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Abstract 
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1. Introduction 

When controlling groups of robots, it is often necessary to 

change their position. In this case, the robots have to move in 

a space with obstacles and must not collide with each other. If 

the control quality criterion for a given problem is known, and 

in this case this criterion can be the time taken for the robots 

to reach new states, then such a problem can be easily 

formulated as an optimal control problem and its solution can 

be obtained numerically on the robot's on-board computer in 

real time, taking into account the existing phase parameters, 

restrictions defining the areas where obstacles are located, and 

conditions for the absence of collisions between robots. 

Control functions as functions of time for each robot are the 

solution to this problem. These control functions, inserted into 

the robot model, ensure that the simulation results in program 

trajectories. However, when these functions are inserted into 

real robots, the real robots will not move along the calculated  

trajectories due to the inaccuracy of the model and external 

disturbances. This is where the second problem arises, the 

construction of a stabilisation system for the movement of the 

robot along a given program trajectory. Such a stabilisation 

system should take into account the deviation of the robot's 

real position from the given program trajectory, i.e. the system 

for stabilising the robot's movement along a given trajectory 

is a function whose argument is the vector of the robot's state 

space. Finding such a function requires solving the control 

synthesis problem. This problem cannot be solved in real time 

on the robot's on-board processor. The motion stabilisation 

function must be built in advance at the design stage of the 

robot control system, and this function must ensure the 

stabilisation of the robot's motion along any given program 

trajectory. 

In this paper, the symbolic regression method is used to 

solve the control synthesis problem. This method makes it 

possible to find a mathematical expression for the desired 

function. In this case, a control function has been obtained to 

stabilise the movement of the robot along the program 

trajectory. This control function is inserted into the control 

system of each robot. Later in the process, when one or more 

robots need to move to new positions, the optimal control 

problem is formulated and solved, possibly on the robot's on-

board computer. The resulting solution is inserted into a 

reference model of the robot, also implemented on the on-

board processor. The reference model generates a program 
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trajectory. The deviation of the robot's actual position from the 

program trajectory is fed to a previously synthesised 

stabilisation system for movement along the program 

trajectory. The result of the operation of the motion 

stabilisation system is the value of the control vector which 

ensures that the robot moves close to the program trajectory. 

To ensure the control object movement along a given 

trajectory, it is usually necessary to solve the trajectory 

tracking problem[1-6], using model predictive control,[7,8] sliding 

mode control,[9,10] etc., paying special attention to dynamic, 

adaptive and smooth trajectory tracking.[11-15] 

This is typically done by stabilising the object relative to a 

point in the state space and then placing these points along a 

given trajectory. The control object moves along the trajectory 

from one active point to the next one. Since the object is stable 

relative to a point on the trajectory, model inaccuracies and 

small disturbances have little effect on the motion of the object. 

The disadvantage of this approach is that the speed of the 

object along the trajectory is not controlled. Note that the 

speed of the control object slows down near the stable 

equilibrium point and is zero at the point itself. If the points 

are placed far apart from the trajectory, then the object 

between the points may leave the trajectory. 

Another problem is that the solution of the control 

synthesis problem to ensure the stability of an object relative 

to a certain point in the state space is usually solved manually, 

based on the analysis of the control object model and control 

channels, without optimizing the quality criterion.[16] This 

approach cannot be called a universal numerical method. 

There are several approaches to solving the problem of 

stabilising movement along a given spatial trajectory. One 

approach is to transform the kinematic models into the chained 

form.[17,18] Another approach is to bring the system of 

differential equations describing the controlled movement of 

the robot into a form that allows linearization by feedback 

using variable substitution, and then solve the problem of 

stabilising control synthesis taking into account phase 

constraints and control constraints.[19,20] 

The problem of stabilisation system synthesis for 

movement along an optimal trajectory by machine learning 

control was first considered in Ref. [21]. A control system was 

obtained that included a reference model for generating an 

optimal trajectory over time. Research has shown that the 

stabilisation system depends on the type of optimal trajectory. 

To overcome this drawback, a universal stabilisation system 

was proposed in Ref. [22]. The universality of the stabilisation 

system assumes that a stabilisation system is constructed for 

an object moving along different trajectories belonging to the 

same class. To do this, we first solve the problem of 

stabilisation system synthesis for several given trajectories. In 

this case, the training set is the class of trajectories, and 

training the control system for the training set is the synthesis 

of the stabilisation system. The optimal control problem is 

solved for an object model that includes a stabilisation system 

and a subsystem with a reference model for generating a given 

trajectory. The resulting stabilisation system is used to move 

along a trajectory that is not included in the training set. To 

solve the problem of stabilisation system synthesis symbolic 

regression methods are used. [23,24] 

The work presents a universal computational algorithm for 

solving the problem of stabilisation system synthesis for 

movement of an object along a given trajectory. The algorithm 

is based on machine learning control by the network operator 

method,[25] one of symbolic regression methods. Symbolic 

regression allows to find mathematical expressions of control 

functions. When this function is inserted into the mathematical 

model of control object instead of the control vector, it changes 

the model in such a way that it has a particular solution that 

almost coincides with the given trajectory. This particular 

solution of the system of differential equations is a special one 

because it has a neighborhood with an attractor property. The 

obtained control system with the stabilisation system for the 

movement along the given trajectory in feedback is insensitive 

to small external disturbances and to small changes of an 

initial state, since the attractor property of the particular 

solution reduces the error between the states of the real object 

and the model. 

 

2. The motion stabilisation system synthesis problem 

The mathematical model of control object in the form of ODE 

system is given  

ẋ = f(x, u)                  (1) 

where x  is a vector of a control object state, x ∈ ℝ𝑛 , u  is a 

control vector, u ∈ U ⊆ ℝ𝑚 , U  is a compact set, that often 

defines constraints on control 

u− ≤ u ≤ u+                              (2) 

u−, u+ are lower and upper boundaries of control vector 

values respectively. 

The initial state is given 
x(0) = x0 = [𝑥1

0 …𝑥𝑛
0]T      (3) 

The program trajectory is given 

x∗(𝑡) = [𝑥1
∗(𝑡)… 𝑥𝑛

∗(𝑡)]T , 𝑡 ∈ [0; 𝑡𝑓]       (4) 

where x∗(0) = x0, 𝑡𝑓 is a given terminal time. 

It is necessary to find a control function in the form 

u = h(x∗ − x) ∈ U              (5) 

to minimize the following quality criterion 

𝐽0 = ∫ ‖x∗(𝑡) − x(𝑡, x0)‖2
𝑡𝑓

0
𝑑𝑡 → min , (6) 

where x(𝑡, x0) is a particular solution from the initial state (2) 

of the control object mathematical model (1) with the inserted 

control function (5) 

ẋ = f(x, h(x∗ − x)).   (7) 

In another problem statement the trajectory (4) is given in 

the space as one-dimension manifold 

g𝑖(x) = 0 , 𝑖 = 1,… , 𝑛 − 1,   (8) 

where g𝑖(x
0) = 0, 𝑖 = 1,… , 𝑛 − 1. 

In this problem statement the terminal state should be 

given 

x(𝑡𝑓) = x𝑓 = [𝑥1
𝑓
…𝑥𝑛

𝑓
]T ,    (9) 

where g𝑖(x
𝑓) = 0, 𝑖 = 1,… , 𝑛 − 1. 
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Here, initially, it is necessary to obtain the reference model. 

This can be done, if the following optimal control problem is 

solved in the classical statement. 

The mathematical model is given (1). The initial state is 

given (3). The terminal state is given (9). It is necessary to find 

a control function of time 

u = u∗(𝑡) ∈ U , 𝑡 ∈ [0; 𝑡𝑓],   (10) 

to minimize the following quality criterion 

𝐽1 = ∫ √∑ g𝑖
2(x∗(𝑡, x0))𝑛−1

𝑖=1
𝑡𝑓

0
𝑑𝑡 → min ,   (11) 

where x∗(𝑡, x0)  is a particular solution of the ODE system 

from the initial state (2) 

ẋ∗ = f(x∗, u∗(𝑡)).    (12) 

In the third case the trajectory is given as the set of points 

in the state space 

X∗ = {x∗,0, … , x∗,𝑘 , … , x∗,𝑁},   (13) 

where x∗,0 = x0
, x∗,𝑁 = x𝑓

. 

Then in order to obtain the trajectory in the form (4) it is 

necessary to solve the optimal control problem (1), (2), (3), (9), 

(10) with the foll    owing quality criterion 

𝐽2 = ∑ min
𝑡∈[0;𝑡𝑓]

‖x∗,𝑘 − x∗(𝑡, x0)‖𝑁
𝑘=0 → min ,   (14) 

where x∗(𝑡, x0) is a particular solution of the reference model 

(12) or the given trajectory (4) in the main problem.  

So, in all cases the given trajectory is obtained in the form 

(4). The given trajectory is a set of functions of time. For 

calculations it is necessary store each function in the form a 

set of points in some moments of time  

X∗ = {X1
∗ , … , X𝑛

∗ } ,    (15) 

where 

X𝑖
∗ = {𝑥𝑖

∗(𝑡0), 𝑥𝑖
∗(𝑡1),… , 𝑥𝑖

∗(𝑡𝑘),… , 𝑥𝑖
∗(𝑡𝑓)}, 𝑖 = 1,… , 𝑛,  (16) 

𝑡𝑗 = 𝑡𝑗−1 + ∆𝑡, 𝑗 = 1,… , 𝑁,   (17) 

∆𝑡 = ⌊
𝑡𝑓

𝑁
⌋ , 𝑁 + 1  is a given number of points, 𝑡0 = 0 , 

𝑥𝑖
∗(𝑡0) = 𝑥𝑖

∗(0) = 𝑥𝑖
0, 𝑥𝑖

∗(𝑡𝑓) = 𝑥𝑖
𝑓
,  

𝑖 = 1,… , 𝑛. 

Storing the given trajectory as a set of numbers in time is 

inconvenient for calculations, because it is can take up a lot of 

memory. It is better to use the reference model. If there is no 

reference model, as in the first case, then it can be obtained as 

the solution of the following optimal control problem (1), (2), 

(3), (6) with a control function as a function of time (10). Here 

it is necessary to keep the control function (10) for the 

reference model (12) instead of functions of the given 

trajectory (4). This is usually better than storing the functions 

of the given trajectory, because the dimension of control vector 

is smaller than the dimension of the state space vector. The 

given trajectory is continuous, therefore more point are needed 

to store it than to store the control function, which may have a 

first order function discontinuity. 

Now, the synthesis problem of motion stabilisation along 

the given trajectory has the following form. The mathematical 

model of control object (1), the control constraints (2), the 

initial state (3), the terminal state (9), the reference model (12), 

and the control function for the reference model (11) are given. 

It is necessary to find a control function as in (5), where x∗ is 

a solution of the reference model (12) for the control function 

(11), such that a value of the quality criterion (6) is minimal. 

To solve the control synthesis problem (1) – (3), (5), (6), (9), 

(11), (12) a machine learning control by symbolic regression 

is used. If a solution to the control synthesis problem is found 

only for one initial state, then the motion stabilisation system 

will be sensitive to changes in the initial states, so it is 

necessary to include some additional conditions in the 

statement of the control synthesis problem. An initial state is 

replaced by the set of initial states from a neighborhood of the 

given initial state 

X0 = {x0,1, … , x0,𝐾} ,  (18) 

where 

‖x0,𝑖 − x0‖
2

≤ ∆ ,   (19) 

∆  is a positive value that defines a domain of low 

sensitivity to changes in the initial state. Relatively, the quality 

criterion (6) is transformed into the sum of the criterion values 

for each initial state 

𝐽4 = ∑ ∫ ‖𝐱∗(𝑡) − 𝐱(𝑡, 𝐱0,𝑖)‖
2

𝑡𝑓,𝑖

𝟎
𝑑𝑡𝐾

𝒊=1 → min ,  (20) 

where 𝑡𝑓,𝑖 is a time of reaching the terminal state (10) from the 

initial state 𝐱0,𝑖 

𝑡𝑓,𝑖 = {
𝑡, if  𝑡 < 𝑡+ and ‖𝐱𝑓 − 𝐱(𝑡, 𝐱0,𝑖)‖ ≤ ε

𝑡+, otherwise                                            
  , 𝑖 = 1,… ,𝐾 ,

 (21) 

ε, 𝑡+ are given positive values, 𝑡+ ≥ 𝑡𝑓. 

 

3. Symbolic regression for search of mathematical 

expression 

Symbolic regression is a relatively new computational method 

that, like artificial neural networks, is a universal 

approximator of any function. An artificial neural network is a 

function with a given structure with a large number of 

configurable parameters. The function approximation by the 

artificial neural network is performed by finding the 

corresponding parameter values. Searching for parameter 

values in an artificial neural network is called learning it. 

Symbolic regression, unlike an artificial neural network, 

allows to find not only the parameters of a function, but also 

its structure. All symbolic regression methods encode the 

function in the form of a special code. To encode a function, 

symbolic regression methods use an alphabet of elementary 

functions. The search for the desired function is carried out by 

a special genetic algorithm in the code space. In the genetic 

algorithm, the basic crossover operation is specifically 

designed for codes of the symbolic regression method so that, 

as a result of this crossover operation, a new correct code of 

symbolic regression method is obtained. 

In this work, symbolic regression is used to solve the 

problem of synthesis a system for movement stabilization 

along a trajectory. Note that when solving any control 

synthesis problem, a feedback function is sought for. This 

function which is inserted into the right parts of the differential 
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equation system of the control object model. Any function in 

the feedback significantly changes the dynamics of the object. 

Since the feedback control function is not known in advance, 

it is very difficult to obtain a high-quality training sample for 

the control synthesis problem. Therefore, an artificial neural 

network is not used to solve the control synthesis problem. 

Here, the network operator method[25] is used to solve the 

control synthesis problem. This symbolic regression method 

encodes a mathematical expression as an oriented graph. The 

method uses only functions with one and two arguments. Let 

us consider an example of encoding a mathematical 

expression using a network operator. Let the following 

mathematical expression be specified 

𝑦 = 𝑥1exp (−𝑞2𝑥2)sin (𝑥2 cos(𝑞1𝑥1 + 𝑞2))        (22) 

To encode this mathematical expression, the alphabet of 

elementary functions of the network operator method must 

include the following functions: 

- functions with one argument 

F1 = {𝑓1,1(𝑧) = 𝑧, 𝑓1,2(𝑧) = −𝑧, 𝑓1,3(𝑧) =
exp(𝑧) , 𝑓1,4(𝑧) = sin(𝑧),      

𝑓1,5(𝑧) = cos(𝑧)};       (23) 

- functions with two arguments 

F2 = {𝑓2,1(𝑧1, 𝑧2) = 𝑧1 + 𝑧2, 𝑓2,2(𝑧1, 𝑧2)};   (24) 

-arguments of mathematical expression or functions without 

arguments 

F0 = {𝑓0,1 = 𝑥1,  𝑓0,2 = 𝑥2, 𝑓0,3 = 𝑞1, 𝑓0,4 = 𝑞2}.   (25) 

All elements of the alphabet have two lower indexes, the first 

index is a number of arguments, the second index is the 

element number in the set. The set of functions with one 

argument (23) includes identity function 𝑓1,1(𝑧) = 𝑧 . All 

functions with two arguments (24) are commutative, 

associative, and have their own unit element.  

 
Fig. 1 The network operator graph for the mathematical 

expression (22) 

 

Figure 1 shows the network operator graph of the 

mathematical expression (22). On the graph, the source nodes 

are associated with the arguments of the mathematical 

expression. The remaining nodes are associated with functions 

of two arguments. The numbers of function of two arguments 

are specified in these nodes. Graph arcs are associated with 

functions with one argument. Near the arcs are function 

numbers with one argument. If there is no function number 

near the arc, then it is associated with the identity function  

𝑓1,1(𝑧) = 𝑧. All nodes are indexed in the upper parts. The node 

indices are topological sorted. It means that the index of the 

node from which an arc exits is less, than the index of the node 

where it enters. The topological sorting is always possible for 

the graph without loops.  

In the computer memory, the network operator is stored as 

an integer matrix. Each row of the matrix corresponds to a 

node of the graph. If the node numbers of the graph are 

topologically sorted, then the matrix has an upper triangular 

form. The network operator presented in Fig. 1 has the 

following matrix 

Ψ = [ψ𝑖,𝑗] =

[
 
 
 
 
 
 
 
 
 
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 1 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 1 0 0 0
0 0 0 0 2 0 1 0 0 0
0 0 0 0 0 2 0 2 0 0
0 0 0 0 0 0 1 0 5 0
0 0 0 0 0 0 0 1 0 3
0 0 0 0 0 0 0 0 2 4
0 0 0 0 0 0 0 0 0 2]

 
 
 
 
 
 
 
 
 

     (26) 

where 𝑖, 𝑗 = 1,… , 𝐿, 𝐿 is a number of nodes in the graph, 𝐿 =
10.  

On the main diagonal are zeros or the numbers of functions 

with two arguments. Zero specifies on node-source of the 

graph. Remain non-zero elements in the matrix are the 

numbers of functions with one argument. If ψ𝑖,𝑗 ≠ 0 , then 

between the node 𝑖 and node 𝑗 is the arc from node 𝑖 to node 𝑖 
associated with the function with one argument under number 

ψ𝑖,𝑗.  

In order to calculate the mathematical expression by the 

network operator matrix, a nodes vector is used. Each 

component of nodes vector is associated with a network 

operator node. The number of elements in the nodes vector is 

equal to the number of nodes. The initial value of the nodes 

vector consists of arguments of a mathematical expression and 

unit elements of functions with two arguments.  

The initial value of the nodes vector of the network 

operator matrix (26) is 

z(𝟎) = [z1
(0)

… 𝑧10
(0)

]T  = [𝑥1 𝑥2 𝑞1 𝑞2 1 1 0 0 1 1]T.  (27) 

Here 1 is unit element for the multiplication function 

𝑓2,2(𝑧1, 𝑧2) , 0 is unit element for the function addition 

𝑓2,1(𝑧1, 𝑧2). Next, all rows of the network operator matrix are 

sequentially viewed. The component values of the nodes 

vector change according to the following formula 

z𝑗
(𝑖) ← {

𝑓2,ψ𝑗,𝑗
(𝑧𝑗

(𝑖−1)
, 𝑓1,ψ𝑖,𝑗

(𝑧𝑖
(𝑖−1)

)) , if ψ𝑖,𝑗 ≠ 0

z𝑗
(𝑖−1)

,   otherwise                                         
,  (28) 

where 𝑖 = 1,… , 𝐿 − 1, 𝑗 = 𝐿 + 1,… , 𝐿.  

The nodes vector (27) after viewing the penultimate row of the 
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matrix (26) has the following form 

z(9) =

[
 
 
 
 
 
 
 
 
 

𝑥1

𝑥2

𝑞1

𝑞2

𝑥1𝑞1

𝑥2𝑞2

𝑥1𝑞1 + 𝑞2

−𝑥2𝑞2

𝑥2 sin(𝑥1𝑞1 + 𝑞2)

𝑥1exp (−𝑥2𝑞2)cos (𝑥2 sin(𝑥1𝑞1 + 𝑞2))]
 
 
 
 
 
 
 
 
 

.  (29) 

The last component of the nodes vector (29) is equal to the 

mathematical expression (22).  

At the search of the mathematical expression the network 

operator applies the variational genetic algorithm. This 

algorithm uses the principle of small variations of basic 

solution. According this principle in an initial population only 

one basic solution is codded by code of the network operator 

method. All other possible solutions are codded by ordered set 

of codes of small variations. In the network operator method 

to code a small variation the integer vector with four 

components is used 

w = [𝑤1 𝑤2  𝑤3  𝑤4]
T ,     (30) 

where 𝑤1 is a type of a small variation, 𝑤2 is the number of 

line of the network operator matrix, 𝑤3  is the number of 

column of the network operator matrix, 𝑤4 is a new value of 

element of the network operator matrix.  

The network operator method uses four types of small 

variation: 𝑤1 = 0  is an exchange of the function with one 

argument: if ψ𝑤2𝑤3
≠ 0 , then ψ𝑤2𝑤3

← 𝑤4 ; 𝑤1 = 1  is an 

exchange of the function with two argument: if ψ𝑤2𝑤2
≠ 0, 

then ψ𝑤2𝑤2
← 𝑤4 ; 𝑤1 = 2  is an insertion of the additional 

function with one argument: if ψ𝑤2𝑤3
= 0, then ψ𝑤2𝑤3

← 𝑤4; 

𝑤1 = 3 is an elimination of the function with one argument: if 

ψ𝑤2𝑤3
≠ 0  and ∃ψ𝑤2,𝑗 ≠ 0 , 𝑗 > 𝑤2 , 𝑗 ≠ 𝑤3  and ∃ψ𝑖,𝑤3

≠ 0 , 

𝑖 ≠ 𝑤2, then ψ𝑤2𝑤3
= 0.  

In the population any possible solution is coded as ordered 

set of small variation vectors 

W𝑖 = (w𝑖,1, … , w𝑖,𝑑). 𝑖 = 1,… ,𝐻,   (31) 

where 𝑑  is a depth of variations, 𝐻  is a number of possible 

solutions in the population except the basic solution. 

Any possible solution Ψ𝑖 is a result of application the set of 

small variation to the basic solution  

Ψ𝑖 = W𝑖 ⋄ Ψ0 = w𝑖,𝑑 ⋄ …⋄ w𝑖,1 ⋄ Ψ0,    (32) 

where Ψ0 is a network operator matrix of the basic solution. 

At the performing crossover operation two possible solutions 

in the form of ordered sets of small variation vectors are 

selected randomly  

W𝛼 = (w𝛼,1, … ,w𝛼,𝑑), W𝛽 = (w𝛽,1, … , w𝛽,𝑑).  (33) 

A crossover point is determined randomly, 𝑐 ∈ {1,… , 𝑑}. 
Two new possible solutions are obtained by the exchange of 

tails after the crossover point of selected possible solutions 

W𝐻+1 = (w𝛼,1, … ,w𝛼,𝑐 , w𝛽,𝑐+1, … ,w𝛽,𝑑),  (34) 

W𝐻+2 = (w𝛽,1, … , w𝛽,𝑐 , w𝛼,𝑐+1, … , w𝛼,𝑑).   (35) 

 

4. Computational experiment 

Consider the motion stabilisation system synthesis along the 

trajectory for two quadcopters. The mathematical model of 

spatial motion of quadcopters consists of six ordinary 

differential equations for each control object  

𝑥̇1
𝑗
= 𝑥4

𝑗
,    (36) 

𝑥̇2
𝑗
= 𝑥5

𝑗
,    (37) 

𝑥̇3
𝑗
= 𝑥6

𝑗
,    (38) 

𝑥̇4
𝑗
= 𝑢4

𝑗
(sin(𝑢3

𝑗
)cos(𝑢2

𝑗
)cos(𝑢1

𝑗
) + sin(𝑢1

𝑗
)sin(𝑢2

𝑗
)),   (39) 

𝑥̇5
𝑗
= 𝑢4

𝑗
cos(𝑢3

𝑗
)cos(𝑢1

𝑗
) − g.    (40) 

𝑥̇6
𝑗
= 𝑢4

𝑗
(cos(𝑢2

𝑗
)sin(𝑢1

𝑗
) + cos(𝑢1

𝑗
)sin(𝑢2

𝑗
)sin(𝑢3

𝑗
)),   (41) 

where 𝑗 is the number of quadcopter, g is the acceleration of 

gravity, g = 9.80665,  

x𝑗 = [𝑥1
𝑗
…𝑥6

𝑗
]T  is state vector of the quadcopter 𝑗 , u𝑗 =

[𝑢1
𝑗
…𝑢4

𝑗
]T is the control vector of the quadcopter 𝑗, 𝑗 = 1,2. 

The components of control vector are limited  

𝑢1
− = −

𝜋

12
≤ 𝑢1

𝑗
≤

𝜋

12
= 𝑢1

+,   (42) 

𝑢2
− = −𝜋 ≤ 𝑢2

𝑗
≤ 𝜋 = 𝑢2

+,   (43) 

𝑢3
− = −

𝜋

12
≤ 𝑢3

𝑗
≤

𝜋

12
= 𝑢3

+,   (44) 

𝑢4
− = 0 ≤ 𝑢4

𝑗
≤ 12 = 𝑢4

+.     (45) 

The initial states for quadcopters are given 

x1(0) = [0 5 0 0 0 0]T, x2(0) = [0 5 10 0 0 0]T.  (46) 

The terminal states are  

x1,𝑓 = [10 5 10 0 0 0]T, x2,𝑓 = [10 5 0 0 0 0]T.  (47) 

There are phase constraints in the spatial of flight   

φ𝑖(x) = 𝑟𝑖 − √(𝑎𝑖 − 𝑥1)2 + (𝑏𝑖 − 𝑥3)2 ≤ 0,  (48) 

where 𝑖 = 1,… ,4 , 𝑟1 = 𝑟2 = 𝑟3 = 𝑟4 = 1.5 , 𝑎1 = 2 , 𝑏1 = 2 , 

𝑎2 = 8, 𝑏2 = 2, 𝑎3 = 2,  
𝑏3 = 8, 𝑎4 = 8, 𝑏4 = 8. 

The distance between quadcopters is limited 

𝜒(x1, x2) = 𝑟 − √∑ (𝑥𝑖
1 − 𝑥𝑖

2)23
𝑖=1 ≤ 0,  (49) 

where 𝑟 = 1.5. 

Initially, the problem of optimal control by the criterion of the 

shortest time to reach the terminal state was solved. The 

maximum terminal time of the control process was 𝑡+ = 5.6. 

When solving the optimal control problem, a direct approach 

was used. All phase constraints and terminal-state accuracy 

were included in the quality criterion 

𝐽4 = 𝑡𝑓 + 𝑝1(‖x1,𝑓 − x1(𝑡𝑓)‖ + ‖x2,𝑓 − x2(𝑡𝑓)‖) + 

𝑝2 ∑ ∫ (ϑ(φ𝑖(x
1)) + ϑ(φ𝑖(x

2)))𝑑𝑡
𝑡𝑓
0

4
𝑖=1 +

𝑝3 ∫ ϑ(χ(x1, x2))𝑑𝑡 → min
𝑡𝑓

0
 ,                      (50) 

where 𝑝1 , 𝑝2 , 𝑝3  are penalty coefficients, 𝑝1 = 1 , 𝑝2 = 3 , 

𝑝3=3, 𝑡𝑓 = max {𝑡𝑓,1, 𝑡𝑓,2}, 𝑡𝑓,𝑗 is a time of achievement of the 

terminal state of quadcopter 𝑗 , 𝑗 = 1,2 , ϑ(α)  is a Heaviside 

step function 

ϑ(α) = {
1,   if α > 0     
0,   otherwise

. 

Coefficient p1 takes into account the accuracy of each object 

reaching the terminal state. Coefficient p2 takes into account 

the violation of phase constraints; if the phase constraints are 
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violated by one of the objects, then the value of the Heaviside 

function is equal to 1, respectively, the integral of 1 is equal to 

the time when the object violates phase constraints. The 

coefficient p3 takes into account dynamic phase constraints 

when objects approach a distance closer than the permissible 

r. To check the conditions for violation of phase constraints, 

the Heaviside function is also used. All non-zero values for 

penalty coefficients are added to the main criterion - the time 

of the control process. 

To solve the problem, a piecewise linear approximation of 

control functions was used 

𝑢𝑖
𝑗,∗

(𝑡) = {

𝑢𝑖
+,   if  𝑢̂𝑖

𝑗,∗
(𝑡) ≥ 𝑢𝑖

+

𝑢𝑖
−,   if  𝑢̂𝑖

𝑗,∗
(𝑡) ≤ 𝑢𝑖

−

𝑢̂𝑖
𝑗,∗

(𝑡),   otherwise

, = 1,2, 𝑖 = 1,… ,4,  (51) 

where  

𝑢̂𝑖
𝑗,∗(𝑡) = 𝑞𝑖+4(𝑗−1)+8(𝑘−1) + (𝑞𝑖+4𝑗+8(𝑘−1) −

𝑞𝑖+4(𝑗−1)+8(𝑘−1))
𝑡−𝑘∆𝑡

∆𝑡
,                              (52) 

𝑗 = 1,2, 𝑖 = 1,… ,4, 𝑘 = 1,… ,𝑀, ∆𝑡 = 0.4, 

𝑀 = ⌊
𝑡+

∆𝑡
⌋ = ⌊

5,6

0.4
⌋ = 14 ,                     (53) 

q = [𝑞1 …𝑞2∙4∙(𝑀+1)]
T = [𝑞1 …𝑞120]

T is a vector of required 

parameters. 

To solve the optimal control problem, an evolutionary 

hybrid algorithm[26] was used, which includes a combination 

of three evolutionary algorithms, a genetic algorithm,[27] 

particle swarm optimization algorithm[28] and a gray wolf 

optimizer algorithm.[29] Parameters of hybrid GA: population 

size – 512, generations – 64, crossovers in one generation - 64; 

probability of mutation – 0.75, depth of variations – 7. As a 

result, a solution with a quality criterion value was found 𝐽4 =
5.63. 

At the second stage, the stabilisation system synthesis 

problem for motion of a control object along the optimal 

program trajectory was solved. Reference models were 

included into the object models that generated the optimal 

program trajectories. It was necessary to find one stabilization 

system for both quadcopters. The network operator method 

was used to solve the problem. Parameters of NOP: dimension 

36 х 36, number of differential equations – 24. As a result, the 

network operator method found the following solution 

𝑢𝑖 = ℎ𝑖(𝐱
∗ − 𝐱) = {

𝑢𝑖
+,   if 𝑢̃𝑖 ≥ 𝑢𝑖

+

𝑢𝑖
−,   if 𝑢̃𝑖 ≤ 𝑢𝑖

−

𝑢̃𝑖 ,   otherwise

, 𝑖 = 1,… ,4,   (54) 

where 

𝑢̃1 = μ(𝐺) + 𝜌19(𝐺),  (55) 

𝑢̃2 = 𝑢̃1 − 𝑢̃1
3,    (56) 

𝑢̃3 = 𝜌19(𝐴 + μ(𝐺)) + 𝜌17(𝑞1(𝑥1
∗ − 𝑥1) + 𝑞4(𝑥4

∗ − 𝑥4))   

(57) 

𝑢̃4 = 𝑢̃3 + ln(|𝑢̃2|) + sgn(𝐴 + μ(𝐺))√|𝐴 + μ(𝐺)| + 𝜌19(𝐴)

+ 

arctan(𝐷 + tanh(𝐸) + 𝜌18(𝐻)) + sgn(E) + arctan(F) +

√𝑞1  (58) 

𝐴 = 𝐶 + tanh(𝐷) + exp(𝐺) + 1, 

𝐵 = 𝐶 + sgn(𝐷)√|𝐷|, 

𝐶 = exp(𝐷 + tanh(𝐸) + 𝜌18(𝐻)) + cos (𝑞6(𝑥6
∗ − 𝑥6)), 

𝐷 = 𝐸 + √𝐹
3

+ sin(𝑞1(𝑥1
∗ − 𝑥1) + 𝑞4(𝑥4

∗ − 𝑥4)), 

𝐸 = 𝐺 + sgn(𝑥5
∗ − 𝑥5) + (𝑥2

∗ − 𝑥2)
3 + 𝐺−1 + arctan(𝐺) −

𝐻, 

𝐹 = 𝐺 + sgn(𝑥5
∗ − 𝑥5) + (𝑥2

∗ − 𝑥2)
3, 

𝐺 = 𝜌17(𝑞6(𝑥6
∗ − 𝑥6) + 𝑞3(𝑥3

∗ − 𝑥3) + 𝑥5
∗ − 𝑥5) + 𝐻3 + 

𝑞1(𝑥1
∗ − 𝑥1) + 𝑞4(𝑥4

∗ − 𝑥4) + ϑ(𝑥5
∗ − 𝑥5) + (𝑥5

∗ − 𝑥5)
2 

𝐻 = sin(𝑞6(𝑥6
∗ − 𝑥6)) + 𝑞5(𝑥5

∗ − 𝑥5) + 𝑞2(𝑥2
∗ − 𝑥2) +

cos(𝑞1) + ϑ(𝑥2
∗ − 𝑥2), 

μ(α) = {
α,   if |α| < 1            
sgn(α),   otherwise

, 

𝜌17(α) = sgn(α)ln (|α| + 1), 

𝜌18(α) = sgn(α)(exp(α) − 1), 

𝜌19(α) = sgn(α) exp(−|α|), 
𝑞1 = 13.20679 , 𝑞2 = 10.64478 , 𝑞3 = 9.22241 , 𝑞4 =
14.14917, 𝑞5 = 9.29492,  
𝑞6 = 7.82690. 

Figures 2 and 3 show the simulation results for two 

quadcopters with the obtained stabilisation system. Fig. 2 

shows projections of quadcopters trajectories from eight 

different initial states onto the horizontal plane. Solid black 

lines are the trajectories of the first quadcopter, dotted lines of 

the trajectory of the second quadcopter. Red circles are phase 

constraints. Cyan indicates the program trajectories generated 

by the reference models. Fig. 3 shows the projections of the 

same trajectories from eight initial states and the optimal 

program trajectories on the vertical plane. As it can be seen 

from the simulation results, the stabilisation system obtained 

by symbol regression satisfactorily tracks the program 

trajectories. There is a slight error in the reaching the terminal 

state. 

Figure 4 shows the trajectories of movement of objects 

(quadrotor 1 a-c, quadrotor 2 d-f) with a stabilisation system 

without disturbances of the initial conditions (black) and the 

desired program trajectory (blue), obtained from the reference 

model, over the remaining coordinates 𝑥4 − 𝑥6. 

Figure 5 shows real (black) and program (blue) controls for 

both objects (quadrotor 1 a-d, quadrotor 2 e-h). As it can be 

seen from the figures the real control does not coincide with 

the program control, although it retains some features, except 

for the component 𝑢2 . This is due to the fact that the 

stabilization system did not provide program control tracking. 

Program control was needed in order to generate a program 

trajectory. Object control systems tracked only the program 

trajectory. The large discrepancy between the graphs of real 

and program control for the component 𝑢2 is explained by the 

fact that this component practically does not participate in the 

spatial movement of the center of mass of the quadrotors, since 

this component is the angle of rotation around the vertical axis, 

and the position of the center of mass of the object is most 

influenced by the projection of the force 𝑢4, which depend on 

the rotation angles 𝑢1 and 𝑢3 around other axes 𝑥1 and 𝑥3. 

Computational experiment was performed on PC with  
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Fig. 2 Projections of trajectories of both quadcopters on the 

horizontal plane. 
 

Fig. 3 Projections of trajectories of both quadcopters on the 

vertical plane. 

 
a 

 
d 

 
b 

 
e 

 
c 

 
f 

Fig. 4 Real (black) and program (blue) trajectories of quadcopter 1 (solid) and 2 (dots) movement over coordinates 𝑥4 − 𝑥6 without 

disturbance of initial conditions. 
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a 

 
e 

 
b 

 
f 

 
c 

 
g 

 
d 

 
h 

Fig. 5 Real (black) and program (blue) controls of quadcopter 1 (solid) and 2 (dots) without disturbance of initial conditions. 

 

CPU Intel Core i7, 3.3 GHz. Computational time was approx. 

4.5 hours.  

 

5. Conclusions & future work 

Symbolic regression methods allow to find a mathematical 

expression of the control function in the form of some code. 

During the search process to calculate the value of the 

optimization criterion, a mathematical expression is 

substituted into the right side of the model of the control object. 

This approach ensures automatic discovery of the structure 
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and parameters of the control function and eliminates manual 

operations that are usually performed by the researcher when 

solving this problem. As a result of the approach based on 

machine learning, it was possible to obtain a control system 

that provides high-quality stabilization of the object relative to 

given trajectories and is little sensitive to disturbances in the 

initial conditions. 

The paper also considers the problem of constructing a 

reference model for various forms of given trajectories. Three 

forms of specifying a trajectory are considered: as a function 

of time, as a one-dimensional manifold in state space, as a set 

of points in state space. To obtain a reference model for all 

forms of specifying trajectories, an optimal control problem is 

solved, in which the control function is found as a function of 

time. The control function provides a particular solution to the 

ODE system. This particular solution minimizes the value of 

the quality criterion. In all three cases, the optimal control 

problem is solved with a quality criterion that describes the 

deviation of a particular solution from the given trajectory 

shapes. As a result of solving the optimal control problem, a 

reference model is obtained that generates a program 

trajectory in time. 

The statement and numerical solution of the stabilisation 

system synthesis for the movement of a group of two 

quadrotors moving in space with static and dynamic obstacles 

is presented. In the first stage, the optimal control problem 

with minimization of the time to reach the terminal state was 

solved using a direct approach through a hybrid evolutionary 

algorithm. The resulting control function had a piecewise 

linear form. In the second stage, a stabilisation system for the 

movement of the quadrocopters relative to the optimal 

program trajectory obtained in the first stage was synthesised. 

The synthesis was carried out using the network operator 

method, which belongs to the class of machine learning 

control methods. To test the obtained solution, we simulated 

the movement of a group of quadrocopters with a stabilisation 

system from different initial conditions. The simulation results 

showed that the objects moved along the program trajectories 

without collisions with obstacles and without collisions with 

each other, and reached the terminal state. 

In the future, it is planned to apply this approach to the 

movement of objects along various trajectories and to study 

the trajectories of other shapes. Explore different forms of 

disturbances, such as wind for example. Explore other 

symbolic regression methods and explore approaches that 

provide the ability to obtain a more compact control function 

by limiting the nesting level of function compositions. 
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