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Abstract

The de Bruijn graph was proposed by de Bruijn and Good in 1946. It was initially employed in binary sequence research but
has been widely adopted across diverse fields and disciplines like information and coding theory, computational science,
hardware architecture, and distributed networks. However, a comprehensive review of its various applications is lacking. To
address this issue and to honor the 105th birth anniversary of Nicolaas Govert de Bruijn, we present this review. In this review,
we categorize de Bruijn graph’s features into node/edge features and structure features, and then describe its applications
accordingly. Applications utilizing node/edge features include pseudo-random sequence design, correction code design for
racetrack memory, image design for self-location in tangible user interface, reversibility determination for one-dimensional
cellular automata, and genome assembly, while those utilizing structure features involve VLSI design, connection among
wireless sensors, and network design with distributed hash tables. In addition, we also summarize variations of the de Bruijn
graph for enhanced performance, including positional de Bruijn graph and A-Bruijn graph in genome assembly, constrained
de Bruijn graph in correction code design for racetrack memory, and hierarchical de Bruijn graph in network design with
distributed hash tables. At last, we propose some ideas of the de Bruijn graph’s novel applications.
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1. Introduction

The de Bruijn graph is a directed graph where nodes represent
fixed-length sequences of given symbols, and two nodes with
overlapping sequences are connected through an edge. Origin
of the de Bruijn graph can be traced back to de Bruijn and
Good’s work in 1946,'? where it was initially proposed to
investigate problems related to binary sequences, and has
close relationship with the feedback shift registers (FSR; for
more details about the FSR, please refer to SI Appendix,
Section Relationship between the FSR and de Bruijn graph).
With advancement of researches, the de Bruijn graph has been
applied in various fields and disciplines like information and
coding theory, computational science, hardware architecture,
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and distributed networks. However, there is currently a lack of
comprehensive review of the de Bruijn graph’s applications
across different fields. Such a review is important because a
comprehensive summary of existing applications could inspire
novel applications of the de Bruijn graph. To address this issue
and to honor Nicolaas Govert de Bruijn’s 105th birth
anniversary, we present this review. In this review, we initially
categorize features of the de Bruijn graph into node/edge
features and structure features. The former features mainly
include each node representing a unique sequence and two
connected nodes representing overlapping sequences. The
latter features are such as the graph diameter is relatively small
and number of out-neighbors for each node is constant. Then
we classify the de Bruijn graph’s applications accordingly
based on the features. The applications utilizing node/edge
features include pseudo-random sequence design,!
correction code design for racetrack memory,'>'?l image
design for self-location in tangible user interface,!'>%
reversibility determination for one-dimensional cellular

automata,’’>") and genome assembly;>¢4 the applications
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structure features include VLSI design,!® 7!
connection among wireless sensors,’*%¥ and network design

with distributed hash tables.3*° In addition, we also discuss

utilizing

variations of the de Bruijn graph that appear in these
applications, including positional de Bruijn graph and A-
Bruijn graph in genome assembly, constrained de Bruijn graph
in correction code design for racetrack memory, and
hierarchical de Bruijn graph in network design with
distributed hash tables, and propose some ideas of the de
Bruijn graph’s novel applications.

2. Theory of the de Bruijn graph

As a directed graph, each node u of the de Bruijn graph
represents a sequence of length k over ¢ given symbols. That
is, each node u is (x1, x2, . . ., xx), and x; (1 <i <k) belongs to
a symbol set [F, containing ¢ different symbols. In addition,
two nodes u and v in the graph are connected by a directed
edge from u to v if and only if the suffix of # of length k£ — 1 is
equal to the prefix of v. That is, any two node u = (x1, x2, ..., Xk)
and node v = (x2, ..., Xi, xx+1) are connected with an edge in the
graph. According to the above definition, a de Bruijn graph
can be determined by the length & and symbol set F, so we
refer to such de Bruijn graph as k-dimensional de Bruijn graph
with [F; or k-dimensional de Bruijn graph over g symbols.
Specifically, if F, = {0, 1}, the de Bruijn graph is called binary
de Bruijn graph.

According to the definition of k-dimensional de Bruijn
graph over ¢ symbols, we can summarize some node/edge
features of the graph. Firstly, each node of the de Bruijn graph
represents a unique sequence of length k, and there are ¢*
nodes representing all k-length sequences over symbol gq.
Secondly, sequences of two connected nodes have an overlap

of length £ — 1, so each connecting edge represents a unique
sequence of length £ + 1. Based on the node/edge features, a
related concept de Bruijn sequence can be introduced. The de
Bruijn sequence is a circular sequence obtained by traversing
all nodes of a de Bruijn graph, and it has the property that all
subsequences of length k are unique. When the de Bruijn graph
is binary de Bruijn graph, the de Bruijn sequence is referred to
as binary de Bruijn sequence. It is worthwhile to note that,
such a graph traversal problem is usually defined as
Hamiltonian cycle problem, which is NP-Hard, but fortunately
for the de Bruijn graph, the problem can be alternatively
defined as Eulerian cycle problem, which can be solved in
polynomial time."!!

In addition to the aforementioned node/edge features, the
de Bruijn graph has some structure features. Firstly, number of
out-neighbors for each node is fixed ¢ in the de Bruijn graph.
Secondly, diameter of the graph, length of the shortest path
between the most distanced nodes, is fixed k. Since number of
nodes in the graph is ¢*, & is sufficiently small equal to log,q*.
Thirdly, the shortest path between two nodes can be obtained
in O(k) time by comparing sequences represented by source
node and destination node using a prefix tree.[’ For example,
to obtain the shortest path from node 0010 to 1001, with the
former’s suffix 10 equal to the latter’s prefix, the shortest path
is obtained directly as 0010 — 0100 — 1001. Note that this
feature is not used in any of the reviewed applications, but we
feel it needs to be mentioned for completeness. Fourthly, with
limited nodes removed from the de Bruijn graph, its
connectivity can be largely kept. For example, when ¢ > 2 and
the number of removed nodes is less than or equal to g — 2,
the remaining nodes will remain connected. In case of ¢ = 2,
removing one node can leave at least 28 — k — 1 nodes

Table 1. Features of the k-dimensional de Bruijn graph over g symbols, and various applications of the de Bruijn graph based on its

features.
Category  Feature description Field and discipline Application
Pseudo-random sequence design
Each node represents a unique sequence of length k& . Correction code design for
. Information and
There are g* nodes representing all k-length sequences over . racetrack memory
coding theory - —
Node/ed symbol q Image design for self-location in
ode/edge - .
foat 8 Sequences of two connected nodes have an overlap of tangible user interface
eatures
length k£ — 1 Reversibility determination for
Each connecting edge represents a unique sequence of Computational one-dimensional cellular
length £ + 1 Science automata
Genome assembly
N}lmber of out-neighb(-)rs -for each node is fixed ¢ Harqware VLSI design
Diameter of the graph is fixed k architecture
Structure  The shortest path between two nodes can be obtained in Connection among wireless
features O(Kk) time sensors

With limited nodes removed from the graph, its connectivity

can be largely kept

Distributed networks - - .
Network design with distributed

hash table
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connected.”® These introduced node/edge features and
structure features above are listed in Table 1.

3. Applications based on node/edge features

3.1 Information and coding theory

3.1.1 Pseudo-random sequence design

Pseudo-random sequences are binary sequences of certain
length proposed along with the invention of computer in
1946,% and have various applications. For example, in
wireless communication systems, they can be used as
spreading codes;**! in cryptography, they can be employed for
stream ciphers;!¥ in neuroimaging, they are utilized as ideal
stimuli.”? There are several typical requirements to design
quality pseudo-random sequences.® (i) The sequence length is
relatively large. (i) Any subsequence of a specific length
within a sequence is unique. (iii) Number of Os and 1s in a
sequence is equal. (iv) Number of various sequences is
sufficiently large.

To meet these requirements, the k-dimensional binary de
Bruijn graph was used to generate binary de Bruijn sequences
as the pseudo-random sequences, at the time the de Bruijn
graph was initially proposed. The reasons are as below. (1) The
k-dimensional binary de Bruijn graph has 2* nodes, so length
of the generated sequences is 2* relatively large. (2) Each
subsequence of length & within a binary de Bruijn sequence
corresponds to a node in the binary de Bruijn graph, so it is
unique. (3) Nodes of the binary de Bruijn graph represent all
k-length binary sequences, so a generated sequence has equal
number of Os and 1s. (4) Different traversals of the binary de
Bruijn graph can generate various binary de Bruijn sequences,

and the number of generated sequences is 227"~k which is

sufficiently large.!"
Some typical alternative pseudo-random sequences are m-

a)
Read head 1

sequences, gold sequences and Walsh-Hadamard sequences. !
The m-sequences can satisfy requirements (i), (i) and (iii), but
not (iv), whereas the gold sequences and Walsh-Hadamard
sequences show some improvements in (iv), but still not
sufficient. SI Appendix, Table S1 provides a comparison about
number of various m-sequences, gold sequences, Walsh-
Hadamard sequences and binary de Bruijn sequences with
fixed length requirement. Though the de Bruijn sequences
their
straightforward relying on graph traversal, and therefore limits

have many advantages, implementation is not
further utilization. A few researches on how to efficiently
implement the de Bruijn sequences have been proposed

recently.®]

3.1.2 Correction code design for racetrack memory
Racetrack memory is a type of computer memory first
proposed by IBM Almaden Research Center in 2008, which
uses multiple read/write heads for fast memory accesses with
low power consumption.['*1?I To read data, multiple heads are
used upon a moving array of bits simultaneously. During this
process, the array may move at unexpected speeds, leading to
over-shift (skipping some bits) or under-shift (reading the
same bits) errors for all the read heads. To detect such errors,
the racetrack memory includes a correction code and a head
reading it. Two consecutive readings can obtain two m-length
sequences: an offset of exactly one bit between the two
sequences indicates no error; an offset of greater than one bit
indicates an over-shift error; no offset indicates an under-shift
error. Obviously, the correction code needs to be specifically
designed to enable fast determination of the offset.

The binary de Bruijn sequence could be used as such
correction code, because any subsequence of a fixed length £
< m in the binary de Bruijn sequence is unique, and the
subsequence in one m-length sequence can be used to

Read head 2

(b)

No error

Over-shift error

Under-shift error

Fig. 1 (a) Illustration of the racetrack memory. (b) Examples of no error, over-shift error and under-shift error using binary de Bruijn

sequence as correction code.
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efficiently match the other m-length sequence. Fig. 1-(a)
shows an illustration of the racetrack memory, and Fig. 1-(b)
shows examples of no error, over-shift error and under-shift
error using binary de Bruijn sequence as the correction code.
In the examples, m = 7 and k = 3, and the two consecutive
readings are indicated as #; and #, respectively. By matching
first 3 bits of the 7-length sequence from reading # with the 7-
length sequence from reading #1, offsets of one, four and zero
can be determined in the examples, indicating no error, over-
shift error (skipping 3 bits) and under-shift error, respectively.
After an error is detected, all the read heads can be adjusted
simultaneously to correct the error.

Alternative error correction methods are mainly based on
the Varshamov-Tenengolts code.®¥ Though they are simpler
for implementation, the de Bruijn graph-based method can
detect and correct over-shift errors of more than 2 skipped bits,
and is thus more powerful. However, the racetrack memory is
currently not an active research area, and the study of de Bruijn
graph’s application here has largely discontinued, but the
existing results could be referenced for its applications in other
areas.

3.1.3 Image design for self-location in tangible user
interface

Tangible user interface contains tiny devices through which
human and computer interact with each other.!">' The concept
of tangible user interface was first proposed in 1997, and has
been used in programming education, video games and music
composition, etc.['”] The tiny devices usually need to locate
themselves, and this can be achieved with sensors and
specifically designed images.l'®) Take the most simple tiny
device computer mouse as an example, it can use an image
placed on mouse pad to locate itself. To do this, it uses optical
sensor to capture local portion of the image and then translates
the local image to location with stored image-to-location
information. Obviously, the image design is important for self-
location. The designed image for self-location should not be

2 5

N

Subsequence to position
0000->10001->2 001133 0111->4

0110->9 110010

De Bruijn sequence 0= g Image .
0000111101100112 HEE H N
s L1 1 | .|

0>

1111511106 1101->7 1011->8] 1 & |

complex, since the optical sensor in a tiny device capturing
local images is usually simple. In addition, local portions of
the designed image need to be unique for the image-to-
location mapping.

For one-dimensional self-location, to design the image is
essentially to design a sequence, and then convert each symbol
in the sequence into an image block. There are some typical
requirements to design the quality sequence. (i) The number
of possible symbols at each position of the sequence should be
minimized, with the ideal case only two symbols. (ii)
Subsequences of a specific length in the designed sequence are
unique. To meet these requirements, the binary de Bruijn
sequence generated from a k-dimensional binary de Bruijn
graph was used in the 1980s.0'1 This is because the binary de
Bruijn sequence (1) contains only 0 or 1 for each position, and
(2) has unique subsequences of length k. Fig. 2 provides an
example of using a de Bruijn sequence for such a designed
image. In this example, the 0 and 1 in de Bruijn sequence can
be converted to white and black blocks, respectively, and the
sequence can be converted into an image.

An alternative method to design such a one-dimensional
image is based on the Gray code.® Though this method has
broader utilities such as locating rotating devices, symbols in
the designed sequence are complex and does not meet
requirement (i) above, so it is less frequently used in one-
dimensional self-location. In the case of two-dimensional self-
location, designing the image is essentially to design a matrix.
Such a matrix can be designed by combining two binary de
Bruijn sequences, where one is for horizontal dimension of the
matrix and the other for the vertical dimension. For detailed
information, please refer to the recent research papers.!'®!%19

3.2 Computational science

3.2.1 Reversibility determination for one-dimensional
cellular automata

Cellular automaton (CA) is a special mathematical model used
in multiple disciplines.?*2!l It was proposed in the 1940s to study

Tiny device {}

Self-location

{}

Local image to Eosition

OTT->1 T E->2TEE->3 >4
HEEE-S BEN->oEN -7 EE-8
(H | mEAR | EEEAI

Fig. 2 An example of designed image for one-dimensional self-location using de Bruijn sequence.
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the Turing machine, and began to gain widespread attention in
1970 in research of cell developments. Since that time, CA has
been further applied in quite a few fields, such as geography
and thermophysics. In geography, CA can be used to model
land wusage and forecast wurban development.??! In
thermophysics, CA is recently utilized to model combustion
processes or behavior of solar energy systems, aiming to
optimize efficiency of energy utilization.>?*! Among various
versions of CA, one-dimensional reversible CA is a key
focus,?2¢1 which is capable of transforming a sequence of
certain length into a new sequence of same length and can get
back with another CA. Such CA has a rule to map one symbol
together with its left » and right » symbols to a new symbol.
For example, a rule called rule 150 can map 000, 011, 101 and
110 to 0, and map 001, 010, 100 and 111 to 1.2 To transform
a sequence 011101 to 101001 with this rule, the process is as
below. At first, the 011101 is padded with Os in the beginning
and end to form 00111010. Then, every three consecutive 0/1
from the 00111010 is mapped to either O or 1 according to the
rule. Finally, the mapping results are concatenated to form the
sequence 101001.

To determine the reversibility of one-dimensional CA, its
rule needs to be represented by a directed graph with the
following requirements.?*?% (i) Nodes of the graph represent
all sequences of length 2r. (ii) Node u is connected with node
v through an edge, if 2r—1 suffix of u’s represented sequence
is the same with prefix of v’s sequence. That is, each edge
represents a sequence of length 27+ 1 merging the connecting
nodes’ sequences, and further represents mapping of the 2r +
1 symbols to a new symbol. Obviously, such a graph is a 27-
dimensional de Bruijn graph. With the 2r-dimensional de
Bruijn graph representation for a CA’s rule, existence of
specific paths in the graph are studied to determine the CA’s
reversibility.[2630311 ST Appendix, Fig. S1 provides an example
of the de Bruijn graph representing rule 150. It is worthwhile
to mention that, the reversibility determination of one-
dimensional CA is currently not an active research area, but
the existing studies of de Bruijn graph’s application could be
referenced in other areas.

3.2.2 Genome assembly

Genome assembly is to assemble sequenced genome
fragments into the complete genome for biology and medical
researches.’?34 To obtain a complete genome sequence,
various sequencing technologies have emerged, but even the
most up-to-date technology can only generate fragments of the
genome named reads.??7 Fortunately, the number of
sequencing reads is large, and many of them from the same or
close genome positions share overlaps. Therefore, it is

© Engineered Science Publisher LLC 2024

possible to assemble these reads to form a complete genome
sequence, and methods of the genome assembly need to be
studied.

To assemble the reads of a species into the genome, a
relatively straight forward method is to construct a graph,
where each node represents a read and each edge between two
nodes represents two reads’ overlap, and then traverse the
graph to obtain the assembly result.’* 41 When the reads are
long and the number is not very large, this method is feasible,
but when the reads are short and the number is very large,
computing overlaps between the reads is time-consuming and
cannot be finished in acceptable time. Additionally, traversal
of the constructed graph is to find a Hamiltonian cycle in it,
and the Hamiltonian cycle problem is NP-hard. To address
these challenges, the reads could be used to construct a -
dimensional de Bruijn graph instead.*'! The specific method
is: firstly, each read is divided into consecutive subsequences
of length £, called k-mers, using a sliding window; secondly, a
k-dimensional de Bruijn graph is constructed with each node
for all identical k-mers from different reads, and each edge for
two consecutive k-mers from the same read; finally, the
problem to traverse the de Bruijn graph is defined as Eulerian
cycle problem to generate the assembled sequence.*># This
method is fast, because computing overlaps between reads is
converted to locating identical k-mers from different reads,
and the latter can be achieved in linear time with a hash table.
Additionally, the Eulerian cycle problem can also be solved in
polynomial time. In Fig. 3, workflow of the genome assembly
based on the de Bruijn graph is illustrated. Note that it is
usually not easy to directly assemble the reads into the
complete genome, due to many reasons such as sequencing
errors, gaps and repeat regions in the genome.

Various tools exist for genome assembly using de Bruijn
graph. For relatively short reads, representative tools include
Euler,*?! Velvet,* AbySS,*! IDBA,“) ALLPATHS-LG,#74)
SPAdes, ! SOAPdenovo2,5'»2  AlignGraph, >
ScalaDBG.F For relatively long reads, representative tools
include wtdbg?2,1**! Flye,5¢ AlignGraph2,*” MBG,** mdBG,
and LJA.[0)

and

4. Applications based on structure features

4.1 Hardware architecture

4.1.1 VLSI design

VLSI (Very Large-Scale Integrated circuit) is an integrated
circuit comprising a significantly large number of transistors
forming components such as processing elements.l®>% The
integrated circuit was initially invented by Texas Instruments
in 1958, and its scale of integration has been improved from
small to very large. With very large scale, the VLSI is powerful
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Target genome

@ Genome sequencing

v ™

Genome assembly

de Bruijn graph

g

Eulerian cycle
1

N

Relatively complete sequences

Fig. 3 Workflow of genome assembly based on de Bruijn graph.

in computation, and has been crucial in applications ranging
from everyday smartphones to big engineering projects. To
design a VLSI, there are several typical requirements for its
components.[7l (i) Each component in the designed VLSI
should be connected to a relatively small number of other
components to reduce overall placement size of the VLSI.
Ideally, each component has a constant number of connected
components. (ii) The VLSI’s latency and power consumption
should be as low as possible. That is, the shortest distance
between the most distanced components should be small. (iii)
When a single electronic component fails in the VLSI, it
should not result in serious disconnection of the remaining
components or abnormal operations. That is, the components
should be connected in a way to tolerate such failures.

To meet these requirements, the VLSI design was first
modeled with the k-dimensional de Bruijn graph over g
symbols in 1984, where each node of the graph represents a
component, and each edge represents connection of two
components.[! The reasons are as below. (1) Number of out-
neighbors for each node in the de Bruijn graph is fixed ¢, so
the number of connected components in the VLSI is
guaranteed constant. (2) Diameter of the de Bruijn graph is
fixed k, indicating the shortest distance between the most
distanced components in the VLSI is relatively small. (3) By
removing a finite number of nodes, most remaining nodes in
the de Bruijn graph are still connected, and this means a single
component’s failure in the VLSI does not affect connectivity

6| Eng. Sci., 2024, 28, 1061

of other components. SI Appendix, Fig. S2 shows an example
of VLSI layout based on de Bruijn graph, and some design
examples include sorting circuit design,'®”! decoding circuit
design’®71 and network-on-chip design.[7]

The VLSI can be alternatively modeled as mesh, tree or
hypercube structures.®>”! These design methods are much
simpler than the de Bruijn graph based method, but may not
fully meet the requirements (i), (ii) and (iii). Specifically, in
the mesh structure, the most distanced components are across
the diagonal relatively far away, not meeting requirement (ii);
in the tree structure, a single component is mostly connected
with only two other components, so its failure will result in
disconnection of the other components, not meeting
requirement (iii); in the hypercube structure, though each
component has fixed number of connected components, the
number varies depending on the total amount of components
in different designs, thus not completely meeting requirement
(i). Nevertheless, to implement design with the de Bruijn
graph based method, it is usually complicated and expensive,
because the components need to be arranged with many
crossed connections. Therefore, though de Bruijn graph has
been used in various VLSI designs, it is not the mainstream
choice.l47)

4.2 Distributed networks

4.2.1 Connection among wireless sensors

Wireless sensor network consists of a large amount of
connected wireless sensors to gather information for various
purposes.l’ It was conceptualized in the 1990s for the purpose
of information gathering, and after decades of development,
there have been many practical applications, such as
environmental emergency alerting, hospital patient
monitoring and livestock animal analysis.””l Compared to
wired network, the wireless sensor network can be deployed
and expanded much more efficiently and freely. To design a
quality wireless sensor network, some typical requirements
should be met.[*7] (i) Since the amount of wireless sensors is
large, power consumption of their communications should be
optimized. That is, the shortest distance between the most
distanced sensors should be small. (i) One sensor’s failure
may not much affect the others.

Based on the above requirements, the wireless sensor
network was first modeled as a k-dimensional de Bruijn graph
in 199459 Similar to section 4.1.1, this is because (1) the
diameter or shortest distance between the most distanced
nodes in the graph is k& relatively small, and (2) with a few
nodes removed, most remaining nodes are still connected. In
specific applications, the de Bruijn graph can be used in

various levels of design. For example, one could either design
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sub-networks of the complete network, or connection of the
sub-networks with the de Bruijn graph.*'$2l An illustration is
provided in SI Appendix, Fig. S3, where the network consists
of multiple sub-networks and each sub-network is designed
with a de Bruijn graph.

The wireless sensor network could be alternatively
modeled as mesh, ring, tree or star structures.®! These design
methods are much simpler than the de Bruijn graph based
method, but may not fully meet the requirements (i) and (ii).
Specifically, in the mesh and ring structures, the most
distanced sensors are across the diagonal and semicircle,
respectively, which are relatively far away from each other, not
meeting requirement (i); in the tree structure, a single sensor
is mostly connected with only two other sensors, and in the
star structure, a central sensor is connected with all the
remaining sensors, so their failure will result in disconnection
of the other
Nevertheless, similar to section 4.1.1, disadvantage of the de

sensors, not meeting requirement (ii).
Bruijn graph based method is, it is not easy for implementation,
so its utility is somewhat limited.*?]

4.2.2 Network design with distributed hash table
Distributed hash table (DHT) manages data stored in various
nodes of a distributed network.®+%5 It was initially invented in
2001 along with development of distributed networks. With
the DHT, operations such as adding or querying data can be
initiated from any source node, and after the corresponding
destination node is calculated, routing from the source node to
the destination node is needed. For efficient routing, there are
several requirements upon the network.¢871 (i) Distance
between any pair of source and destination nodes needs to be
as small as possible. (ii) Routing tables stored in the nodes
should be as small as possible for fast search. (iii) Failure of a
single or several nodes should not break connections of other
nodes.

To design such a network, the k-dimensional de Bruijn graph
over q symbols was first used in 2003.1% The reasons are as
below. (1) The de Bruijn graph has a small graph diameter of
k, indicating any two nodes have a small distance no more than
k. (2) Each node in the de Bruijn graph has a small number of
out-neighbors q, indicating each routing table has exactly q
rows. (3) By removing one or several nodes, the majority of
remaining nodes are still connected in de Bruijn graph. With
the de Bruijn graph in network design, Koorde,*"! optimizes
size of routing tables on top of Chord,* and Broose!®! and
D2BP achieve high reliability and scalability of the network,
respectively. Fig. 4 shows a comparison of the routing table
size between Chord and Koorde. In the figure, the directed
lines are one-to-one correspondent to the possible out-

© Engineered Science Publisher LLC 2024

neighbors in the routing tables. The solid ones are used for the
routing from node 2 to 11, while the dashed ones are not used.
Chord requires a routing table of size 4, while Koorde only
needs a routing table of size 2. It is worthwhile to mention that,
the network with DHT is currently not an active research area,
but the existing studies of de Bruijn graph’s application could
be referenced in other areas.

Routing table of node 2

IP Address

65.57.172.153
223.142.66.73

156.151.144.4
82.124.108.34

Qut-neighbor
Node 3
Node 4
Node 6
Node 10

Routing table of node 10
Cut-neighbor IP Address
Node 11 106.122.105.73
Node 12 191,185.229.15
Nede 14 240.207.54.74
Node 2 80.144.206.63

Chord connections

Routing table of node 2

IP Address
223.142.66.73
191.212.8.63

Qut-neighbor
Node 4
Node 5

Routing table of node 5
Qut-neighbor IP Address

Node 10 82.124.108.34
Node 11 106.122.105.73

Koorde connections based on de Bruijn graph

Fig. 4 Comparison of routing table size between Chord and
Koorde, using routing from node 2 to node 11 as an example.

5. Variations of de Bruijn graph in above applications

De Bruijn graph in the above applications can be improved for
enhanced performance. We categorize these improvements as
variation in nodes, variation in edges and variation in structure,
and discuss the three categories below.

5.1 Variation in nodes

In section 3.2.2, de Bruijn graph is used to represent k-mers
from sequencing reads, and its traversal can generate the
complete genome sequence. An assumption of this method is,
each node in the de Bruijn graph corresponds to a unique -
mer in the genome, so that the graph traversal simply needs to
access each node once. However, in real cases, there exist
identical k-mers in different genome regions represented by
the same node, and this poses great difficulty in generating
complete genome sequence. In order to enhance specificity of
the nodes, some studies incorporate the k-mer’s positional

information into each node,’%%571 while some studies
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incorporate another related k-mer into each node.*¢!l The
former variation is called positional de Bruijn graph, and the
latter variation is called paired-end de Bruijn graph. Top-left
portion of Fig. 5 gives an example of the positional de Bruijn
graph, where the dashed line represents omitted nodes
between (TTA,111) and (GCC,975). It is worthwhile to note
that construct de with
preprocessed read data, so that the k~-mers are different from
the traditional,
variations;*>*l some other studies construct de Bruijn graphs

some studies Bruijn graphs

but these graphs are essentially not
with k-mers of various lengths, but these graphs differ too
much from the traditional, so they are not included as
variations either. 0]

In section 3.1.2, binary de Bruijn sequence generated from
a binary de Bruijn graph can be used as correction code. This
is because any subsequence of length & in the binary de Bruijn
sequence is unique. However, to obtain much longer
correction code, this requirement can be relaxed in real cases:
any subsequence of length & is unique within some range of
the sequence. That is, repeated subsequences are allowed, as
long as distance between two repeated subsequences is greater
than or equal to a specified value 6. To generate such
sequences for correction code, a variation of the de Bruijn
graph called the constrained de Bruijn graph is introduced.!''-%!
Compared to the original de Bruijn graph, this variation has
some nodes from the original de Bruijn graph duplicated, and
the duplicated nodes are guaranteed to have a distance of at
least o. To distinguish the duplicated nodes, the corresponding
sequence is added different prefixes. Bottom-left portion of
Fig. 5 shows an example of the constrained de Bruijn graph.

Variation in nodes

Variation in edges

5.2 Variation in edges

Also for section 3.2.2, some sequencing technologies produce
extremely long reads but these reads may contain many
errors.*>%2l The original de Bruijn graph constructed from
these reads will thus contain many erroneous nodes and edges,
and may fail to generate the complete genome. A potential
solution to this issue is to remove unreliable k-mers containing
sequencing errors, and construct the original de Bruijn graph,
but this may result in a disconnected graph with missing nodes
and edges. To keep the graph connected and avoid information
loss, edges of the de Bruijn graph are improved by connecting
nodes from distant k-mers and recording the distances. Such a
variation of de Bruijn graph in edges is called A-Bruijn
graph.[5¢6364 Middle portion of Fig. 5 gives an example of the
A-Bruijn graph.

5.3 Variation in structure

In section 4.2.1, de Bruijn graph is used to design wireless
sensor network with each node per sensor. To improve
scalability and fault tolerance of the designed network, a
variation of de Bruijn graph called hierarchical de Bruijn
graph can be used.’%3 This variation consists of multiple
layers of nodes, and each node can either connect with nodes
in neighboring layers or in the same layer. Additional layers
can be added and existing layers can be removed from the
hierarchical de Bruijn graph, so scalability is improved; if a
node fails, the remaining nodes are still connected through
neighboring layers, so fault tolerance is improved. Right
portion of Fig. 5 shows an example of the hierarchical de
Bruijn graph, where the dashed lines represent connections

Variation in structure

PV

Positional de Bruijn graph

Constrained de Bruijn graph

A-Bruijn graph

Hierarchical de Bruijn graph

Fig. 5 llustration of [I)osi.ﬁona.l. de Bmljn grabh,[50j constrained de Brﬁijn .grap.}.l,[.”.]. A—Bruljn gfaph[63] and hierarchical de Bruijn

graph.[®]
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between adjacent layers.

6. Conclusion and perspectives

We present a review of the de Bruijn graph and its applications
in various fields. With de Bruijn graph’s node/edge features, it
is used in pseudo-random sequence design, correction code
design for racetrack memory, image design for self-location in
tangible user interface, reversibility determination for one-
dimensional cellular automata, and genome assembly; with its
structure features, it is used in VLSI design, connection among
wireless sensors, and network design with distributed hash
table. In addition, we also summarize variations of de Bruijn
graph for enhanced performance. This review honors the
105th birth anniversary of Nicolaas Govert de Bruijn and we
hope it can inspire novel applications of the de Bruijn graph.
At the end of this review, we provide some ideas of de Bruijn
graph’s novel applications.

* Firstly, the de Bruijn sequence generated with the
constrained de Bruijn graph is solely used in correction code
design for racetrack memory, and it would be interesting to
explore its usage as pseudo-random sequence or in image
design for self-location in tangible user interface.

* Secondly, the de Bruijn graph could be customized along
with CA in more scientific researches, especially in the
thermophysics field where CA has recently been used for
simulating combustion processes or behavior of solar power
systems.

* Thirdly, while genome assembly has widely adopted the de
Bruijn graph method, there exist a few other applications
requiring assembly of data pieces. For example, in traffic
trajectory analysis, vehicle trajectories sometimes need to be
assembled to recover the underlining roads, and the de Bruijn
graph could be used in a similar manner to genome assembly.
* Fourthly, the de Bruijn graph has shown its applications in
distributed networks, and could be further used in the broader
Internet-of-things field, such as design of connections of smart
home devices, cloud services and industrial components.

Brief introduction to Nicolaas Govert de Bruijn

Nicolaas Govert de Bruijn (1918-2012) was a prodigious
Dutch mathematician, celebrated for his pivotal contributions
to the fields of number theory, combinatorics, analysis, and
logic. De Bruijn’s mathematical acuity led him to discover the
de Bruijn sequence and develop the de Bruijn graph, which
have profound applications in a multitude of disciplines
beyond mathematics, as we have summarized in our article.
Additionally, de Bruijn’s diverse contributions spanned
various mathematical domains, including the algebraic theory
for Penrose tiling, the BEST theorem, and so on. Throughout

© Engineered Science Publisher LLC 2024

his distinguished career, Nicolaas Govert de Bruijn’s
remarkable contributions have profoundly shaped numerous
areas of mathematics, leaving a lasting legacy for future
generations to build upon.*’!
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