and kinetically free concentration of the slurry in the annular cavity at the mass fraction of 

the binder 𝜔 = 0.100. 

 

𝜃2 = 34 ℃  for 𝜔 = 0.100  and 𝜃1 = 75 ℃, 𝜃2 = 20 ℃  for 

𝜔 = 0.117. 

As can be seen from Figs. 11 and 12, the temperature, 

density and kinetic free binder concentration fields describe 

the moulding process within the length of the annular cavity. 

Heat exchange along the outer contour of the annular cavity 

enhances the cooling-solidification of the slurry and leads to 

inhomogeneous temperature distribution in the annular cavity 

(Fig. 11a, Fig. 12a). The temperature field of the slurry 

determines inhomogeneous distributions of density and 

concentration of kinetically free binder 𝑐𝜔
𝑘  along the length of 

the annular cavity. For the mass fraction of binder 𝜔 = 0.100, 

the concentration of kinetically free binder 𝐶𝜔
𝑘   varies from 

0.054 to 0.0 and the density increment is 1.055. 

 
Fig. 12 The field of temperature, density, and kinetically free concentration of the slurry in the annular cavity with the mass fraction 

of the binder 𝜔 = 0.117. 



Research article                                                                                                                                                                                Engineered Science 

 

12 | Eng. Sci., 2024, 32, 1294                                                                                                                                                   © Engineered Science Publisher LLC 2024 

For the mass fraction of binder 𝜔 = 0.117 , the 

concentration of kinetically free binder changes from 0.092 to 

0.0 , and the density increment will be 1.097. Within the 

forming cavity, the change 𝐶𝜔
𝑘  determines the shrinkage in the 

liquid zone, crystallization state, and plasticity of the slurry 

(Fig. 11c, Fig. 12c). 

 

4.3 Comparison with production data 

Comparison of calculations with production data was carried 

out in the annular cavity. Calculations were carried out at the 

mode parameters of production data (Table 6).   

Figure 13 shows the results of calculations for mass 

fraction of binder  𝜔 = 0.100  In the first cooling circuit, the 

wall temperature is 𝜃1 = 75  ºC. The temperature field 𝑡 

shows a decrease from 75 to 72 ℃ (Fig. 13a), and the density 

field 𝜌(𝑡) uncreases from 2350 to 2360 kg/m3(Fig. 13b). The 

concentration of kinetically free binder 𝐶𝜔
𝑘   decreases from 

0.054 to 0.050 (Fig. 13c). The shrinkage can be determined 

from the change in the concentration of the kinetically free 

binder 𝐶𝜔
𝑘 . In the liquid zone, the shrinkage is 0.050 and can 

be compensated by the inflow of liquid slurry. In the second 

cooling circuit the wall temperature is 𝜃2 = 34  ºC. The 

temperature of the slurry 𝑡  decreases from 72  to 34 ℃  (Fig. 

13a), and density 𝜌(𝑡) ) increases from 2360 to 2480 𝑘𝑔/𝑚3 

(Fig. 13b).  

The concentration of kinetically free binder 𝐶𝜔
𝑘

 
decreases 

from 0.050 to 0.0 and determines the shrinkage in the 

crystallization zone and plastic state of the slurry. The 

calculated data for the mass fraction of the binder 𝜔 = 0.117 

are given in Fig. 14. Decreasing the temperature 𝑡 of the slurry 

in the annular cavity from 75 to 20 ℃ leads to an increase in 

the density of the slurry 𝜌(𝑡) from 2260 to 2480 𝑘𝑔/𝑚3. The 

concentration of kinetically free binder 𝐶𝜔
𝑘

 
decreases from 

0.092 to 0.0 and expresses temperature shrinkage. 

In the calculations, the density increment for the mass 

fraction of binder 𝜔 = 0.100 is 1.055, and for the mass 

fraction of binder 𝜔 = 0.117 is 1.097.  

Table 6. Parameters of the slurry according to the production data.[6] 

№ 
Content of binder in 

slurry, mass fraction 

Slurry viscosity at 

𝑇0 = 75℃, Pa ∙ s 

Casting capacity 

slurry, mm 

Casting speed, 

mm/min 

Mechanical bending 

strength of casting, MPa 

1 0.100 6.78 50 185 9.33 

2 0.117 2.80 89 165 8.17 

 
Fig. 13 Calculated data of temperature, density, and kinetically free concentration of slurry in the annular cavity at a mass fraction 

of binder 𝜔 = 0.100. 



Engineered Science                                                                                                                                                                                Research article        

 

© Engineered Science Publisher LLC 2024                                                                                                                                                     Eng. Sci., 2024, 32, 1294 | 13  

 
Fig. 14 Calculated data on temperature, density, and kinetically free concentration of slurry in the annular cavity at the mass 

fraction of the binder 𝜔 = 0.117. 

 

5. Conclusions 

In this study, shrinkage calculations based on the distribution 

of the concentration of kinetically free binder were performed 

to mold a homogeneous structure of beryllium ceramics and 

to predict the occurrence of inhomogeneity and shrinkage 

shells that develop into finished products during solidification. 

Solidification of a casting does not occur immediately over its 

entire cross-section. It begins in the surface layer, then passes 

to the deep layers, and ends in the areas that are the thermal 

centers of the casting.  

In the case of thermoplastic beryllium oxide resin casting, 

shrinkage compensation by the “make-up” method is the most 

common practice. However, for a number of products (e.g., 

core, a ball), it is technically difficult to organize the required 

cooling for the casting. The scheme of shrinkage 

compensation by means of “under-pressing” provides for 

cutting off the sprue from the molding cavity after completion 

of filling and holding under pressure to reduce the volume of 

the casting during shrinkage of the slurry. The advantages of 

this shrinkage compensation mechanism include the 

independence of shrinkage compensation efficiency from the 

product shape. However, there is little information on the 

practical use of technical solutions for the realization of this 

shrinkage compensation mechanism. The correct selection of 

casting parameters plays an important role in optimal process 

flow and obtaining high-quality casting. 

A considerable amount of work is devoted to the 

experimental study of the influence of the main casting: 

pressure and temperature conditions on the casting process 

and properties of castings. In practice, a wide range of 

temperatures (60-90 ºC) and pressures (1-100 atm.) 

recommended for the casting process has been established. 

However, despite the variation in the parameters, most 

researchers are generally the same in their assessment of the 

nature of the influence of temperature regimes and casting 

pressure on the casting process and the properties of castings. 

Thus, in particular, increasing the temperature of the slurry 

leads to some increase in the density of the semi-finished 

product. However, at the same time, the probability of internal 

sinks and friability increases sharply due to increased 

shrinkage of the slurry during cooling. The temperature field 

of cooling and solidifying slurry mass depends on the totality 

of thermophysical, geometric, and physicochemical factors of 

the foundry system, so it occupies a central place in all 

theoretical and experimental studies of the solidification 

process. In practice, up to 80% of volumetric changes 

associated primarily with the thermophysical properties of 

beryllium oxide occur in the temperature range 59-40 ºC. The 

above assumption is confirmed by the fact that the values of 

internal shrinkage vary significantly depending on the degree 

of compensation of volumetric changes occurring at the 1st 

and 2nd stages: volume reduction during cooling from the 

initial temperature 𝑡 = 75  ºC to the temperature of the 

beginning of the change of the aggregate state 𝑡 = 59  ºC, 

during the change of the aggregate state in the temperature 

range 𝑡 = 59 − 45 ºC; in the solid (viscoplastic) state during 
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cooling to the final temperature 𝑡 = 20  ºC in the molding 

cavity. In the next steps, binder removal, bound thermal 

process, and sintering by appropriate heating take place. 

Finally, this paper concludes with the shrinkage calculations 

of hot casting of thermoplastic beryllium oxide slurries in two 

molding cavities of the casting unit. 

The results of calculations show the whole stage of hot 

casting moulding of beryllium oxide slurry taking into account 

the change of its aggregate state. Ultrasonic treatment 

improves the rheological properties and increases the 

flowability of the slurry in the moulding cavity.  

Calculations show the influence of velocity, temperature 

factors and design data of the cavity on the cooling-

solidification process of the casting. In a circular cavity at 

casting speeds 𝑢 = 0.120 𝑚/𝑚𝑖𝑛, 0.160 𝑚/𝑚𝑖𝑛  and the 

mass fraction of binder 𝜔 = 0.100, 𝜔 =
0.117  inhomogeneous distributions of temperature, density 

and concentration of kinetically free binder 𝐶𝜔
𝑘  are obtained. 

The temperature shrinkage of the slurry was found from the 

concentration distribution of kinetically free binder 𝐶𝜔
𝑘 . In the 

annular cavity at casting speed, 𝑢 = 0.245 𝑚/𝑚𝑖𝑛  and the 

mass fraction of binder 𝜔 = 0.100 and 𝜔 = 0.117 

inhomogeneous distributions of temperature, density and 

concentration of kinetically free binder 𝐶𝜔
𝑘   are obtained. 

According to the change in the concentration of kinetic free 

binder 𝐶𝜔
𝑘  , the shrinkages in the zones of liquid phase, 

crystallization, and plastic state of the slurry were determined. 

In calculations the conditions of moulding with shrinkage of 

slurry by hot casting method were found, which allow to 

obtain at the cavity outlet a solidified product with a 

homogeneous structure of beryllium oxide. 
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