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Abstract

The rotating shafts are an essential part of any rotating machinery. Their dynamic behavior usually receives substantial care
in the design stage of rotating machines, especially when the presence of cracks is taken into account. The purpose of this
paper is to investigate numerically and experimentally the influence of transverse cracks in rotating shafts on rotor dynamic
behavior during transient conditions. The work comprises developing a displacement-based finite element model for the
cracked rotor to generate its dynamic characteristics represented in vibration transient response, natural frequency, and
critical speed. Various crack depths located at different positions along the rotor were considered when designing the
numerical model. A numerical example was utilized to verify the validity of the developed model. In addition, an experimental
apparatus was arranged to validate the developed computational model. The results obtained indicate that the presence of
crack leads to a remarkable change in vibration response, natural frequency, and critical speed. The amount and nature of
this change were observed to vary with crack depth and location. Consequently, a novel model is proposed in this paper that

suggests a possible approach for an online monitoring and diagnostic method for rotating machines.

Keywords: Cracked rotor; Rotating machine; Rotors; Critical speed; Dynamic behavior.
Received: 22 February 2024; Revised: 30 May 2024; Accepted: 05 June 2024.

Article type: Research article.

1. Introduction
Rotating shafts are essential elements of modern applications
in mechanical engineering. Rotating machinery, such as
turbines, compressors, pumps, jet engines, efc., are imposed
on variable loading conditions. Consequently, the crack
occurrence is unavoidable. Therefore, it is of great importance
to study the dynamic of cracked rotating shafts as the
development and propagation of the crack often lead to rotor
failure in real-life operation conditions. Rotor failure occurs
when the remaining cross-section of the shaft that is not
damaged by the crack becomes insufficient to tolerate the
applied loading. A rapid failure occurs when the critical size
of the crack is reached.!]

Cracks, according to their geometries, can be generally
categorized into two types, namely transverse and longitudinal
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cracks. Transverse cracks are usually perpendicular to the
rotor shaft axis, while longitudinal cracks are parallel to the
shaft axis. The most common and serious cracks are transverse
cracks, which weaken the rotating shaft by generating local
flexibility in the rotor stiffness by concentrating strain energy
in the crack region. Transverse cracks in rotor systems result
from cyclic loading and other conditions to which rotating
machines are imposed. Therefore, such cracks have been dealt
with by a considerable number of researchers.

The issue of modeling a cracked shaft has been an
important engineering issue over the past five decades. This is
primarily due to the fact that crack occurrence, which may
appear in rotors during their operation, results in serious
complications and catastrophic accidents if not predicted early.
An early crack detection can considerably enhance the
durability of rotor systems. The methods of shaft crack
modeling can be classified into three main categories. These
are local stiffness reduction, complex models in two or three
dimensions, and discrete spring models. Modeling cracked
rotor dynamics and analyzing their dynamic response are core
issues in rotating machinery. In this respect, an appropriate
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mathematical model for the cracked rotor is required for
accurate prediction of dynamic response. A considerable
number of researchers have studied the dynamic behavior of
cracked rotors using theoretical and or experimental methods,
for example.>?2l However, most of these studies mainly focus
on trying different approaches to assess the dynamic behavior
of rotors with crack occurrence, seeking different approaches
for crack detection based on the dynamic response. In addition,
those researchers have indicated the fact that it is easier to
detect cracks while the rotor passes through its critical speed
than when at a steady speed.

To the best of our knowledge, little research was found
focusing on analyzing the transient response of the multi-disc
rotary system with cracks during machine run-up conditions.
For example, the work carried out studied the effects of
angular acceleration,/?*! amplitude of aerodynamic force crack
depth, and position on the dynamic characteristics of a cracked
compressor blade during the run-up process through the FE
model of a rotating compressor blade. They indicated that the
crack-induced second- and third-order super-harmonics can be
seen and become more evident with increasing crack
severity.?Y Experimentally, the dynamic response of a cracked
rotor with a breathing crack was studied while passing through
subcritical speed, focusing on the dynamic behavior of the
orbits and frequency spectra obtained by the FFT method.
Their experimental results were compared with the theoretical
findings in the literature.”! In their study, they developed a
general equation of motion with the assumption of weight
dominance for a Jeffcott rotor with a transverse crack, taking
into account the complicated whirl of the rotor. They found
that these equations are not suitable for studying the vibration
of a cracked rotor near the critical speed.*! proposed a
breathing function to study crack breathing behavior with
small cracks existing. They found that the time-frequency
representations based on an improved decomposition
algorithm can lead to the prediction of smaller cracks.

Therefore, the current research focuses on investigating the
dynamic behavior of a multi-disc cracked rotor system during
machine running up, considering various crack depths and
locations. Timoshenko beam element with two nodes and four
degrees of freedom (DOFs) per node was utilized. The effect
of gyroscopic moments, translational and rotary inertia, and
transverse shear deformations are considered. An equivalent
beam element model is employed to introduce the transverse
crack on the rotating shaft. In addition, the geometry of the
rotary machine and the flexibility of the bearing supports are
considered when building the model. Simulations for
numerical examples are implemented to analyze the dynamic
behavior of the cracked rotor system. The effect of various
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crack depths and positions on the dynamic properties is
investigated in detail. The results of this work may provide
guidance for rotating machine designers and health monitoring
or diagnosing of rotating machinery.

2. Modeling of rotor system

Modeling and simulation techniques are broadly employed in
the design stages and analysis of rotor-bearing systems to
perform dynamic analysis for the design of modern machines.
Consequently, potential problems can be predicted at an early
stage of machine design.*”! A finite element (FE) approach has
been adopted to develop a displacement-based computational
model to tackle the issue of the dynamic behavior of rotary
machines with the presence of cracks. In this section, the
modeling procedure is described.

The major component in any rotating machine is the rotor,
which generates or transmits power from one place to another.
The rotor generally involves a rotating shaft carrying other
machine parts like turbine wheels, impeller wheels, and gears.
The rotor, in general, is not entirely rigid as, in some cases, it
is quite flexible. The rotor can be supported on two or more
bearings. Location, stiffness and damping properties of
bearings play a significant role in analyzing the dynamic
performance of rotor systems.

The rotating shaft was modeled using Timoshenko-type
beam in which shear, rotational inertia and effect of
gyroscopic couples are considered. Discs which are normally
rigid are introduced by mass, polar and diametral mass
moments of inertia. Bearings can be modeled using linear
springs and dashpots. The rotor-bearing system matrices can
be determined via FE modeling procedures.?®

2.1 Modelling of the cracked beam section

This section describes the modeling of the cracked shaft
section. In this study, a simple method is presented to model
the transverse crack relying on the fact that the presence of a
crack in the shaft reduces the local stiffness of the shaft near
the location of the crack and consequently the natural
frequency of the original intact shaft will be reduced. The
reduction of stiffness is, to some degree, proportional to the
depth of the crack. This is usually achieved by reducing the
second moment of the area of the shaft cross-section. The
transverse crack in a rotating shaft is modeled as a circular
segment within the cracked beam element, as shown in Fig. 1.
Consequently, the crack influence can be expressed as the
reduction in the element's second moment of area at the crack
position.
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Fig. 1 Modeling of the cracked shaft section.

cracked beam element

where /2 and w refer to the depth and width of the crack,
respectively, 0 is the angle proportional to crack depth, and R
denotes the radius of the shatft.

The angle (6) can be found as in below:

(M

Consequently, for a given crack depth, the area of the
cracked segment (Acr) can be determined by:

6 = 2cos™'(1- 1)

Acr =%(6 - sing) @)

The moment of inertia of the cracked segment (Icr) can be
defined as given below:

)

The effective moment of inertia of the cracked beam
element (/e) can then be calculated by:

4
Ier = RT (6 —sinf + %sin@sin2 g)

le = I5oq — Icr “)
where I,;;q denotes the moment of inertia of the uncracked
beam element section.

Similarly, the effective cross-sectional area of the cracked
shaft element (Ae ) can be determined from:

Ae = Agopiq — Acr (5)

Here also, Ag,;q describes the cross-sectional area of the

uncracked beam element section.

2.2 Developing the global matrices of a multi-disc cracked

r 12 0 0 6l -12
0 12 —6l 0 0
0 -6l (4+¢)? 0 0

K. —_F 6l 0 0 4+ @)l? -6l
ele ~ Gtz |—12 0 0 -6l 12
0 -12 6L 0 0
0 -6l (2—¢)? 0 0

| 61 0 0 2 -2 -6l
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rotor system

The finite element (FE) method is an effective tool to model
the
flexibilities of all rotating components, and has been largely

rotating machine dynamics, taking into account
used for rotor dynamics design to provide the mathematical
representation of the rotating machines. This section presents
the development and assembling of the global mass, damping,
and stiffness matrices of multi-disc rotary systems. The
dynamic responses can then be comprehensively identified via
determining the natural frequencies and mode shapes using the
global matrices developed for the rotor-bearing system. ¢!

In the modeling procedure, the rotating shaft is divided into
a number of Timoshenko beam finite elements.?” Each beam
element is expressed as an element with two nodes. Four
degrees of freedom, in the lateral direction, two translations,
introduced for each node as

and two rotations, are

demonstrated in Fig. 2.

vz

Fig. 2 Beam element representation.

where, u and v refer to translations in direction of x and y
respectively while o and f refer to rotation about x and y
axes respectively. The mass, stiffness, and gyroscopic matrices
for the beam element are provided from [28].

The beam element stiffness matrix is identified by:[?*

0 0 6l
-12 -6l 0

6l (2— )2 0

0 0 (2— )2

0 0 -6l ©)
12 6l 0

6l (4+ )2 0

0 0 (4 + )12
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In the above matrix equation, ¢ refers to the shear constant,
which reflects the shear flexibility of the beam, [ is the length
of the element of the beam, E expresses the modulus of
elasticity, and / represents the second moment for the beam
cross-section area. The generalized coordinate of each shaft
element is expressed in the following sequence of the DoFs:
[1v1 a1B1 Vs a1 2]

The mass matrix for the beam element is determined from
[28].

M, =

>M61 0 0 MeZ Me3 0 0 Me4

0 —M,, Mes 0 0 Mey Mee 0
PAl M, 0 0 Mes —Mey 0 0 Mg
840(1+¢)? | M3 0 0 —Mey Mgy 0 0 —M,,

0 Mgs Mgy 0 0 Mg,y Mg, 0

0 —Mey Me6 0 0 M., MeS 0
LM, 0 0 My —M,y 0 0 M5
(7

In the above matrix:

M,, = 312 + 588¢ + 280¢? (8)
M,, = (44 + 77¢ + 35¢?)! ©9)
M,s = 108 + 252¢ + 140¢? (10)
M,y = —(26 + 63¢ + 35¢2)1 (11)
M,s = (8 + 149 + 79?12 (12)
M,s = —(6 + 149 + 79?12 (13)

The matrix of the gyroscope for the beam element is
calculated as:[28!

G, =
r 0 —Ge1r  Gez 0 0 Ger Gez U
Gel 0 0 Gez _Gel 0 0 Gez
—Ge2 0 0 —Ge3 Gez 0 0 —Geq
Pl 0 —Gez  Ges 0 0 Gez Geq 0
151(1+¢)2| 0 Goy  —Gep 0 0 =Gy —Ge 0
—Gey 0 0 —Gez Ge1 0 0 —Ge
—Ge2 0 0 —Gey Gez 0 0 —Ge3
L 0 —Goy  Gey 0 0 Ger Ge3 0 |
(14
In the above matrix equation:
Goy = 36 (15)
Ger = (3 —15¢)1 (16)
Gos = (4 + 50 + 1092)12 (17)
Gea = (=1 —=5¢ + 5¢?)I? (18)

where p refers to the material density of the shaft, A is the
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cross-sectional area of the rotating shaft, and ¢ refers to the
shear coefficient.

To model the bearings of the rotor system, the stiffness of
the bearing is introduced as a spring-like element at a single
node in the direction of bearing support. The outer damping
is involved in the system using bearing support damping.
Computing the matrices of mass, stiffness, and gyroscopic of
the element will facilitate the assembling of the rotor system
global matrices {M,D,K} mass, damping and stiffness
matrices respectively. The contributions of the damping and

| stiffness from the bearings are then involved in the global

matrices of the system.

The natural frequencies and mode shapes can then be
determined using the assembled global {M, D, K} matrices.
The matrix of state space companion of the system can be

1 arranged as shown below:[?8]

A= [—Mo—lK —Ml—ln] (19)

The rotor system’s natural frequencies and corresponding
mode shapes are determined from the imaginary part of the
eigenvalues and eigenvectors of the above matrix respectively.
The rotor critical speeds were then determined.?”2 It is well
known that the critical rotational speed of a rotating shaft is
the angular velocity that excites the natural frequency of the
rotor. This critical speed (whirling) is relying on the shaft
dimensions, material, and loads.

2.3 Numerical example

The computational model for the rotating machine developed
in the current work is applied to a case study of a multi-disc
rotor for the sake of verifying the reliability of the developed
model. The FE model was implemented entirely using
MATLAB. This rotating machinery comprises a horizontal
flexible shaft fixed on two bearing supports with two rigid
discs attached to the rotor, as shown in Fig. 3.

The rotor system FE model is demonstrated in Fig. 4. The
length of the rotating shaft is 700 mm which was divided into
14 shaft elements. Consequently, 15 nodes with 4 DoFs at each
node were generated. The details of the rotor model are
defined in Tables 1 and 2.

In this study, three crack positions are considered. Position
1: The crack occurs close to the left bearing (50 mm distance
from the left bearing support). Position 2: The crack appears
away from the left bearing and before disc 1 (200 mm distance
from the left bearing support). Position 3: A crack exists
between the two discs (350 mm distance from the left bearing

© Engineered Science Publisher LLC 2024
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Fig. 3 Rotating machine model.

Table 1. Parameters of the rotor system model.

Elements number 14
Nodes number 15
DOFs 60
) 2 bearings located at nodes 1
Bearings number
and 15
Shaft diameter 20 mm
Stiffness of bearing 4 MN/m

Table 2. Material properties of the rotor shaft.

E : Young modulus 206 GPa
v : Poisson ratio 0.30
E
G : Shear modulus m
Density 7810 kg/m?

support). In each position, various crack depths represented as
a non-dimensional crack depth ratio are introduced. The crack
depth ratio is defined as:

(20)

where § is the crack depth ratio, h refers to the crack depth,
and D denotes shaft diameter.

In this research, a wide range of crack depth ratios are dealt
with for each crack position. The developed model has been
used to identify the vibration responses, frequency response
function (FRF), natural frequency and critical rotor speed. The
results obtained for cracked and uncracked rotor shafts are
compared to examine the influence of crack presence on the
dynamic behavior.

3. Results and Discussion

The results obtained in this research are detailed in this section.
Transient response, while the machine is running up to 5000
rpm, and steady-state vibration responses are analyzed for
various sizes and locations of the cracks. The response
measured is obtained in Y-direction (vertical) at disc 1. The
results for maximum displacement responses over a wide
range of crack depth ratios are presented in Fig. 5 for the three
crack positions. It can be seen from this graph that crack
position 1 has shown higher responses than the other two
positions. Moreover, increasing the crack depth ratios resulted
in decreasing the displacement response as the net cross-
sectional area approached the critical size. However, the curve
of the crack position 1 shows a slight increase before sharply

DEc1 Diec2
| {  Rotating s haft
ModeMa1 2 3 4 5 g 7 & g 1@ 11 12 13 J14 15
Bearing suppart 1 Bearing support 2
260 mm 200 250 mm

Fig. 4 FE model of the rotor system.
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Fig. 5 Maximum transient displacement response for a wide range of crack depth ratios.

decreasing. On the other side, the decrease in maximum
response at crack position 3 was more sensitive to crack depth
than the other two positions.

The results obtained regarding the effect of crack depth and
position on the rotor displacement response while machine
run-up are presented in Fig. 6(a) to Fig. 8(a) for crack positions
1, 2, and 3 respectively. It can be seen from these graphs that
as the crack depth increases the displacement response
increases. However, as the crack depth approaches its critical
size, the displacement response decreases in comparison with
the uncracked shaft condition, as demonstrated more clearly
in Figs. 6(b), 7(b), and 8(c). Regarding the effect of crack
position, it is noticed that the displacement response for crack
position 3 was higher than that for crack positions 2 and 1.
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The results obtained for the influence of crack depth and
position on the frequency response of the rotor during running
up are shown in Fig. 9 to Fig. 11 for crack positions 1, 2, and
3 respectively. It is clear from these plots that the response
amplitude increases as the crack depth increases compared
with the case of uncracked rotor. Once again, it is found that
as the crack depth approaches the critical size the response
amplitude decreases in comparison with the uncracked case.
In addition, this reduction in response amplitude for crack
position 1 was higher than that for the other two positions,
particularly at higher frequencies. Moreover, as the crack
deepens, sub-resonances emerge in the transient responses, as
shown in Fig. 8.
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1180

Fig. 6 (a) Transient displacement response during rotor running up for crack position 1, (b) Displacement response during rotor running up for crack

position 1.
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Fig. 7 (a) Transient displacement response during rotor running up for
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rotor running up for crack position 2.
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Fig. 8 (a) Transient displacement response during rotor running up for crack position 3, (b) Magnified view for the response during

rotor running up for crack position 3.
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Fig. 9 Frequency response during rotor running up for crack position 1.
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Fig. 10 Frequency response during rotor running up for crack position 2.

The influence of crack depth and position on the rotor
critical speed for the three crack positions are presented in Fig.
12. It can be deduced from the plots shown in this graph that
the critical speed of the rotor decreases as the crack deepens
in comparison with the case of the rotor without crack. The
decrease in critical speed of the rotor system is due to the
reduction in the stiffness of the rotor, which results from the
existence of the crack. However, the rate of this decrease is
very low for low crack depth values, and then it increases for

higher crack depths. Furthermore, the reduction in critical
speed is related to the crack position, and the larger reduction
was found in crack position 1. Therefore, one may conclude
that the reduction in critical speed is higher as the crack
location approaches the supporting bearing. The results
obtained in the current study are compared with the available
published results and findings in this respect, for example.*-
311 The comparison shows a good agreement, which verifies
the approach developed in this study.
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Fig. 11 Frequency response during rotor running up for crack position 3.
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Fig. 12 Influence of crack depth and position on the rotor critical speed.

3.1 Experimental verification

This section presents the experimentation performed to
validate the proposed approach developed in the current study.
An actual rotor system was arranged according to the rotating
machine model considered in this work. The experimental
configuration setup is shown in Fig. 13. The test rig comprises
a 20 mm diameter rotating shaft supported on two bearing
supports with two attached discs having a diameter of 140 mm
and thickness of 10 mm. The rotor system is driven using a
motor, as shown in Fig. 13 below.

The impact hammer test procedure was conducted to
extract the measured natural frequency of the rotating machine.
This tap testing was implemented using an impact hammer as
the excitation source and an accelerometer as the sensor, as
well as using a suitable amplifier and oscilloscope. The
accelerometer was installed at different locations on the test
rig. The experiments were implemented to measure the natural

Bearing support 1 Disc 1
Motor & supp

frequency of the above machine. The corresponding critical
speed was then found accordingly. As specified earlier, the
experimental testing was conducted using cracked shafts with
crack depth ratios for each crack position. Both first and
second natural frequencies and critical speeds were measured
for each case. Consequently, five shafts with the same
diameter defined in the rotor model were tested. One
uncracked shaft was tested to measure the original dynamic
properties. The other four with a crack depth ratio of (0.1, 0.2,
0.3, and 0.4) were tested for crack positions 1, 2, and 3 to
investigate the influence of crack existing on dynamic
properties. The experimental results of the critical speed for
the three crack positions are presented in Fig. 14. By
comparing these results with those obtained numerically,
shown in Fig. 7, a good agreement is obtained, which validates
the developed model.

Disc 2 Bearing support 2

Rotating shaft

Fig. 13 Experimental setup of the rotating machine model.
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Fig. 14 Experimental results for the impact of crack depth and position on critical speed.

For the sake of comparison and to identify the maximum
error between the results obtained from the numerical model
and those obtained experimentally, the measured and
numerical values of the rotor critical speed are plotted on same
graph for crack positions 1, 2, and 3 as shown in Fig. 15 to Fig.
17 respectively. A good agreement has been obtained between
the measured and experimental results with maximum error of
a round 3%, 3.1%, and 3.2% at crack position 1, 2, and 3
respectively. This error is within a reasonable range, which
verifies the numerical model developed in this study.

Finally, it is shown that the crack depth and position are
important factors affecting the behavior of the rotating
machine. In addition, the crack effect becomes more
dangerous as its location is closer to bearing support due to the
additional flexibility produced by the crack. Moreover, the
crack reduces the critical speed of the rotor system and makes
the

displacement responses as the crack presence weakens the

changes in vibration responses, frequency and

rotor stiffness. Furthermore, it is evident that the sub-
resonance level increases with the increase in the crack depth

2400

2150 1

Critical Speed, rpm
N
=

2100 r

2050

—— Measured | |

2000 ' ' '
0 0.05 0.1 0.15

0.2 0.25 0.3 0.35 0.4

Crack depth ratio

Fig. 15 Influence of crack depth on rotor critical speed at position 1.
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Fig. 16 Influence of crack depth on rotor critical speed at position 2.

for the running up responses. For the sake of validation, a
comparison was also conducted with the results found from
some of the available literature [23,26,31,32], and it is shown
that the results obtained in this study agree well with those
found in these papers.

4. Conclusions

In this paper, a muti-disc rotor system with a transverse crack
was modeled through the FE displacement approach to
investigate the dynamic behavior. The influence of crack
position and depth on the dynamic characteristics involving

critical speed, displacement and frequency responses as well
as vibration responses were investigated under transient
operation conditions. The following conclusions are derived
from this study:

- A novel displacement-based FE model to investigate the
dynamic behavior of multi-disc cracked rotating machines is
proposed.

- The developed model was applied to a numerical case study
example of a muti-disc rotor system with a transverse crack to
demonstrate the performance of the proposed model.

- The influence of crack position and depth on the dynamic

2400

2350 |‘

2300

2250

2200

Critical Speed, rpm

2150

2100

Madel
Measured

2050 y ! !
0 0.05 0.1 0.15

0.2 0.25 0.3 0.35 0.4

Crack depth ratio

Fig. 17 Influence of crack depth on rotor critical speed at position 3.
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characteristics involving critical speed, displacement and
frequency responses as well as vibration responses were
investigated under transient operation conditions.

- The developed model was validated experimentally through
a test rig.

- Both numerical and experimental results demonstrate that the
position and depth of the transverse crack reveal a noticeable
impact on the dynamic behavior of the rotating machine.

- The results obtained indicate that the presence of crack leads
to a remarkable change in vibration response, natural
frequency, and critical speed. The amount and nature of this
change were observed to be varying with crack depth and
location.

- It was shown that the critical speed decreases as the crack
deepens. Moreover, the crack effect on the dynamic of the

rotor increases as the crack location is near the bearing support.

- Consequently, the suggested model introduces a possible
approach for an online monitoring and diagnostic methods for
rotating machines.

As future research, one may consider investigation of
dynamic of FGM rotating shaft under such conditions dealt
with in this paper.
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